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Abstract 

In this study, we examined the radiative MHD Williamson hybrid nanofluid flow over an 

uneven stretching surface with the nonlinear heat source. The hybrid nanofluid is composed 

of MoS2 and Ag suspended in ethylene glycol. The similarity variables are used to transmit 

PDE’s to ODE’s and resolved by adopting R-K method with the shooting technique. Further, 

the stimulus of physical parameters on dimensionless quantities like momentum, thermal, 

wall friction and Nusselt number are discussed thru plots and tables. Results reveal that 

decreasing velocity and rising temperature are found by considering larger magnetic 

properties. The volume fraction tends to develop conductance of the hybrid nanofluid. The 

hybrid nanofluid shows a higher flow and heat transmission rate as compared to the mono 

nanoliquid.  
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1. Introduction 

The significance of heat flow has excellent 

applications in production and 

manufacturing science. The fluids like 

water, ethylene glycol, kerosene, engine 

oil, etc are used to control the 

consequences of heat cooling and rising 

factors. It’s a traditional culture to utilize 

these and there are no choices, but these 

outcomes have less efficiency in heat 

command. We can’t ignore any of these 

due to the huge availability in nature. In 

1995, Choi [1] invented a revolutionary 

nanofluid which overcomes all such 

drawbacks of normal fluids. Nanofluid is 

the combination of normal fluid and 

metallic/non-metallic particles which 

enhances 40% of heat transmission. Later, 

Fersadou et al. [2] considered the entropy 

production and MHD convection of 

nanoliquid in vertical porous channels. 

Also, Patil et al. [3] discussed the surface 

unevenness property of mixed convective 

nanoliquid flow over an elongating surface 

with suction and injection impacts. 

Sudarsana et al. [4] analyzed the 

magnetized mass and thermal flow of 

nanoliquid on a vertical plate immersed in 

porosity under various physical aspects. 

Samrat et al. [5] studied the radiation 

property of the wavering flow of Casson 

nanoliquid over an elongating surface.  

A usual nanofluid does not perform well in 

today’s computation and requirements due 

to its limited properties. The researchers 

have invented another fluid named hybrid 

nanofluid. It accomplishes the weakness of 

the nanofluid. It is comprised of mixtures 

of two different nanoparticles into the base 

liquids. Waqas et al. [6] studied the heat 

transport of hybrid nanoliquids flow over a 

vertical stretching cylinder by 

implementing the Tiwari and Das model. 

Rashid et al. [7] proposed that the different 

shape of the nanoparticles and 

hybridization of nanoliquid amplifies the 

performance of heat transference. Ullah et 

al [8] discussed numerically the flow of 

hybrid nanoliquids over an extended 

surface. Jamaludin et al. [9] analyzed the 

stagnation point flow of a hybrid nanofluid 

(Cu-Al2O3-H2O) over a 

shrinking/stretching surface with MHD 

and heat sink/source. Sulochana et al. [10] 

analyzed the boundary layer flow of a 

nanoliquid over a constantly stirring 

slender needle.   

Heat transmitting properties on a 

hybrid-nanoliquid over an elongating sheet 

have loads of uses in industrial science due 

to their individuality. Thermal and 

momentum profiles are controlled by 

stretching properties. Heat transmits more 

when the stretching parameter is increased. 

Tlili et al. [11] studied numerically that 

MHD dissipative flow on an extended 

region in the occurrence of Soret/Dufour 

effects. They found that these effects 

control the diffusion and thermal fields. 

Waini et al. [12] studied flow and heat 

variations of hybrid nanoliquids thru 

permeable stretching surfaces. They found 

that hybrid nanoliquids have higher heat 

variations compared to the mono 

nanoliquids. The boundary layer flow and 

thermal properties of nanoliquids over an 

uneven elongating sheet were studied 

numerically by Mabood et al. [13]. It is 

found that Brownian motion enhances 

when the thickness of the boundary layer 

increases. Hayat et al. [14] discussed the 

3D flow of mixed convective Williamson 

nanoliquid over a stretched region with a 

chemical reaction. Tlili et al. [15] explored 

the MHD effects on hybrid nanoliquid i.e. 

(CuO+MgO+Methanol), over the uneven 

surface.  

Further, MHD has a wide variety of 

applications in metallurgy, mining of 

geothermal energy, metal casting, 

medicine, polymer industry, melting and 

fusion reactor etc. Alghmdi et al. [16] 

reported that hybrid nanoliquid flow with 

magnetic effects is used in the medication 

of blood arteries. Shoaib et a.l [17] 

investigate the MHD effects on hybrid 

nanoliquids on a rotating stretching surface 

with radiation. Later, Aly and Pop [18] 
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employed MHD effects near a stagnation 

region over an extended surface with 

viscous dissipation and compared the 

results of hybrid nanofluid and single 

nanofluid. Moreover, Ashwinkumar et al 

[19] studied convective hybrid nanoliquid 

with magnetic effects in two, unlike 

geometries. Further, Ghadikolaei et al [20] 

discussed the shape and size of 

nanoparticles importance in stagnation 

point flow with magnetic properties. 

Sandeep et al [21] studied flow and heat 

properties in MHD 

(magnetohydrodynamics) dusty hybrid 

ferrofluids with radiation effects.  

In view of the above studies, we 

employed the radiative MHD Williamson 

hybrid nanofluid flow over an irregular 

extending surface with a nonlinear heat 

source. The similarity variables are used to 

transmit PDE’s to ODE’s and resolved by 

adopting R-K method with the shooting 

technique. Further, the effects of physical 

parameters on dimensionless quantities 

like momentum, thermal, friction factor 

and Nusselt number are discussed thru 

plots and tables. Results reveal that the 

heat transfer rate of hybrid nanofluids 

shows a better response as related to the 

single nanofluid.  

2. Mathematical modelling 

We presumed steady, hydrodynamic 

stream of Williamson hybrid nanoliquid 

flow above a nonlinear extending surface 

with radiative heating and uneven heat 

source effect. The varying magnetic force 

and elongating are given by 

  2 1

0 and n n

wU ax B x B x    respectively. 

The surface temperature 
2 1,n

wT T bx 

 

T  is the free stream temperature. 

Influence of radiative heating, irregular 

heat source is computed in the energy 

equation. 

 

Fig.1 Flow geometry of the problem 

Under the above presumptions the stream and energy transport featured equations are stated 

as Jafar, et al [22] 
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respective edge restrictions, 

  2 1, 0,  at  0
,

0,   as 

n n

w wu U x ax v T T T bx y

u T T y







       


   

     (4) 

where the sheet is mounted along x direction along the sheet, y  is normal to the sheet, with 

velocity components as u and v  respectively. While '''q is the irregular heat rise/fall 

parameter and is expressed as, 

 ''' ( – ) ' ( – ) ,
hnf w

w

f

k U
q A T T F B T T


   (5)  

where ,A B is the space and time dependant heat source sink parameters. 

The non-dimensional similarity variables are stated as below, 
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     (6)  

where  is the similarity factor. 

The thermophysical features of mixed nanofluid are specified as Ashwinkumar et al. (2022), 
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where the suffixes 
, ,hnf nf f

 describes the hybrid nanofluid, mono nanofluid and base fluid 

respectively. 

By utilizing Eqn. (5) - (7) in Eqn. (2) and (3), we get, 

  22
1 '' ''' '' ' ' 0,

1

hnf f hnf

f hnf f

n
WeF F FF F MF

n

  

  

  
      
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the transmuted edge restrictions are, 

     
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,

' 0,  0,   as ,

F F

F

   

  

     

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(10) 

here , , , ,Pr,n M We  are the nanoparticle volume fraction, nonlinear stretching, magnetic 

force, Weissenberg number, Prandtl number respectively are quantified as below,  

0.5
2 (3 1)
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(11) 

The physical factors of practical concern are fC and xNu  are outlined as,  

 2
  and   ,w u
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xq
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

 
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                                                                              (12) 

where w  and wq  are given by,  
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(13) 

The simplified form of fxC and xNu  are listed as,  
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    (14) 

where  Rex x fxu x   is the Reynolds number. 

 

3. Results and discussion 

In this section, the impact of non-

dimensional parameterslike power-law 

index ( n ), thermal radiation( R ), magnetic 

field ( M ), non-uniform heat source ( A ,

B ),volume fraction ( 1 , 2 ) on stream and 

temperature of the nano and hybrid 

nanofluids are analyzed via plots and also  

the impression of these parameters on skin 

friction factor and thermal transport rate 

are depictedin the tabular form. The 

numerical computations are discussed by 

keeping 0.5We  , 0.5R  , 0.5A  , 0.4B 

, 3n  , 2M  , 1 2 0.05    throughout 

the complete study. The main objective of 

this research article is to deliberate the 

comparative outcomes of nanofluids with 

the hybrid nanofluids. 

Figs. 2-3 depict the impression of 

n  on stream and temperature gradients for 

mono nonfluid and hybrid nanofluid. It is 

documented that both flow and energy 

gradients are opposite in nature. The 

velocity is declined whereas temperature is 
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amplified for constructive values of n . 

Figs. 4-5 represents the power of M  on 

 'F  and    . We observe that fluid 

velocity is deteriorated and energy is 

improved for positive values of M . 

Physically increase in M creates a 

resistive type of force termed as Lorentz 

force which slow down the motion of the 

fluid.  

The responses of We on  'F   and 

    are represented in the figs. 6-7. For 

higher magnitudes of We , fluid stream is 

lessened and thermal gradient is boosted. 

Hike in  We  increases the relaxation time 

of the fluid particles so that viscosity is 

enhanced reducing the fluid flow. Figs. 8-9 

portray the impression of non-uniform heat 

source parameter on thermal gradient. The 

cumulative values of A  and B  acts as 

heat generators, which increases the 

temperature of the fluid. Further, the rise in 

the energy is same for both nanofluid and 

hybrid nanofluid. The significance of R  

on      is illustrated from the fig.10. The 

supplementary value of radiation 

parameter augments the heat energy of the 

fluid which results in advancing the fluid 

temperature.  

The thermo physical attributes of

2MoS  and Ag nanoparticles along with 

carrier fluid engine oil are listed in the 

table 1.Moreover, Table 2 is drawn to 

study the variation in the skin friction 

factor for fluctuating values of physical 

parameters. It is witnessed from the table 

that fxC  is the accelerating function of 

Weissenberg number whereas 

deaccelerating function of magnetic field 

and power law index parameters. Further, 

no change is recorded for magnifying 

values of thermal radiation for both 

nanofluid and hybrid nanofluids.  

Table 3 denotes the variation in the 

thermal transfer rate for diverse values of 

the physical parameters. From the table we 

observe that Nusselt number is the 

diminishing function of magnetic field M , 

non-uniform heat source ,A B and thermal 

radiation R  parameters.Further, rate of 

thermal transport is more declined in 

nanofluid case as compared with hybrid 

nanofluids. And for additional values of n  

andWe thermal transfer rate is boosted 

more in hybrid nanofluids when compared 

with mono nanofluids. Table 4 illustrates 

the validation of the present results of 

Nusselt number with power law index 

parameter in comparison with the results 

of Jafar et al. [22]. 

 

Fig. 2 Response of '( )F  with n  
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Fig. 3 Response of ( ) with n  

 

Fig. 4 Response of '( )F  with M  
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Fig. 5 Response of ( ) with M  

 

Fig. 6 Response of '( )F  with We  
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Fig. 7 Response of ( ) with We  

 

Fig. 8 Response of ( ) with A  
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Fig. 9 Response of ( ) with B  

 

Fig. 10 Response of ( ) with R  
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Table 1 Physio-thermal characteristic of nanoparticles and the base liquid [23]. 

Physical Property 2MoS  Ag  EG  

( / )pC J KgK
 397.21 235 2430 

( / )S m  2.09 x 10-5 6.3 x 107 4.3 x 10-5 

3( / )Kg m  5060 10480 1113.5 

( / )k W mK  904.4 429 0.253 

 

Table 2 Variation in 
f xC  for nano and hybrid nanofluid cases. 

M  n  We  R  

fxC  

Hybrid 

Nanofluid 
Nanofluid 

1    -3.095112 -3.462548 

2    -3.383539 -3.764055 

3    -3.644778 -4.038877 

 1   -1.829200 -1.369722 

 2   -2.608818 -2.252020 

 3   -3.383539 -3.125965 

  0.3  -3.462144 -3.182167 

  0.6  -3.344565 -3.098033 

  0.9  -3.228998 -3.014923 

   0.5 -1.829200 -4.634648 

   1.0 -1.829200 -4.634648 

   1.5 -1.829200 -4.634648 

 

Table 2 Variation in xNu  for nano and hybrid nanofluid cases. 

M
 

n  We  A  B  R  

xNu  

Hybrid 

Nanofluid 
Nanofluid 

1      2.123669 2.031259 

2      1.858171 1.778990 

3      1.619385 1.552958 

 1     1.242326 0.863747 

 2     1.833623 1.321566 

 3     2.426268 1.778990 
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  0.3    2.418843 1.772832 

  0.6    2.429998 1.782061 

  0.9    2.441256 1.791238 

   0.5   1.862920 1.310351 

   1.0   1.158736 0.724555 

   1.5   0.454560 0.138754 

    0.4  2.163591 1.495074 

    0.8  1.704655 0.969143 

    1.2  1.113427 0.168277 

     0.5 2.335577 0.863747 

     1.0 1.795538 0.677945 

     1.5 1.255500 0.492143 

 

Table 4 validation of results for Nusselt number with power law index parameter. 

n  
xNu  

Jafar et al.[22] Present Results 

0.75 3.1231 3.123258 

1.5 3.5660 3.566120 

7.0 4.1846 4.184254 

10 4.2539 1.425398 

 

4. Conclusion 

The obtained outcomes are as follows: 

 The hybrid nanofluid is more 

effective than the single nanofluid 

in heat transport properties. 

 The size of the volume fraction 

impacts the development of the 

thermal profile. 

 The enhancement in magnetic 

properties develops the resistance 

power to reduce the velocity profile 

and to enhance the heat flow rate. 

 Increasing the stretching parameter 

depreciates the velocity profile and 

enhances the heat rate. 

 The radiation effect increases the 

heat transfer rate. 
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