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Abstract

Through the discussions of some distinguished properties of IF ideal of N-group an
attempt has been made to introduce the notion of prime IF ideal. Thereafter, we try to establish
some results of prime IF ideal in the light of f-invariant IFS and finally we have discussed about
the IF coset and prime IF ideal of quotient N-group.
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1. Introduction and preliminaries

As soon as the importance of a non membership grade of an element is established by Atanassov
in [4] and introduced a new notion called intuitionistic fuzzy set (IFS) as an extended view of
Zadeh’s fuzzy set [5], lots of the researchers took part in the journey of the study of various
algebraic structures in the light of that notion newly or been already studied under fuzzy set. One
of the most important algebraic structure is near-ring duiscussed by Pilz[1] and Clay[3] and its
module structure called N-group. Saikia and Barthakur in[2],Ratnabala and Ranjit [6]contribute
in the field of ideals of N-group in case of fuzzy set extension. Moreover Ratnabala in [7]
introduced intuitionistic fuzzy extended notion of ideal and coset and quotient group of N-group.
We too in [8] discussed various properties of IF ideal. We provide the concept of prime IF ideal
and some related properties in the paper. Here IF means intuitionistic fuzzy and IFS means
intuitionistic fuzzy set.

Now we recall some basic definitions and theorems which will be helpful during the
study.

Definition1.1[7].For near-ring N, an N-group E’s IFS A =< ua, P4 > is said to be an E’s IF
ideal if the following holds:

() pu—v) = pa(w) Apa(); Pa(u — v) < Pa(w) v Pa(v)

i) uw+u-—v)=pus(w); Palv+u—v) <Pa(u)

@iii)  u(nmuw) = pa(u); Pa(nu) < Pa(u)

(iv) punw+uw) —nv) = pa(w); Pa(n(v +u) — nv) < Pa(u) forallu,v € E,n € N.
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Theorem 1.2.Consider the near-ring N with unity and E be its N-group and A =< ua4, P4 > be
IFS of E such that u(nx) = ua(x); Pa(nx) < P4(x),Vx € E, then puy(nx) = pa(x); Py(nx) =
P(x), Vx € E if nis left invertible for 0 #n € N.

Proof: Let n1 be the left inverse of n. Then nin = 1.

Now for x € E, u(x) = pa(1.x) = u(ninx) = pa(nx) and Pa(x) = Pa(1l.x) = P(ninx) <
Pa(nx). Therefore u(nx) = pa(x); Pa(nx) = Pa(x).

Theorem 1.3.[7] Every IF ideal A =< pua4, Pa > of N-group E satisfies the following:

(i) 1(0) = ur(u) and Pp(0) < Pr(w),Yu € E
(i) wu(p+q =upr(q+p)andPe(p +q) <Pr(q +p).Vp,q EE

Theorem 1.4. [8] For N-group E, its IFS A =< pu4,Pa > isan E’s IF ideal & (s is an E’sideal

Theorem 1.5 For N-group E and P < E. Now for s, t,s',t’" € [0,1], define

_¢ S ,p EP ) _
ur (p) {s',otherwise ’ B (p) {t'

isan E’s IF ideal, where s > s',t < t'.

t ,p€eEP

F . i s =3
ot o Then P is an E’s ideal &< ,Pp >

Proof: Suppose P be an E’s ideal. Then for p,q € E if p,q € P thenp — q € P. Now u(p —

q) =s = sN\s = u(p)A\ur(q) and Ppr(p —q) =t < tvt =Ppr(p) vPr(q). Forp € P,q ¢ P,
sincep—q&Psou(p—q) =s' =2sAs =ur(p)Aur(q)and Pp(p —q) =t' <tvt =
Pr(p) v Pr(q). Also forp,q € P, sincep —q € P sou(p —q) =s' =s'As =ur(p) A
u(g) and Pr(p —q) =t' <t'vt' = Ppr(p) vPr(q). Let p € P.Since P isan ideal so g + p —
q€ PforqeE Henceu(q+p—q) =s=ur(p)and Pr(q +p —q) =t = Pr(p). If
uly+x—y)=s"and Pr(y +x —y) =t theny + x —y ¢ P and hence ur(x) =

s',Pp(p) = t'. Again for n € N,p € P since P is an ideal so np € P and hence u(np) = s =
ur(p), Pe(np) =t = Pp(p). If u(np) = s',Pr(np) = t' then np ¢ P which implies p ¢ P so
that ur(p) = s',Pr(p) = t'. Also forp € P,n € N,q € E since P is an ideal so (q + p) —

nq € P so that u(n(q + p) —nq) = s = ur(p) and Pp(n(q + p) —nq) =t = Pp(p). If p ¢ P
then ur(n(q + p) — nq) = s’ = ur(p) and Pr(n(q + p) — nq) <t' = Pr(p).

Hence < up, Pp > is IF ideal of E.

Conversely, suppose < up, Pr > is an IF ideal of E. Let x, y € P so that u(p) = s,Pe(p) =

t; ur(q) =s',Pe(q) = t. Then u(p — q) = ur(p)Aur(q) = sAs = s and Pr(p — q) <

P(p) vPe(q) =tvt =tgivesp —q € P.Let p € P. Since < up, Pp > is an IF ideal so for all
qEE ulq+p—q) = ur(p) =sand Pr(q+ p — q) < Pr(p) =t. Therefore q + p — q € P.
Again forn € N,p € P since < up,Pp > is an IF ideal of E, so u(np) = ur(p) = s and

P(np) < Pp(p) = tgivesnp € P. Alsoforn € N,p € P,q € E, u(n(q + p) —nq) =
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u(p) = s and Pr(n(q + p) — nq) < Pe(p) = t. Therefore (q + p) — nq € P. Hence P isideal
of E.

m

In the above result the condition "s > st <t
following remarks.

IS necessary. For this let us see the

Remark: If we replace the "s > s';t < t"" by "s = s’;t = t'" then the result will not be true.
For justification, let E = Zs and N=Z, the ring of integers. The E is an N-group. Take P =

. s ,peEP t ,peP
c = ) B _
{123} < E. Define 1» (p) {s',otherwise ’ () {t', otherwise

Now if s = s';t = t' then < up, Pp > is E’s IF ideal whereas P is not.

Remark: If "s > s’; t < t'"isreplaced by "s < s; t > t"" then also the result will not be true.
For justification, let P be an N-group E’s ideal and define

_ .S ,x€eP _ _ .t ,xeP
up (x) = {sl,otherwise ’ B () = {t',otherwise

possible assume < up, Pp > be an IF ideal of E. Then by theorem 1.3, up(0) > ur(x) and
P(0) < Pp(x),Vx € E. Now for y € E — P we have since 0 € Pso s = u(0) = ur(y) = s’
and t = Pr(0) < Pp(y) =t'since y € P gives s = s"and t < t’, which is a contradiction.

ALl

Hence the result is not true for the condition "s < s’;t > t'".

such thats < s;t > t’. Now if

Theorem1.6.[7] For N-groups E1 and E2 and N-homomorphism f: E1 = E2, f(A) is an IF ideal
of E2 when A =< ua,Pa > is E1’s IF ideal.

Theorem1.7.[8] For N-groups E1 and E2 and N-homomorphism f: E1 = E2, f~1(A) isan IF
ideal of E1 whenever A =< ua, P4 > is an IF ideal of E>.

Defintion1.8. An N-group E’s proper ideal A is called E’s prime ideal iffor 0 # n € N,u ¢ A
we have nu ¢ A. If the ideal (0) is E’s prime ideal then E is named as prime N-group.

Theorem1.9. E/A is non zero prime N-group < A is an E’s prime ideal, for E’s any ideal A.

Proof: Consider E/A as non zero prime N-group. Thus {0+A},the zero ideal is an E/A’s prime
ideal. Since E/A is non zero N-group so A is a proper ideal. Let 0 # n € N, e € E such that
ne € A. Now since {0+A} is E’s prime ideal so, (e + A) =ne + A =0+ A € {0 + A} which
implies e + A € {0 + A} ore € A. Hence A is E’s prime ideal.

Conversely suppose that A is E’s prime ideal. Since A # E, so E/A is a non zero N-group.
Clearly {O+A} is proper ideal of E/A. Let 0 # n € N,e + A € E/P such that (e + A) € {0 +
A}. Thenne+A=0+Aandne € A=>e € (since Aisprimeidealand 0 #n) = x+ A €
{0 + A} . Therefore the zero ideal {0+A} is E/A’s prime ideal and so E/A is a non zero prime N-
group.
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2. Prime IF ideal of N-group E:

Definition2.1. A non constant IF ideal A =< pa, Pa > of N-group E is called an E’s prime IF
ideal if V 0 #n € N,x € E, u(nx) < pa(x) and Pa(nx) = Pa(x)

Note: For a zero symmetric near-ring N, since forany n € N, x € E, u(nx) = ua(x) and
P(nx) < Pa(x), where A =< ua, Pa > is IF ideal of E so we can conclude that A is prime ideal

- ua(nx) = pa(x) ; Pa(nx) = Pa(x).

Example: Every non constant IF ideal of E considered for division ring R is a prime IF ideal
since every non zero element of R possesses inverse, it follows by Theorem1.2.

Remark: For N-group E, let IFS A =< 4, Pa > be such that u(x) = 0.5 ; Pa(x) = 0.4, Vx €
E. Then A is a constant IF ideal and hence not a prime IF ideal.

Theorem 2.2.Any E’s ideal P is E’s prime ideal < the generalized characteristics function
s ,x€eP t ,x€eP
; B (x) ={

H ! 120 . .
s, otherwise t’ otherwise with s > s, t < t'isan E’s prime IF

pp(x) = {
ideal.

Proof: Suppose P be prime ideal. Therefore P is proper and by Theorem1.5, < up, Pr >is an E’s
non constant IF ideal. Let 0 # n € N, € E. Suppose x ¢ P. Therefore u(x) = s, Pr(x) = t'. Now
being P as a prime ideal nx ¢ P, which implies u(nx) = s’,Pp(nx) = t’ so that

u(nx) = ur(x), Pr(nx) = Pp(x).Suppose x € P. Then u(x) = s, Pr(x) = t,s0 ur(nx) =
u(x) = s,Pp(nx) < Pp(x) = t which shows ur(nx) = ur(x), Pr(nx) = Pp(x). Therefore

< up,Pp >is E’s prime IF ideal.

Conversely assume that < pp, Pp > is E’s prime IF ideal. Therefore < up, Pp >
is non constant IF ideal and hence P is proper ideal. Since x & P so u(x) = s, Pr(x) = t’. Now
as < up, Pp > is prime IF ideal so u(nx) = up(x) =s’,Pp(nx) =Pp(x) = t’ and which implies
nx & P. Thus P is E’s prime ideal.

Corrollary2.3. P is E’s prime ideal <= characteristic function < ¢@p, ) > is E’s prime IF#
Proof: Proof is straight forward by putting s = 1,s' = 0;t =0,t" = 1.

Theorem2.4.Let A =< pa, Pa > Dbe an E’s non constant IF ideal. Then Ais an E’s prime IF ideal
- forany s € [0, ua(0)],t € [0,Pa(0)], either Aty = E or A is an E’s prime ideal.

Proof: Assume A =< ua,Pa > be E’s prime IF ideal and s € [0, u(0)],t € [0, P4(0)]. Now if
s.t) = E then there is nothing to prove. So let (s¢) # E. Then since A is E’s IF ideal so by
theorem1.4, s is E’s proper ideal. Let x € sty and 0 # n € N. Then u(x) < s, Pa(x) >

t. Now since A is prime IF ideal so u(nx) = ua(x) < s;Pa(nx) = Pa(x) > t and which
implies nx & Acs,zt). Hence (s is E’s prime ideal.
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Conversely, suppose that for any s € [0, u(0)],t € [0, Pa(0)], either Ay = E
or A, is an E’s prime ideal. Let 0 # n € N and x € E. Suppose u(nx) = s, P4(nx) = t.So
nx € Aie. NOW (s0) = E implies x € As,p) and if A,y is assumed as E’s prime ideal then
nx € Ase = x € Ae,o). Therefore in each case x € (s¢) = pa(x) = s = pa(nx) and Pa(x) <
t = Pa(nx). So u(nx) = pa(x); Pa(nx) = Pa(x),v 0 #n € N, x € E.

Hence A =< ua, P4 > is E’s prime IF ideal.

Remark: In theorem2.4, A =< ua, Pa > must be non constant. Since for IFS A =< u4, P4 > ofE
such that u(x) = 0.4, P4(x) = 0.4,Vx € E,we have A = E, Vs € [0,us(0)],t €
[0,P(0)],whereas A =< ua,Pa > is not a prime IF ideal.

3. f-invariant IFS and prime IF ideal:

The definition of f-invariant IFS are recalled and on the basis of these some related results for
prime IF ideal are introduced in this part.

Definition3.1. Consider any A =< u4,Pa > be IFS of aset Y. Then for function f:Y — Y, IFS
A =< pua,Pa >is called f-invariant if vu,v € E, (w) = f(v) = pua(uw) = pa(v); Pa(u) =
Pa(v).

lL,ue 2z
Example: Let us define f: Z - Z by (w) = {0.5,u € 2Z,u >0
Obué2Zu<o
0.2,u € 2Z
Define IFSA=<pu ,P >ofZbyu (W) ={ ¢ and P () = {0-4.u €27
4 4 A 04,u¢ 2z A 0.5u ¢ 2z

Then A =< pa, Pa > is f-invariant.

Example: Let E1 = Z, E2 = Ze be two N-groups of the ring of integers Z and f: E1 — E2 be a
canonical N-epimorphism. Let us define IFS A =< ua4, P4 > of E1 such that

A =< @2z, Y2z >, characeristic function on 2Z. Then by Theorem2.2, A is IF ideal of E1.Again
for any x, y € E1such that f(x) = f(y), since x — y is divisible by 6 gives x — y is divisible by
2 so for both x, y are even = pa(x) = ua(y) = 1; Pa(x) =0, Pa(y) = 0 and for both x, y are
odd = ua(x) = pua(y) = 0; Pa(x) = 1,Pa(y) = 1. Hence A =< ua, Pa > is f-invariant.

Note: There exists a non constant IF ideal A =< py4, P4 > and a non constant N-epimorphism f
such that f(A) is a constant IF ideal. For justification we check the following example.

Example: Consider E1 = Z, E2 = Ze as two N-groups of the near-ring N=Z of integers. Also let
f: E1 — E2 be natural epimorphism of N-groups. Then clearly f is a non constant N-
homomorphism.
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Lets,s',t,t" € [0,1] such thats > s’,t < t’ and consider IFS A =< ua, P4 > on E1 such

_, SXES5Z _, tx€S5Z
that by a (x) = {s’, otherwise 2Nd P ) = {t’,otherwise

Then A =< ua, Pa > is a generalized characteristics function and it is clear that it is a non
constant IFS of E1 .Then by Theoreml1.5, A is an IF ideal of E. Now we verify that f(A) is a
constant IF ideal of E2.

u(0) =v {ua(x): x € f~1(0)} = pa(0) (~ 0 € f~1(0))
=s (~ 0 €5Z = u0) =5s)
and Pr)(0) =A {Pa(x): x € f~2(0)} < Pa(0) (~ 0 € f~1(0))
=t (~0€5Z=P0)=t)
Therefore p4)(0) = s, Pr(0) =t
Again, pay(1) =v {pa():x € f~1(1} = pa(25) (+ 25 € f~1(1))
=5 (~ 25 € 52)
and Preay(1) =A {Pa(x): x € F-1(1)} < Pa(25) (+ 25 € f-1(1))
=t (25 € 52)

Therefore uw)(1) = s, Pray(1) = t. We can verify similarly that pw(x) = s, Pray(x) =
t, Vx. Hence (A) =< ur), Prway > is constant IF ideal of E2.

Theorem3.2. Suppose E1 and E2 be two N-groups and f: E1 — E2 is a non constant N-
epimorphism and A =< ua, Pa > be an f-invariant IF ideal of E. If A =< p4, Pa>is a E1’s
prime IF ideal then f(A) is either constant or a E2’s prime IF ideal .

Proof: Suppose A =< puy, P4 > be prime IF ideal of E. Then by theorem1.6, f(A) is an IF ideal of
E2. Now if f(A) is constant then we have nothing to prove. Suppose f(A) is non constant. Then to
show f(A) is prime IF ideal of E2. For that let 0 # n € N and x1 € E1 .Since f is an epimorphism
there exists some x € E such that f(x) = x1. Again (nx) = nf(x) =nx1 = nx € f~1(nx1). If

p,q € f~1(nx1) then since f(p) = nx1 = f(q) S0 ua(p) = pua(q) and Pa(p) = Pa(q) as
A =< uy, P, > is f-invariant. Which shows

{(u(x), Pa(x)): x € f1(nx1)} = {(u(nx), Pa(nx))} (i)

Since (x) = x1 we have x € f~1(x1). Now if p1,q1 € f~1(x1), then f(p1) = f(q1) and so by
invariant nature pua(p1) = na(q1) and Pa(p1) = Pa(q1), which shows
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{(u(), Pa(y)): y € f71(x1)} = {(u(x), Pa(x))} (ii)
Now pey(nx1) =v {ua(x):x € f~1(nx1)}
=v{u(mx)}  (by (1))
= u(nx) = pa(x) (+ A =< pa,Pa > is prime IF ideal )
=V {ua(x)}
=v{u(x): x € f~1(x1)} (by (ii))
= ey (x1)
and Pry(nx1) =A {Pa(x):x € f~1(nx1)}
=A {P(nx)} (by (i)
= P(nx) = Pa(x) ( A =< ua,Pa > is prime IF ideal )
=A {Pa(x)}
=A{P(x):x € f1(x1)}  (by (ii))
= Pwy(x1)
Hence (A) =< usw), Prwy > is constant IF ideal of E-.

Note: There exists a non constant IF ideal A =< 4, P4 > and non constant N-homomorphism f
such that f~1(A) =< ps-1(4), Ps-14) > is a constant IF ideal. For this we observe the example

mentioned below.

Example: Let E1 = Z,E2 = Z as two N-groups of the near-ring N=Z of integers. Let us define
f:E1— E2 such that (x) = 2x,Vx € E1. Then f is a non constant N-homomorphism. Let
s,s’,t,t' € [0,1] be such thats > s',t < t'. Also define IFS A =< u4, P4 > of E2 such that

X €27

, X€27
, otherwise and B, () = {

by i (x) = {s’ t', otherwise

Then A =< ua, Pa > is a generalized characteristics function and it is clear that it is non constant
IFS of E2 = Z. Then by theorem1.5, A =< pu4,Pa >is an IF ideal of E2. Now we check that
f~1(A) is a constant IF ideal of E1.

For any x € E1, f~1(ua) (x) = pa(f (%)) = pa(2x) = s and f~1(Pa(x)) = Pa(f (x)) =
P(2x) =t ;which shows f-1(A4) is constant. Moreover the only level set of f-1(A) is
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f~1(A)so = 2Z is an ideal of E1 = Z. Hence by theorem 1.7, f-1(A) is an IF ideal of E1 .
Hence f~1(A) is a constant IF ideal of E.

Theorem3.3. For N-groups E1, E2 and non constant N-homomorphism f: E1 — Ez and Ez ’s If
ideal A =< 4, Pa > if A'is E2’s prime IF ideal then f~1(A) is either constant or E1’s prime IF

ideal .

Proof: Let A =< ua, P4 > be E2’s IF ideal. Then by theoreml1.7, f-1(A) is an IF ideal of E1. If
f~1(A) is constant then the proof is over. So let f~1(A4) be non constant. Now for x € E1 and
0 #n € N,we have f~1(ua)(nx) = pa(f(nx))

= u(nf(x))  (~ fis N-homomorphism)
= u(f(x) ( A =< pa,Pa >is prime IF ideal )
= [~ (ua)(x)
and f~1(Pa)(nx) = Pa(f(nx)) = Pa(nf(x)) (~ f is N-homomorphism)
=P(f(x)) (A =< pa,Pa>isprime IF ideal )
= fA(PA()
Hence f~1(A) isan E1’s prime IF ideal.
4. IF coset and prime IF ideal:

In this part we recall some notions of IF cosets and related results and then will discuss some
results related to prime IF ideal.

Definition4.1.[7] For IF ideal A =< ua, P4 > of an N-group E and e € E, the IFS

e+ A=<e+puse+ Pa>defined as (e + pa)(e’) = pa(e’ —e); (e + Pa)(e’) =
P(e' —e),e' € E iscalled IF coset of A =< py, P4 >.

Theorem4.2. .[7] If A =< ua, Pa >is an IF coset of E then
<e+puae+Pa>=<e +puae +Ps><= u(e' —e) = ua(0) and Pa(e’ — e) = Pa(0)

Corrollaryd.3. .[7] If < e + pa, e + Pa >=<e' + ua, e’ + Pa > then pa(e) = pa(e’); Pa(e) =
Pa(e")

Definition4.4. .[7] Let A =< a4, Pa > be IF ideal of N-group E. Then the set of all IF cosets of
A =< ua,Pa > with respect to the operations defined as

(e+< g, Py >) + (e'4+< uyPy>) = (e + e)+< uy, P4 >and
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(e+< ua, Pa>) = ne+< ua,Pa>foralle,e’ €eEEneEN
forms an N-group and is called quotient N-group and is denoted by E/A.

Theorem4.5.[7] Let < ua, P4 > be an IF ideal of E. Then the IFS < 6y, 8p > defined as
O(e+< ua, Pa >) = ua(e); Or(e+< ua, Pa) = Pa(e) is an IF ideal of E.

Theorem4.6. Let A =< u4, P4 >and B =< us, P > be two IF ideal of E such that A € B with
u(0) = ua(0); Ps(0) = Pa(0) and B is prime IF ideal of E. Then IFS B' =< up', Pz > defined
as ug(e + A) = us(e) and Pgr(e + A) = Pp(e) foralle + A € E/A, is an IF ideal ofE/A.

Proof: Lete + A,e' + A € E/Abesuchthate + A = e’ + A which implies u(0) = pa(e — e")
and P4(0) = Pa(e — ") (by theorem4.2).

Then we have, u(0) > us(e —e")
> pa(e —e’) (~ACSB)
= u(0)
= u(0)
Thus u(0) =pusle—e) =>e+us=¢e'+ us
= (e + us)(0) = (¢’ + us)(0)
= (0 —e) = us(0—e)
= us(—e) = ps(—e€’)
= u(e) = us(e")  (~ BisIFideal)
Also, P(0) < Pg(e —¢€)
<Pae—¢€) (~ASB)
= P(0)
= P(0)
Thus P(0) =Pg(a—b) >e+Pp=¢e'+Ps
= (e + Ps)(0) = (e’ + Pr)(0)

= P(0 —e) = Pa(0 — ¢")
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= Pp(—e) = Pp(—e’)
= P(e) = Pse’) (~ Bis IF ideal )

Then u(e) = us(e"); Pe(e) = Pa(e") implies that ugr(e + A) = ugr(e’ + A); Pyr(e + A) =
Pz(e’ + A) and consequently B =< ug, Ps' > is well defined IFS.

Againfore + A,e’' + A € E/A,
upr((e +A) — (' + A)) = ppr((e — €') + 4)
= pa(e —e")
> u(e) Aug(e’) (~ Ais IF ideal )
= pugr(e + A) Apgr(e’ + A)
Ppr((e + A) — (' + A)) = Ppr((e — ') + A)
= Pa(e —€)
< P(e)vPa(e) (~ AisIFideal)
= Pgr(e + A) v Pgr(e’ + A)
Alsofore+ A,e'+ A€ E/A,andn € N
ugr(n((e’ + A) + (e + A)) —n(e’' + A)) = pugr(n((e’' +e) + A) — (ne’ + 4))
= ugr((n(e’ +e) + A) — (ne’ + A4))
= upr((n(e' + ) —ne’) + 4)
= wi(n(e' + e) — ne")
> u(e) (- Ais IF ideal )

= ppr(e + 4)

Per(n((e' + A) + (e + A)) —n(e’ + A)) = Pgr(n((e' + e) + A) — (ne' + A))
= Pgr((n(e’ + e) + A) — (ne’ + 4))
= Pgr((n(e’ + e) — ne") + A)

= Pa(n(e' + e) — ne’)
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< P(e) (= Ais IF ideal )
= Ppr(e + 4)

Similarly we can show that uz((e’ + A) + (e + A) — (e’ + A)) = upr(e + A); Ppr((e' + A) +
(e+A)—(e' +A) < Pgr(e + A) and ugr(n(e + A)) = ugr(e + A); Pgr(n(e + A)) <
Pgr(e + A)). Hence B' =< up, Pp' > is IF ideal of E/A.

Theorem4.7. If P =< up,Pp > is E’s prime IF ideal, then E/P is prime N-group.

Proof: Suppose P =< up, Pp > is E’s prime IF ideal. Since P is non constant, it follows that
04+ P =<0+ pur,0+ Pp>isaE/P’sproperideal. Let 0 #n € N,< x + up,x + Pp >€ E/P
be such that n(x + ur) = 0 + urp and n(x + Pr) = 0 + Pp

Now (x +ur) =0+ pur =>nx +ur =0+ pup
= (nx + u(0) = (0 + ur)(0)
= u(nx — 0) = ur(0)
= u(x) = ur(0) (*+ P is prime IF ideal)
= x + pp = 0 + pp (by theorem4.2)
and (x+Pp)=0+Pp=>nx+Pp=0+Pp
= (nx + Pp)(0) = (0 + Ppr)(0)
= P(nx — 0) = Pp(0)
= P(x) = Ppr(0) (+ P is prime IF ideal)
= x + Pp = 0 + Pr (by theorem4.2)
Therefore 0 + P =< 0 4 up, 0 + Pp > is E/P’s prime IF ideal.

Theorem4.8. Consider P =< up, Pp > be an E’s prime IF ideal. Then IFS < 8, 8p > defined
as

O(x+< pa, Pa >) = pa(x); Op(x+< pa, Pa) = Pa(x) is a E/P’s prime IF ideal.

Proof: Consider P =< up, Pp > as an E’s prime IF ideal. Then < 6, 8p >isan E/P is IF ideal
by Theorem 4.5. Since P is prime ideal so it is non constant IF ideal of E and thus < 8,, p > is a
non constant IF ideal of E/P. Let 0 #n € N, x+< up,Pr >€ E/P.

Now O(n(x+< up, Pp>) = 6,(nx+< pp, Pp >)
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= pr(nx)

= u(x) (- P is prime IF ideal)

= Ou(nx+< up, Pr >)
and Oe(n(x+< pp, Pp >) = Op(nx+< ur,Pp >)

= Pp(nx)

= P(x) (*+ P is prime IF ideal)

= Op(nx+< up, Pp >)

Therefore < 6,, 8 > is prime IF ideal of E/P.

Theorem4.9. Let A =< ua, P4 > and B =< us, Pp > be two IF ideal of E such that A S B with
u(0) = ua(0); Ps(0) = P4(0) and B is prime IF ideal of E. Then IFS B’ =< us, Ps' > defined

as ug(x + A) = up(x) and Pgr(x + A) = Pe(x) V x + A € E/A, is E/A’s prime IFideal.

Proof: Consider E’s prime IF ideal B. Then B’ is clearly E/A’s IF ideal by theorem 4.5. Since B
is a non constant IF ideal of E so as B’ of E/A. Let x + A € E/A,

Then up'(n(x + A))=us'(nx + A)
= ps(nx)
=u(x)  (~ Bisprime IF ideal)
=up'(x+ A)

and  Pe(n(x + A))= Py (nx + A)
= Pp(nx)
=P(x)  (~ Bisprime IF ideal)
= Ppr(x + A)

Hence B' =< up, Pz’ > is prime IF ideal of E/A.
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