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Abstract 

 

Through the discussions of some distinguished properties of IF ideal of N-group an 

attempt has been made to introduce the notion of prime IF ideal. Thereafter, we try to establish 

some results of prime IF ideal in the light of f-invariant IFS and finally we have discussed about 

the IF coset and prime IF ideal of quotient N-group. 
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1. Introduction and preliminaries 

As soon as the importance of a non membership grade of an element is established by Atanassov 

in [4] and introduced a new notion called intuitionistic fuzzy set (IFS) as an extended view of 

Zadeh’s fuzzy set [5], lots of the researchers took part in the journey of the study of various 

algebraic structures in the light of that notion newly or been already studied under fuzzy set. One 

of the most important algebraic structure is near-ring duiscussed by Pilz[1] and Clay[3] and its 

module structure called N-group. Saikia and Barthakur in[2],Ratnabala and Ranjit [6]contribute 

in the field of ideals of N-group in case of fuzzy set extension. Moreover Ratnabala in [7] 

introduced intuitionistic fuzzy extended notion of ideal and coset and quotient group of N-group. 

We too in [8] discussed various properties of IF ideal. We provide the concept of prime IF ideal 

and some related properties in the paper. Here IF means intuitionistic fuzzy and IFS means 

intuitionistic fuzzy set. 

Now we recall some basic definitions and theorems which will be helpful during the 

study. 
 

Definition1.1[7].For near-ring N, an N-group E’s IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is said to be an E’s IF 

ideal if the following holds: 

(i) 𝜇(𝑢 − 𝑣) ≥ 𝜇𝐴(𝑢) 𝖠 𝜇𝐴(𝑣); 𝖯𝐴(𝑢 − 𝑣) ≤ 𝖯𝐴(𝑢) 𝗏 𝖯𝐴(𝑣) 

(ii) 𝜇(𝑣 + 𝑢 − 𝑣) ≥ 𝜇𝐴(𝑢); 𝖯𝐴(𝑣 + 𝑢 − 𝑣) ≤ 𝖯𝐴(𝑢) 

(iii) 𝜇(𝑛𝑢) ≥ 𝜇𝐴(𝑢); 𝖯𝐴(𝑛𝑢) ≤ 𝖯𝐴(𝑢) 

(iv) 𝜇(𝑛(𝑣 + 𝑢) − 𝑛𝑣) ≥ 𝜇𝐴(𝑢); 𝖯𝐴(𝑛(𝑣 + 𝑢) − 𝑛𝑣) ≤ 𝖯𝐴(𝑢) for all 𝑢, 𝑣 ∈ 𝐸, 𝑛 ∈ 𝑁. 
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Theorem 1.2.Consider the near-ring N with unity and E be its N-group and 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be 

IFS of E such that 𝜇(𝑛𝑥) ≥ 𝜇𝐴(𝑥); 𝖯𝐴(𝑛𝑥) ≤ 𝖯𝐴(𝑥), ∀𝑥 ∈ 𝐸, then 𝜇𝐴(𝑛𝑥) = 𝜇𝐴(𝑥); 𝖯𝐴(𝑛𝑥) = 

𝖯(𝑥), ∀𝑥 ∈ 𝐸 if n is left invertible for 0 ≠ 𝑛 ∈ 𝑁. 

Proof: Let 𝑛1 be the left inverse of n. Then 𝑛1𝑛 = 1. 

Now for 𝑥 ∈ 𝐸, 𝜇(𝑥) = 𝜇𝐴(1. 𝑥) = 𝜇(𝑛1𝑛𝑥) ≥ 𝜇𝐴(𝑛𝑥) and 𝖯𝐴(𝑥) = 𝖯𝐴(1. 𝑥) = 𝖯(𝑛1𝑛𝑥) ≤ 

𝖯𝐴(𝑛𝑥). Therefore 𝜇(𝑛𝑥) = 𝜇𝐴(𝑥); 𝖯𝐴(𝑛𝑥) = 𝖯𝐴(𝑥). 

Theorem 1.3.[7] Every IF ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of N-group E satisfies the following: 

(i) 𝜇(0) ≥ 𝜇𝑃(𝑢) and 𝖯𝑃(0) ≤ 𝖯𝑃(𝑢),∀𝑢 ∈ 𝐸 

(ii) 𝜇(𝑝 + 𝑞) = 𝜇𝑃(𝑞 + 𝑝) and 𝖯𝑃(𝑝 + 𝑞) ≤ 𝖯𝑃(𝑞 + 𝑝),∀𝑝, 𝑞 ∈ 𝐸 

Theorem 1.4. [8] For N-group E, its IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is an E’s IF ideal ⇔ (𝑠,𝑡) is an E’s ideal 

. 

Theorem 1.5 For N-group E and 𝑃 ⊆ 𝐸. Now for 𝑠, 𝑡, 𝑠 ′, 𝑡′ ∈ [0,1], define 
 

𝜇𝑃 (𝑝) = { 
𝑠 , 𝑝 ∈ 𝑃 

𝑠 ′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
; 𝖯𝑃 (𝑝) = { 

𝑡 , 𝑝 ∈ 𝑃 

𝑡′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
.Then P is an E’s ideal ⇔< 𝜇𝑃 , 𝖯𝑃 > 

is an E’s IF ideal, where 𝑠 > 𝑠 ′, 𝑡 < 𝑡′. 

Proof: Suppose P be an E’s ideal. Then for 𝑝, 𝑞 ∈ 𝐸 if 𝑝, 𝑞 ∈ 𝑃 then 𝑝 − 𝑞 ∈ 𝑃. Now 𝜇(𝑝 − 

𝑞) = 𝑠 ≥ 𝑠⋀𝑠 = 𝜇(𝑝)⋀𝜇𝑃(𝑞) and 𝖯𝑃(𝑝 − 𝑞) = 𝑡 ≤ 𝑡 𝗏 𝑡 = 𝖯𝑃(𝑝) 𝗏 𝖯𝑃(𝑞). For 𝑝 ∈ 𝑃, 𝑞 ∉ 𝑃, 

𝑠𝑖𝑛𝑐𝑒 𝑝 − 𝑞 ∉ 𝑃 𝑠𝑜 𝜇(𝑝 − 𝑞) = 𝑠 ′ ≥ 𝑠 𝖠 𝑠′ = 𝜇𝑃(𝑝) 𝖠 𝜇𝑃(𝑞) and 𝖯𝑃(𝑝 − 𝑞) = 𝑡′ ≤ 𝑡 𝗏 𝑡′ = 

𝖯𝑃(𝑝) 𝗏 𝖯𝑃(𝑞). Also for 𝑝, 𝑞 ∉ 𝑃, 𝑠𝑖𝑛𝑐𝑒 𝑝 − 𝑞 ∉ 𝑃 𝑠𝑜 𝜇(𝑝 − 𝑞) = 𝑠 ′ ≥ 𝑠′ 𝖠 𝑠′ = 𝜇𝑃(𝑝) 𝖠 

𝜇(𝑞) and 𝖯𝑃(𝑝 − 𝑞) = 𝑡′ ≤ 𝑡′ 𝗏 𝑡′ = 𝖯𝑃(𝑝) 𝗏 𝖯𝑃(𝑞). Let 𝑝 ∈ 𝑃. Since P is an ideal so 𝑞 + 𝑝 − 

𝑞 ∈ 𝑃 for 𝑞 ∈ 𝐸. Hence 𝜇(𝑞 + 𝑝 − 𝑞) = 𝑠 = 𝜇𝑃(𝑝) and 𝖯𝑃(𝑞 + 𝑝 − 𝑞) = 𝑡 = 𝖯𝑃(𝑝). If 

𝜇(𝑦 + 𝑥 − 𝑦) = 𝑠′ and 𝖯𝑃(𝑦 + 𝑥 − 𝑦) = 𝑡′ then 𝑦 + 𝑥 − 𝑦 ∉ 𝑃 and hence 𝜇𝑃(𝑥) = 

𝑠 ′, 𝖯𝑃(𝑝) = 𝑡′. Again for 𝑛 ∈ 𝑁, 𝑝 ∈ 𝑃 since P is an ideal so 𝑛𝑝 ∈ 𝑃 and hence 𝜇(𝑛𝑝) = 𝑠 = 

𝜇𝑃(𝑝), 𝖯𝑃(𝑛𝑝) = 𝑡 = 𝖯𝑃(𝑝). If 𝜇(𝑛𝑝) = 𝑠 ′, 𝖯𝑃(𝑛𝑝) = 𝑡′ then 𝑛𝑝 ∉ 𝑃 which implies 𝑝 ∉ 𝑃 so 

that 𝜇𝑃(𝑝) = 𝑠 ′, 𝖯𝑃(𝑝) = 𝑡′. Also for 𝑝 ∈ 𝑃, 𝑛 ∈ 𝑁, 𝑞 ∈ 𝐸 since P is an ideal so (𝑞 + 𝑝) − 

𝑛𝑞 ∈ 𝑃 so that 𝜇(𝑛(𝑞 + 𝑝) − 𝑛𝑞) = 𝑠 = 𝜇𝑃(𝑝) and 𝖯𝑃(𝑛(𝑞 + 𝑝) − 𝑛𝑞) = 𝑡 = 𝖯𝑃(𝑝). If 𝑝 ∉ 𝑃 

then 𝜇𝑃(𝑛(𝑞 + 𝑝) − 𝑛𝑞) ≥ 𝑠′ = 𝜇𝑃(𝑝) and 𝖯𝑃(𝑛(𝑞 + 𝑝) − 𝑛𝑞) ≤ 𝑡′ = 𝖯𝑃(𝑝). 

Hence < 𝜇𝑃, 𝖯𝑃 > is IF ideal of E. 

Conversely, suppose < 𝜇𝑃, 𝖯𝑃 > is an IF ideal of E. Let 𝑥, 𝑦 ∈ 𝑃 so that 𝜇(𝑝) = 𝑠, 𝖯𝑃(𝑝) = 

𝑡 ; 𝜇𝑃(𝑞) = 𝑠 ′, 𝖯𝑃(𝑞) = 𝑡. Then 𝜇(𝑝 − 𝑞) ≥ 𝜇𝑃(𝑝)⋀𝜇𝑃(𝑞) = 𝑠⋀𝑠 = 𝑠 and 𝖯𝑃(𝑝 − 𝑞) ≤ 

𝖯(𝑝) 𝗏 𝖯𝑃(𝑞) = 𝑡 𝗏 𝑡 = 𝑡 gives 𝑝 − 𝑞 ∈ 𝑃.Let 𝑝 ∈ 𝑃. Since < 𝜇𝑃, 𝖯𝑃 > is an IF ideal so for all 

𝑞 ∈ 𝐸, 𝜇(𝑞 + 𝑝 − 𝑞) ≥ 𝜇𝑃(𝑝) = 𝑠 and 𝖯𝑃(𝑞 + 𝑝 − 𝑞) ≤ 𝖯𝑃(𝑝) = 𝑡. Therefore 𝑞 + 𝑝 − 𝑞 ∈ 𝑃. 

Again for 𝑛 ∈ 𝑁, 𝑝 ∈ 𝑃 since < 𝜇𝑃, 𝖯𝑃 > is an IF ideal of E, so 𝜇(𝑛𝑝) ≥ 𝜇𝑃(𝑝) = 𝑠 and 

𝖯(𝑛𝑝) ≤ 𝖯𝑃(𝑝) = 𝑡 gives 𝑛𝑝 ∈ 𝑃. Also for 𝑛 ∈ 𝑁, 𝑝 ∈ 𝑃, 𝑞 ∈ 𝐸, 𝜇(𝑛(𝑞 + 𝑝) − 𝑛𝑞) ≥ 
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𝜇(𝑝) = 𝑠 and 𝖯𝑃(𝑛(𝑞 + 𝑝) − 𝑛𝑞) ≤ 𝖯𝑃(𝑝) = 𝑡. Therefore (𝑞 + 𝑝) − 𝑛𝑞 ∈ 𝑃. Hence P is ideal 

of E. 

In the above result the condition "𝑠 > 𝑠′; 𝑡 < 𝑡′" is necessary. For this let us see the 

following remarks. 
 

Remark: If we replace the "𝑠 > 𝑠 ′; 𝑡 < 𝑡′" by "𝑠 = 𝑠 ′; 𝑡 = 𝑡′" then the result will not be true. 

For justification, let 𝐸 = 𝑍5 and N=Z, the ring of integers. The E is an N-group. Take 𝑃 = 

{1,2,3} ⊆ 𝐸. Define 𝜇𝑃 (𝑝) = { 
𝑠 , 𝑝 ∈ 𝑃 

𝑠 ′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
; 𝖯𝑃 (𝑝) = { 

𝑡 , 𝑝 ∈ 𝑃 
𝑡′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

Now if 𝑠 = 𝑠 ′; 𝑡 = 𝑡′ then < 𝜇𝑃, 𝖯𝑃 > is E’s IF ideal whereas P is not. 

Remark: If "𝑠 > 𝑠 ′; 𝑡 < 𝑡′" is replaced by "𝑠 < 𝑠 ′; 𝑡 > 𝑡′" then also the result will not be true. 

For justification, let P be an N-group E’s ideal and define 

𝜇𝑃 (𝑥) = { 
𝑠 , 𝑥 ∈ 𝑃 

𝑠 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
; 𝖯𝑃 (𝑥) = { 

𝑡 , 𝑥 ∈ 𝑃 
𝑡 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

such that 𝑠 < 𝑠 ′; 𝑡 > 𝑡′. Now if 

possible assume < 𝜇𝑃, 𝖯𝑃 > be an IF ideal of E. Then by theorem 1.3 , 𝜇𝑃(0) ≥ 𝜇𝑃(𝑥) and 

𝖯(0) ≤ 𝖯𝑃(𝑥),∀𝑥 ∈ 𝐸. Now for 𝑦 ∈ 𝐸 − 𝑃 we have since 0 ∈ 𝑃 so 𝑠 = 𝜇(0) ≥ 𝜇𝑃(𝑦) = 𝑠′ 

and 𝑡 = 𝖯𝑃(0) ≤ 𝖯𝑃(𝑦) = 𝑡′ since 𝑦 ∉ 𝑃 gives 𝑠 ≥ 𝑠′ and 𝑡 ≤ 𝑡′, which is a contradiction. 

Hence the result is not true for the condition "𝑠 < 𝑠 ′; 𝑡 > 𝑡′". 

Theorem1.6.[7] For N-groups  𝐸1 and 𝐸2 and N-homomorphism 𝑓: 𝐸1 → 𝐸2 , 𝑓(𝐴) is an IF ideal 

of 𝐸2 when 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is 𝐸1’s IF ideal. 

Theorem1.7.[8] For N-groups 𝐸1 and 𝐸2 and N-homomorphism 𝑓: 𝐸1 → 𝐸2 , 𝑓−1(𝐴) is an IF 

ideal of 𝐸1 whenever 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is an IF ideal of 𝐸2. 

Defintion1.8. An N-group E’s proper ideal A is called E’s prime ideal if for 0 ≠ 𝑛 ∈ 𝑁, 𝑢 ∉ 𝐴 

we have 𝑛𝑢 ∉ 𝐴. If the ideal (0) is E’s prime ideal then E is named as prime N-group. 
 

Theorem1.9. E/A is non zero prime N-group ⇔ A is an E’s prime ideal, for E’s any ideal A. 
 

Proof: Consider E/A as non zero prime N-group. Thus {0+A},the zero ideal is an E/A’s prime 

ideal. Since E/A is non zero N-group so A is a proper ideal. Let 0 ≠ 𝑛 ∈ 𝑁, 𝑒 ∈ 𝐸 such that 

𝑛𝑒 ∈ 𝐴. Now since {0+A} is E’s prime ideal so, (𝑒 + 𝐴) = 𝑛𝑒 + 𝐴 = 0 + 𝐴 ∈ {0 + 𝐴} which 

implies 𝑒 + 𝐴 ∈ {0 + 𝐴} or 𝑒 ∈ 𝐴. Hence A is E’s prime ideal. 

Conversely suppose that A is E’s prime ideal. Since 𝐴 ≠ 𝐸, so E/A is a non zero N-group. 

Clearly {0+A} is proper ideal of E/A. Let 0 ≠ 𝑛 ∈ 𝑁, 𝑒 + 𝐴 ∈ 𝐸/𝑃 such that (𝑒 + 𝐴) ∈ {0 + 

𝐴}. Then 𝑛𝑒 + 𝐴 = 0 + 𝐴 and 𝑛𝑒 ∈ 𝐴 ⇒ 𝑒 ∈ (since A is prime ideal and 0 ≠ 𝑛) ⇒ 𝑥 + 𝐴 ∈ 

{0 + 𝐴} . Therefore the zero ideal {0+A} is E/A’s prime ideal and so E/A is a non zero prime N- 

group. 
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2. Prime IF ideal of N-group E: 
 

Definition2.1. A non constant IF ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of N-group E is called an E’s prime IF 

ideal if ∀ 0 ≠ 𝑛 ∈ 𝑁, 𝑥 ∈ 𝐸, 𝜇(𝑛𝑥) ≤ 𝜇𝐴(𝑥) and 𝖯𝐴(𝑛𝑥) ≥ 𝖯𝐴(𝑥) 

Note: For a zero symmetric near-ring N, since for any 𝑛 ∈ 𝑁, 𝑥 ∈ 𝐸, 𝜇(𝑛𝑥) ≥ 𝜇𝐴(𝑥) and 

𝖯(𝑛𝑥) ≤ 𝖯𝐴(𝑥), where 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is IF ideal of E so we can conclude that A is prime ideal 

- 𝜇𝐴(𝑛𝑥) = 𝜇𝐴(𝑥) ; 𝖯𝐴(𝑛𝑥) = 𝖯𝐴(𝑥). 

Example: Every non constant IF ideal of E considered for division ring R is a prime IF ideal 

since every non zero element of R possesses inverse, it follows by Theorem1.2. 

Remark: For N-group E, let IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be such that 𝜇(𝑥) = 0.5 ; 𝖯𝐴(𝑥) = 0.4, ∀𝑥 ∈ 

𝐸. Then A is a constant IF ideal and hence not a prime IF ideal. 
 

Theorem 2.2.Any E’s ideal P is E’s prime ideal ⇔ the generalized characteristics function 

𝜇𝑃 (𝑥) = { 
𝑠 , 𝑥 ∈ 𝑃 

𝑠 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
; 𝖯𝑃 (𝑥) = { 

𝑡 , 𝑥 ∈ 𝑃 
𝑡 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

with 𝑠 > 𝑠′, 𝑡 < 𝑡′ is an E’s prime IF 

ideal. 
 

Proof: Suppose P be prime ideal. Therefore P is proper and by Theorem1.5, < 𝜇𝑃, 𝖯𝑃 > is an E’s 

non constant IF ideal. Let 0 ≠ 𝑛 ∈ 𝑁, ∈ 𝐸. Suppose 𝑥 ∉ 𝑃. Therefore 𝜇(𝑥) = 𝑠 ′, 𝖯𝑃(𝑥) = 𝑡′. Now 

being P as a prime ideal 𝑛𝑥 ∉ 𝑃, which implies 𝜇(𝑛𝑥) = 𝑠 ′, 𝖯𝑃(𝑛𝑥) = 𝑡′ so that 

𝜇(𝑛𝑥) = 𝜇𝑃(𝑥), 𝖯𝑃(𝑛𝑥) = 𝖯𝑃(𝑥).Suppose 𝑥 ∈ 𝑃. Then 𝜇(𝑥) = 𝑠, 𝖯𝑃(𝑥) = 𝑡, so 𝜇𝑃(𝑛𝑥) ≥ 

𝜇(𝑥) = 𝑠, 𝖯𝑃(𝑛𝑥) ≤ 𝖯𝑃(𝑥) = 𝑡 which shows 𝜇𝑃(𝑛𝑥) = 𝜇𝑃(𝑥), 𝖯𝑃(𝑛𝑥) = 𝖯𝑃(𝑥). Therefore 

< 𝜇𝑃, 𝖯𝑃 > is E’s prime IF ideal. 

Conversely assume that < 𝜇𝑃, 𝖯𝑃 > is E’s prime IF ideal. Therefore < 𝜇𝑃, 𝖯𝑃 > 

is non constant IF ideal and hence P is proper ideal. Since 𝑥 ∉ 𝑃 so 𝜇(𝑥) = 𝑠′, 𝖯𝑃(𝑥) = 𝑡′. Now 

as < 𝜇𝑃, 𝖯𝑃 > is prime IF ideal so 𝜇(𝑛𝑥) = 𝜇𝑃(𝑥) = 𝑠 ′, 𝖯𝑃(𝑛𝑥) = 𝖯𝑃(𝑥) = 𝑡′ and which implies 

𝑛𝑥 ∉ 𝑃. Thus P is E’s prime ideal. 

Corrollary2.3. P is E’s prime ideal ⇔ characteristic function < 𝜑𝑃, 𝜓  > is E’s prime IF ideal. 

Proof: Proof is straight forward by putting 𝑠 = 1, 𝑠 ′ = 0; 𝑡 = 0, 𝑡′ = 1. 

Theorem2.4.Let 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be an E’s non constant IF ideal. Then A is an E’s prime IF ideal 

- for any 𝑠 ∈ [0, 𝜇𝐴(0)], 𝑡 ∈ [0, 𝖯𝐴(0)], either 𝐴(𝑠,𝑡) = 𝐸 or 𝐴(𝑠,𝑡) is an E’s prime ideal. 

 

Proof: Assume 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be E’s prime IF ideal and 𝑠 ∈ [0, 𝜇(0)], 𝑡 ∈ [0, 𝖯𝐴(0)]. Now if 

(𝑠,𝑡) = 𝐸 then there is nothing to prove. So let (𝑠,𝑡) ≠ 𝐸. Then since A is E’s IF ideal so by 

theorem1.4, (𝑠,𝑡) is E’s proper ideal. Let 𝑥 ∉ (𝑠,𝑡) and 0 ≠ 𝑛 ∈ 𝑁. Then 𝜇(𝑥) < 𝑠, 𝖯𝐴(𝑥) > 

𝑡. Now since A is prime IF ideal so 𝜇(𝑛𝑥) = 𝜇𝐴(𝑥) < 𝑠; 𝖯𝐴(𝑛𝑥) = 𝖯𝐴(𝑥) > 𝑡 and which 

implies 𝑛𝑥 ∉ 𝐴(𝑠,𝑡). Hence (𝑠,𝑡) is E’s prime ideal. 
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Conversely, suppose that for any 𝑠 ∈ [0, 𝜇(0)], 𝑡 ∈ [0, 𝖯𝐴(0)], either 𝐴(𝑠,𝑡) = 𝐸 

or 𝐴(𝑠,𝑡) is an E’s prime ideal. Let 0 ≠ 𝑛 ∈ 𝑁 and 𝑥 ∈ 𝐸. Suppose 𝜇(𝑛𝑥) = 𝑠, 𝖯𝐴(𝑛𝑥) = 𝑡.So 

𝑛𝑥 ∈ 𝐴(𝑠,𝑡). Now (𝑠,𝑡) = 𝐸 implies 𝑥 ∈ 𝐴(𝑠,𝑡) and if 𝐴(𝑠,𝑡) is assumed as E’s prime ideal then 

𝑛𝑥 ∈ 𝐴(𝑠,𝑡) ⇒ 𝑥 ∈ 𝐴(𝑠,𝑡). Therefore in each case 𝑥 ∈ (𝑠,𝑡) ⇒ 𝜇𝐴(𝑥) ≥ 𝑠 = 𝜇𝐴(𝑛𝑥) and 𝖯𝐴(𝑥) ≤ 

𝑡 = 𝖯𝐴(𝑛𝑥). So 𝜇(𝑛𝑥) = 𝜇𝐴(𝑥); 𝖯𝐴(𝑛𝑥) = 𝖯𝐴(𝑥),∀ 0 ≠ 𝑛 ∈ 𝑁, 𝑥 ∈ 𝐸. 

Hence 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is E’s prime IF ideal. 

Remark: In theorem2.4, 𝐴 =< 𝜇𝐴, 𝖯𝐴 > must be non constant. Since for IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of E 

such that 𝜇(𝑥) = 0.4, 𝖯𝐴(𝑥) = 0.4,∀𝑥 ∈ 𝐸,we have 𝐴(𝑠,𝑡) = 𝐸, ∀𝑠 ∈ [0, 𝜇𝐴(0)], 𝑡 ∈ 

[0, 𝖯(0)],whereas 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is not a prime IF ideal. 
 

3. f-invariant IFS and prime IF ideal: 
 

The definition of f-invariant IFS are recalled and on the basis of these some related results for 

prime IF ideal are introduced in this part. 
 

Definition3.1. Consider any 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be IFS of a set Y. Then for function 𝑓: 𝑌 → 𝑌, IFS 

𝐴 =< 𝜇𝐴, 𝖯𝐴 > is called f-invariant if ∀𝑢, 𝑣 ∈ 𝐸, (𝑢) = 𝑓(𝑣) ⇒ 𝜇𝐴(𝑢) = 𝜇𝐴(𝑣); 𝖯𝐴(𝑢) = 

𝖯𝐴(𝑣). 
 

1, 𝑢 ∈ 2𝑍 
Example: Let us define 𝑓: 𝑍 → 𝑍 by (𝑢) = {0.5, 𝑢 ∉ 2𝑍, 𝑢 > 0 

0, 𝑢 ∉ 2𝑍, 𝑢 < 0 
 

Define IFS 𝐴 =< 𝜇 , 𝖯 > of Z by 𝜇 (𝑢) = {
0.2, 𝑢 ∈ 2𝑍 

and 𝖯 (𝑢) = {
0.4, 𝑢 ∈ 2𝑍 

𝐴 𝐴 𝐴 0.4, 𝑢 ∉ 2𝑍 𝐴 0.5, 𝑢 ∉ 2𝑍 
 

Then 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is f-invariant. 
 

Example: Let 𝐸1 = 𝑍, 𝐸2 = 𝑍6 be two N-groups of the ring of integers Z and 𝑓: 𝐸1 → 𝐸2 be a 

canonical N-epimorphism. Let us define IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of 𝐸1 such that 

𝐴 =< 𝜑2𝑍, 𝜓2𝑍 >, characeristic function on 2Z. Then by Theorem2.2, A is IF ideal of 𝐸1.Again 

for any 𝑥, 𝑦 ∈ 𝐸1 such that 𝑓(𝑥) = 𝑓(𝑦), since 𝑥 − 𝑦 is divisible by 6 gives 𝑥 − 𝑦 is divisible by 

2 so for both 𝑥, 𝑦 are even ⇒ 𝜇𝐴(𝑥) = 𝜇𝐴(𝑦) = 1; 𝖯𝐴(𝑥) = 0, 𝖯𝐴(𝑦) = 0 and for both 𝑥, 𝑦 are 

odd ⇒ 𝜇𝐴(𝑥) = 𝜇𝐴(𝑦) = 0; 𝖯𝐴(𝑥) = 1, 𝖯𝐴(𝑦) = 1. Hence 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is f-invariant. 

Note: There exists a non constant IF ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > and a non constant N-epimorphism f 

such that f(A) is a constant IF ideal. For justification we check the following example. 
 

Example: Consider 𝐸1 = 𝑍, 𝐸2 = 𝑍6 as two N-groups of the near-ring N=Z of integers. Also let 

𝑓: 𝐸1 → 𝐸2 be natural epimorphism of N-groups. Then clearly f is a non constant N- 

homomorphism. 
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Let 𝑠, 𝑠 ′, 𝑡, 𝑡′ ∈ [0,1] such that 𝑠 > 𝑠 ′, 𝑡 < 𝑡′ and consider IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > on 𝐸1 such 

that by 𝜇𝐴 (𝑥) = { 
𝑠, 𝑥 ∈ 5𝑍 

𝑠′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
and 𝖯𝐴 (𝑥) = { 

𝑡, 𝑥 ∈ 5𝑍 
𝑡′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

Then 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is a generalized characteristics function and it is clear that it is a non 

constant IFS of 𝐸1 .Then by Theorem1.5, A is an IF ideal of E. Now we verify that f(A) is a 

constant IF ideal of 𝐸2. 

𝜇(𝐴)(0) =𝗏 {𝜇𝐴(𝑥): 𝑥 ∈ 𝑓−1(0)} ≥ 𝜇𝐴(0) (∵ 0 ∈ 𝑓−1(0)) 

= s (∵ 0 ∈ 5𝑍 ⇒ 𝜇(0) = 𝑠) 

and 𝖯𝑓(𝐴)(0) =𝖠 {𝖯𝐴(𝑥): 𝑥 ∈ 𝑓−1(0)} ≤ 𝖯𝐴(0) (∵ 0 ∈ 𝑓−1(0)) 

= t (∵ 0 ∈ 5𝑍 ⇒ 𝖯(0) = 𝑡) 

Therefore 𝜇(𝐴)(0) = 𝑠, 𝖯𝑓(𝐴)(0) = 𝑡 
 

Again, 𝜇(𝐴)(1) =𝗏 {𝜇𝐴(𝑥): 𝑥 ∈ 𝑓−1(1)} ≥ 𝜇𝐴(25) (∵ 25 ∈ 𝑓−1(1)) 
 

= s (∵ 25 ∈ 5𝑍) 
 

and 𝖯𝑓(𝐴)(1) =𝖠 {𝖯𝐴(𝑥): 𝑥 ∈ 𝑓−1(1)} ≤ 𝖯𝐴(25) (∵ 25 ∈ 𝑓−1(1)) 
 

= t (∵ 25 ∈ 5𝑍) 
 

Therefore 𝜇(𝐴)(1) = 𝑠, 𝖯𝑓(𝐴)(1) = 𝑡 . We can verify similarly that 𝜇(𝐴)(𝑥) = 𝑠, 𝖯𝑓(𝐴)(𝑥) = 

𝑡, ∀𝑥. Hence (𝐴) =< 𝜇𝑓(𝐴), 𝖯𝑓(𝐴) > is constant IF ideal of 𝐸2. 
 
Theorem3.2. Suppose 𝐸1 and 𝐸2 be two N-groups and 𝑓: 𝐸1 → 𝐸2 is a non constant N- 

epimorphism and 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be an f-invariant IF ideal of E. If 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is a 𝐸1 ’s 

prime IF ideal then 𝑓(𝐴) is either constant or a 𝐸2’s prime IF ideal . 

Proof: Suppose 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be prime IF ideal of E. Then by theorem1.6, f(A) is an IF ideal of 

𝐸2. Now if f(A) is constant then we have nothing to prove. Suppose f(A) is non constant. Then to 

show f(A) is prime IF ideal of 𝐸2. For that let 0 ≠ 𝑛 ∈ 𝑁 and 𝑥1 ∈ 𝐸1 .Since f is an epimorphism 

there exists some 𝑥 ∈ 𝐸 such that 𝑓(𝑥) = 𝑥1 . Again (𝑛𝑥) = 𝑛𝑓(𝑥) = 𝑛𝑥1 ⇒ 𝑛𝑥 ∈ 𝑓−1(𝑛𝑥1). If 

𝑝, 𝑞 ∈ 𝑓−1(𝑛𝑥1) then since 𝑓(𝑝) = 𝑛𝑥1 = 𝑓(𝑞) so 𝜇𝐴(𝑝) = 𝜇𝐴(𝑞) and 𝖯𝐴(𝑝) = 𝖯𝐴(𝑞) as 

𝐴 =< 𝜇𝐴, 𝖯𝐴 > is f-invariant. Which shows 

{(𝜇(𝑥), 𝖯𝐴(𝑥)): 𝑥 ∈ 𝑓−1(𝑛𝑥1)} = {(𝜇(𝑛𝑥), 𝖯𝐴(𝑛𝑥))} -------------------- (i) 

Since (𝑥) = 𝑥1 we have 𝑥 ∈ 𝑓−1(𝑥1). Now if 𝑝1, 𝑞1 ∈ 𝑓−1(𝑥1), then 𝑓(𝑝1) = 𝑓(𝑞1) and so by 

invariant nature 𝜇𝐴(𝑝1) = 𝜇𝐴(𝑞1) and 𝖯𝐴(𝑝1) = 𝖯𝐴(𝑞1), which shows 
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{(𝜇(𝑦), 𝖯𝐴(𝑦)): 𝑦 ∈ 𝑓−1(𝑥1)} = {(𝜇(𝑥), 𝖯𝐴(𝑥))} -------------------- (ii) 

Now 𝜇(𝐴)(𝑛𝑥1) =𝗏 {𝜇𝐴(𝑥): 𝑥 ∈ 𝑓−1(𝑛𝑥1)} 

=𝗏 {𝜇(𝑛𝑥)} (by (i)) 

= 𝜇(𝑛𝑥) = 𝜇𝐴(𝑥) (∵ 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is prime IF ideal ) 

=𝗏 {𝜇𝐴(𝑥)} 

=𝗏 {𝜇(𝑥): 𝑥 ∈ 𝑓−1(𝑥1)} (by (ii)) 

= 𝜇(𝐴)(𝑥1) 

and 𝖯𝑓(𝐴)(𝑛𝑥1) =𝖠 {𝖯𝐴(𝑥): 𝑥 ∈ 𝑓−1(𝑛𝑥1)} 

=𝖠 {𝖯(𝑛𝑥)} (by (i)) 

= 𝖯(𝑛𝑥) = 𝖯𝐴(𝑥) (∵ 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is prime IF ideal ) 

=𝖠 {𝖯𝐴(𝑥)} 

=𝖠 {𝖯(𝑥): 𝑥 ∈ 𝑓−1(𝑥1)} (by (ii)) 

= 𝖯(𝐴)(𝑥1) 

Hence (𝐴) =< 𝜇𝑓(𝐴), 𝖯𝑓(𝐴) > is constant IF ideal of 𝐸2. 
 
Note: There exists a non constant IF ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > and non constant N-homomorphism f 

such that 𝑓−1(𝐴) =< 𝜇𝑓−1(𝐴), 𝖯𝑓−1(𝐴) > is a constant IF ideal. For this we observe the example 

mentioned below. 

Example: Let 𝐸1 = 𝑍, 𝐸2 = 𝑍 as two N-groups of the near-ring N=Z of integers. Let us define 

𝑓: 𝐸1 → 𝐸2 such that (𝑥) = 2𝑥, ∀𝑥 ∈ 𝐸1. Then f is a non constant N-homomorphism. Let 

𝑠, 𝑠 ′, 𝑡, 𝑡′ ∈ [0,1] be such that 𝑠 > 𝑠 ′, 𝑡 < 𝑡′. Also define IFS 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of 𝐸2 such that 
 

by 𝜇𝐴 (𝑥) = { 
, 𝑥 ∈ 2𝑍 

𝑠′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
and 𝖯𝐴 (𝑥) = { 

, 𝑥 ∈ 2𝑍 

𝑡′, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
 

Then 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is a generalized characteristics function and it is clear that it is non constant 

IFS of 𝐸2 = 𝑍. Then by theorem1.5, 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is an IF ideal of 𝐸2. Now we check that 

𝑓−1(𝐴) is a constant IF ideal of 𝐸1. 

For any 𝑥 ∈ 𝐸1, 𝑓−1(𝜇𝐴)(𝑥) = 𝜇𝐴(𝑓(𝑥)) = 𝜇𝐴(2𝑥) = 𝑠 and 𝑓−1(𝖯𝐴(𝑥)) = 𝖯𝐴(𝑓(𝑥)) = 

𝖯(2𝑥) = 𝑡 ;which shows 𝑓−1(𝐴) is constant. Moreover the only level set of 𝑓−1(𝐴) is 
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𝑓−1(𝐴)(𝑠,𝑡) = 2𝑍 is an ideal of 𝐸1 = 𝑍. Hence by theorem 1.7, 𝑓−1(𝐴) is an IF ideal of 𝐸1 . 

Hence 𝑓−1(𝐴) is a constant IF ideal of 𝐸1. 

Theorem3.3. For N-groups 𝐸1, 𝐸2 and non constant N-homomorphism 𝑓: 𝐸1 → 𝐸2 and 𝐸2 ’s If 

ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > if A is 𝐸2’s prime IF ideal then 𝑓−1(𝐴) is either constant or 𝐸1’s prime IF 

ideal . 

Proof: Let 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be 𝐸2’s IF ideal. Then by theorem1.7, 𝑓−1(𝐴) is an IF ideal of 𝐸1. If 

𝑓−1(𝐴) is constant then the proof is over. So let 𝑓−1(𝐴) be non constant. Now for 𝑥 ∈ 𝐸1 and 

0 ≠ 𝑛 ∈ 𝑁,we have 𝑓−1(𝜇𝐴)(𝑛𝑥) = 𝜇𝐴(𝑓(𝑛𝑥)) 

= 𝜇(𝑛𝑓(𝑥)) (∵ 𝑓 is N-homomorphism) 

= 𝜇(𝑓(𝑥)) (∵ 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is prime IF ideal ) 

= 𝑓−1(𝜇𝐴)(𝑥) 

and 𝑓−1(𝖯𝐴)(𝑛𝑥) = 𝖯𝐴(𝑓(𝑛𝑥)) = 𝖯𝐴(𝑛𝑓(𝑥)) (∵ 𝑓 is N-homomorphism) 

= 𝖯(𝑓(𝑥)) (∵ 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is prime IF ideal ) 

= 𝑓−1(𝖯𝐴)(𝑥) 

Hence 𝑓−1(𝐴) is an 𝐸1’s prime IF ideal. 

4. IF coset and prime IF ideal: 
 

In this part we recall some notions of IF cosets and related results and then will discuss some 

results related to prime IF ideal. 

Definition4.1.[7] For IF ideal 𝐴 =< 𝜇𝐴, 𝖯𝐴 > of an N-group E and 𝑒 ∈ 𝐸, the IFS 
 

𝑒 + 𝐴 =< 𝑒 + 𝜇𝐴, 𝑒 + 𝖯𝐴 > defined as (𝑒 + 𝜇𝐴)(𝑒′) = 𝜇𝐴(𝑒′ − 𝑒); ( 𝑒 + 𝖯𝐴)(𝑒′) = 

𝖯(𝑒′ − 𝑒), 𝑒′ ∈ 𝐸 is called IF coset of 𝐴 =< 𝜇𝐴, 𝖯𝐴 >. 

Theorem4.2. .[7] If 𝐴 =< 𝜇𝐴, 𝖯𝐴 > is an IF coset of E then 
 

< 𝑒 + 𝜇𝐴, 𝑒 + 𝖯𝐴 >=< 𝑒′ + 𝜇𝐴, 𝑒′ + 𝖯𝐴 >⇔ 𝜇(𝑒′ − 𝑒) = 𝜇𝐴(0) and 𝖯𝐴(𝑒′ − 𝑒) = 𝖯𝐴(0) 

Corrollary4.3. .[7] If < 𝑒 + 𝜇𝐴, 𝑒 + 𝖯𝐴 >=< 𝑒′ + 𝜇𝐴, 𝑒′ + 𝖯𝐴 > then 𝜇𝐴(𝑒) = 𝜇𝐴(𝑒′); 𝖯𝐴(𝑒) = 

𝖯𝐴(𝑒′) 
 

Definition4.4. .[7] Let 𝐴 =< 𝜇𝐴, 𝖯𝐴 > be IF ideal of N-group E. Then the set of all IF cosets of 

𝐴 =< 𝜇𝐴, 𝖯𝐴 > with respect to the operations defined as 
 

(𝑒+< 𝜇𝐴, 𝖯𝐴 >) + (𝑒′+< 𝜇𝐴, 𝖯𝐴 >) = (𝑒 + 𝑒′)+< 𝜇𝐴, 𝖯𝐴 > and 
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(𝑒+< 𝜇𝐴, 𝖯𝐴 >) = 𝑛𝑒+< 𝜇𝐴, 𝖯𝐴 > for all 𝑒, 𝑒′ ∈ 𝐸, 𝑛 ∈ 𝑁 

forms an N-group and is called quotient N-group and is denoted by E/A. 

Theorem4.5.[7] Let < 𝜇𝐴, 𝖯𝐴 > be an IF ideal of E. Then the IFS < 𝜃𝜇, 𝜃𝖯 > defined as 

𝜃(𝑒+< 𝜇𝐴, 𝖯𝐴 >) = 𝜇𝐴(𝑒); 𝜃𝖯(𝑒+< 𝜇𝐴, 𝖯𝐴) = 𝖯𝐴(𝑒) is an IF ideal of E. 

 

Theorem4.6. Let 𝐴 =< 𝜇𝐴, 𝖯𝐴 > and 𝐵 =< 𝜇𝐵, 𝖯𝐵 > be two IF ideal of E such that 𝐴 ⊆ 𝐵 with 

𝜇(0) = 𝜇𝐴(0); 𝖯𝐵(0) = 𝖯𝐴(0) and B is prime IF ideal of E. Then IFS 𝐵′ =< 𝜇𝐵′, 𝖯𝐵′ > defined 

as 𝜇𝐵(𝑒 + 𝐴) = 𝜇𝐵(𝑒) and 𝖯𝐵𝘍(𝑒 + 𝐴) = 𝖯𝐵(𝑒) for all 𝑒 + 𝐴 ∈ 𝐸/𝐴, is an IF ideal of E/A. 

 

Proof: Let 𝑒 + 𝐴, 𝑒′ + 𝐴 ∈ 𝐸/𝐴 be such that 𝑒 + 𝐴 = 𝑒′ + 𝐴 which implies 𝜇(0) = 𝜇𝐴(𝑒 − 𝑒′) 

and 𝖯𝐴(0) = 𝖯𝐴(𝑒 − 𝑒′) (by theorem4.2). 

Then we have, 𝜇(0) ≥ 𝜇𝐵(𝑒 − 𝑒′) 

≥ 𝜇𝐴(𝑒 − 𝑒′) (∵ 𝐴 ⊆ 𝐵) 
 

= 𝜇(0) 

= 𝜇(0) 

Thus 𝜇(0) = 𝜇𝐵(𝑒 − 𝑒′) ⇒ 𝑒 + 𝜇𝐵 = 𝑒′ + 𝜇𝐵 

⇒ (𝑒 + 𝜇𝐵)(0) = (𝑒′ + 𝜇𝐵)(0) 

⇒ 𝜇(0 − 𝑒) = 𝜇𝐵(0 − 𝑒′) 
 

⇒ 𝜇𝐵(−𝑒) = 𝜇𝐵(−𝑒′) 
 

⇒ 𝜇(𝑒) = 𝜇𝐵(𝑒′) (∵ 𝐵 is IF ideal ) 

Also, 𝖯(0) ≤ 𝖯𝐵(𝑒 − 𝑒′) 

≤ 𝖯𝐴(𝑒 − 𝑒′) (∵ 𝐴 ⊆ 𝐵) 
 

= 𝖯(0) 
 

= 𝖯(0) 

Thus 𝖯(0) = 𝖯𝐵(𝑎 − 𝑏) ⇒ 𝑒 + 𝖯𝐵 = 𝑒′ + 𝖯𝐵 

⇒ (𝑒 + 𝖯𝐵)(0) = (𝑒′ + 𝖯𝐵)(0) 

⇒ 𝖯(0 − 𝑒) = 𝖯𝐵(0 − 𝑒′) 
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⇒ 𝖯𝐵(−𝑒) = 𝖯𝐵(−𝑒′) 
 

⇒ 𝖯(𝑒) = 𝖯𝐵𝑒′) (∵ 𝐵 is IF ideal ) 

Then 𝜇(𝑒) = 𝜇𝐵(𝑒′); 𝖯𝐵(𝑒) = 𝖯𝐵(𝑒′) implies that 𝜇𝐵𝘍(𝑒 + 𝐴) = 𝜇𝐵𝘍(𝑒′ + 𝐴); 𝖯𝐵𝘍(𝑒 + 𝐴) = 

𝖯𝐵(𝑒′ + 𝐴) and consequently 𝐵′ =< 𝜇𝐵′, 𝖯𝐵′ > is well defined IFS. 

Again for 𝑒 + 𝐴, 𝑒′ + 𝐴 ∈ 𝐸/𝐴, 

𝜇𝐵𝘍((𝑒 + 𝐴) − (𝑒′ + 𝐴)) = 𝜇𝐵𝘍((𝑒 − 𝑒′) + 𝐴) 

= 𝜇𝐴(𝑒 − 𝑒′) 
 

≥ 𝜇(𝑒) 𝖠 𝜇𝐴(𝑒′) (∵ 𝐴 is IF ideal ) 

= 𝜇𝐵𝘍(𝑒 + 𝐴) 𝖠 𝜇𝐵𝘍(𝑒′ + 𝐴) 

𝖯𝐵𝘍((𝑒 + 𝐴) − (𝑒′ + 𝐴)) = 𝖯𝐵𝘍((𝑒 − 𝑒′) + 𝐴) 

= 𝖯𝐴(𝑒 − 𝑒′) 

≤ 𝖯(𝑒) 𝗏 𝖯𝐴(𝑒′) (∵ 𝐴 is IF ideal ) 

= 𝖯𝐵𝘍(𝑒 + 𝐴) 𝗏 𝖯𝐵𝘍(𝑒′ + 𝐴) 
 

Also for 𝑒 + 𝐴, 𝑒′ + 𝐴 ∈ 𝐸/𝐴, and 𝑛 ∈ 𝑁 
 

𝜇𝐵𝘍(𝑛((𝑒′ + 𝐴) + (𝑒 + 𝐴)) − 𝑛(𝑒′ + 𝐴)) = 𝜇𝐵𝘍(𝑛((𝑒′ + 𝑒) + 𝐴) − (𝑛𝑒′ + 𝐴)) 

= 𝜇𝐵𝘍((𝑛(𝑒′ + 𝑒) + 𝐴) − (𝑛𝑒′ + 𝐴)) 

= 𝜇𝐵𝘍((𝑛(𝑒′ + 𝑒) − 𝑛𝑒′) + 𝐴) 

= 𝜇𝐴(𝑛(𝑒′ + 𝑒) − 𝑛𝑒′) 
 

≥ 𝜇(𝑒) (∵ 𝐴 is IF ideal ) 

= 𝜇𝐵𝘍 (𝑒 + 𝐴) 

 

 
𝖯𝐵𝘍(𝑛((𝑒′ + 𝐴) + (𝑒 + 𝐴)) − 𝑛(𝑒′ + 𝐴)) = 𝖯𝐵𝘍(𝑛((𝑒′ + 𝑒) + 𝐴) − (𝑛𝑒′ + 𝐴)) 

= 𝖯𝐵𝘍((𝑛(𝑒′ + 𝑒) + 𝐴) − (𝑛𝑒′ + 𝐴)) 

= 𝖯𝐵𝘍((𝑛(𝑒′ + 𝑒) − 𝑛𝑒′) + 𝐴) 

= 𝖯𝐴(𝑛(𝑒′ + 𝑒) − 𝑛𝑒′) 
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≤ 𝖯(𝑒) (∵ 𝐴 is IF ideal ) 
 

= 𝖯𝐵𝘍 (𝑒 + 𝐴) 

Similarly we can show that 𝜇𝐵((𝑒′ + 𝐴) + (𝑒 + 𝐴) − (𝑒′ + 𝐴)) ≥ 𝜇𝐵𝘍(𝑒 + 𝐴); 𝖯𝐵𝘍((𝑒′ + 𝐴) + 

(𝑒 + 𝐴) − (𝑒′ + 𝐴)) ≤ 𝖯𝐵𝘍(𝑒 + 𝐴) and 𝜇𝐵𝘍(𝑛(𝑒 + 𝐴)) ≥ 𝜇𝐵𝘍(𝑒 + 𝐴); 𝖯𝐵𝘍(𝑛(𝑒 + 𝐴)) ≤ 

𝖯𝐵𝘍(𝑒 + 𝐴)). Hence 𝐵′ =< 𝜇𝐵′, 𝖯𝐵′ > is IF ideal of E/A. 

Theorem4.7. If 𝑃 =< 𝜇𝑃, 𝖯𝑃 > is E’s prime IF ideal, then E/P is prime N-group. 

Proof: Suppose 𝑃 =< 𝜇𝑃, 𝖯𝑃 > is E’s prime IF ideal. Since P is non constant, it follows that 

0 + 𝑃 =< 0 + 𝜇𝑃, 0 + 𝖯𝑃 > is a E/P’s proper ideal. Let 0 ≠ 𝑛 ∈ 𝑁, < 𝑥 + 𝜇𝑃, 𝑥 + 𝖯𝑃 >∈ 𝐸/𝑃 

be such that 𝑛(𝑥 + 𝜇𝑃) = 0 + 𝜇𝑃 and 𝑛(𝑥 + 𝖯𝑃) = 0 + 𝖯𝑃 
 

Now (𝑥 + 𝜇𝑃) = 0 + 𝜇𝑃 ⇒ 𝑛𝑥 + 𝜇𝑃 = 0 + 𝜇𝑃 

⟹ (𝑛𝑥 + 𝜇(0) = (0 + 𝜇𝑃)(0) 

⟹ 𝜇(𝑛𝑥 − 0) = 𝜇𝑃(0) 

⟹ 𝜇(𝑥) = 𝜇𝑃(0) (∵ 𝑃 is prime IF ideal) 

⟹ 𝑥 + 𝜇𝑃 = 0 + 𝜇𝑃 (by theorem4.2) 

and (𝑥 + 𝖯𝑃) = 0 + 𝖯𝑃 ⇒ 𝑛𝑥 + 𝖯𝑃 = 0 + 𝖯𝑃 

⟹ (𝑛𝑥 + 𝖯𝑃)(0) = (0 + 𝖯𝑃)(0) 

⟹ 𝖯(𝑛𝑥 − 0) = 𝖯𝑃(0) 

⟹ 𝖯(𝑥) = 𝖯𝑃(0) (∵ 𝑃 is prime IF ideal) 

⟹ 𝑥 + 𝖯𝑃 = 0 + 𝖯𝑃 (by theorem4.2) 

Therefore 0 + 𝑃 =< 0 + 𝜇𝑃, 0 + 𝖯𝑃 > is E/P’s prime IF ideal. 

Theorem4.8. Consider 𝑃 =< 𝜇𝑃, 𝖯𝑃 > be an E’s prime IF ideal. Then IFS < 𝜃𝜇, 𝜃𝖯 > defined 

as 

𝜃(𝑥+< 𝜇𝐴, 𝖯𝐴 >) = 𝜇𝐴(𝑥); 𝜃𝖯(𝑥+< 𝜇𝐴, 𝖯𝐴) = 𝖯𝐴(𝑥) is a E/P’s prime IF ideal. 

 

Proof: Consider 𝑃 =< 𝜇𝑃, 𝖯𝑃 > as an E’s prime IF ideal. Then < 𝜃𝜇, 𝜃𝖯 > is an E/P is IF ideal 

by Theorem 4.5. Since P is prime ideal so it is non constant IF ideal of E and thus < 𝜃𝜇, 𝜃𝖯 > is a 

non constant IF ideal of E/P. Let 0 ≠ 𝑛 ∈ 𝑁, 𝑥+< 𝜇𝑃, 𝖯𝑃 >∈ 𝐸/𝑃. 

Now 𝜃(𝑛(𝑥+< 𝜇𝑃, 𝖯𝑃 >) = 𝜃𝜇(𝑛𝑥+< 𝜇𝑃, 𝖯𝑃 >) 
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= 𝜇𝑃(𝑛𝑥) 
 

= 𝜇(𝑥) (∵ 𝑃 is prime IF ideal) 

= 𝜃𝜇(𝑛𝑥+< 𝜇𝑃, 𝖯𝑃  >) 
 

and   𝜃𝖯(𝑛(𝑥+< 𝜇𝑃, 𝖯𝑃 >) = 𝜃𝖯(𝑛𝑥+< 𝜇𝑃, 𝖯𝑃 >) 

= 𝖯𝑃(𝑛𝑥) 
 

= 𝖯(𝑥) (∵ 𝑃 is prime IF ideal) 

= 𝜃𝖯(𝑛𝑥+< 𝜇𝑃, 𝖯𝑃 >) 

Therefore < 𝜃𝜇, 𝜃𝖯 > is prime IF ideal of E/P. 
 

Theorem4.9. Let 𝐴 =< 𝜇𝐴, 𝖯𝐴 > and 𝐵 =< 𝜇𝐵, 𝖯𝐵 > be two IF ideal of E such that 𝐴 ⊆ 𝐵 with 

𝜇(0) = 𝜇𝐴(0); 𝖯𝐵(0) = 𝖯𝐴(0) and B is prime IF ideal of E. Then IFS 𝐵′ =< 𝜇𝐵′, 𝖯𝐵′ > defined 

as 𝜇𝐵(𝑥 + 𝐴) = 𝜇𝐵(𝑥) and 𝖯𝐵𝘍(𝑥 + 𝐴) = 𝖯𝐵(𝑥) ,∀ 𝑥 + 𝐴 ∈ 𝐸/𝐴, is E/A’s prime IF ideal. 

 

Proof: Consider E’s prime IF ideal B. Then 𝐵′ is clearly E/A’s IF ideal by theorem 4.5. Since B 

is a non constant IF ideal of E so as 𝐵′ of E/A. Let 𝑥 + 𝐴 ∈ 𝐸/𝐴, 0 ≠ 𝑛 ∈  . 

Then 𝜇𝐵′(𝑛(𝑥 + 𝐴))= 𝜇𝐵′(𝑛𝑥 + 𝐴) 
 

= 𝜇𝐵(𝑛𝑥) 
 

= 𝜇(𝑥) (∵ 𝐵 is prime IF ideal) 
 

= 𝜇𝐵′(𝑥 + 𝐴) 
 

and 𝖯𝐵′(𝑛(𝑥 + 𝐴))= 𝖯𝐵′(𝑛𝑥 + 𝐴) 
 

= 𝖯𝐵(𝑛𝑥) 

= 𝖯(𝑥) (∵ 𝐵 is prime IF ideal) 
 

= 𝖯𝐵𝘍(𝑥 + 𝐴) 

Hence 𝐵′ =< 𝜇𝐵′, 𝖯𝐵′ > is prime IF ideal of E/A. 
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