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1. Introduction

Fixed point theory plays an important role to form mathematical models of several real life. Vasile
Berinde [5] introduced a type of weak contraction in metric space, which extends fixed point theorems
due to Banach [4], Kannan [10], Chatterjea [6] and many others, stated as: “Let (X, d) be a metric
space. Amap T: X — X is called a weak contraction if 3§ € (0,1) and some L = 0 such that

d(Tx,Ty) < 8d(x,y) + Ld(y,Tx),Vx,y € X.” and proved a fixed point theorem.

Mebawondu A.A. et al. [12] introduced(e, )-cyclic admissible map, and(«, 8)-Berinde-¢-contraction
generalizing Berinde contraction and proved a fixed point theorem in metric space, stated as:.

“Definition(1.1)[12] For maps T: X — X, a, f: X? —» R™, Tis said to be (a, 8) )-cyclic admissible, if
vx,y €X, (i) alx,y) = 1= B(Tx,Ty) = land (ii) B(x,y) =1 = a(Tx,Ty) =1°

“Definition(1.2)[12]Let (X,d) be a metric space, T : X - X,a, : X? - [0,). Tis said to be an
(a, B)-Berinde-¢-contraction if 3L > 0 such that Vx,y € X with Tx = Ty, a(x,Tx)B(y,Ty) =1 =
d(Tx,Ty) < ¢(d(x, y)) + L - min{d(x,Tx),d(y,Ty),d(x,Ty),d(y, Tx)}, where

¢ : [0,0) = [0, )is continuous, ¢(t) < t, vt > 0and ¢p(0) =0.”

"Theorem(1.3)[12] Let (X,d) be a complete metric space and T : X —» X be an («a, 8)-Berinde-¢-
contraction map and (i) T is an (a, 8)-cyclic admissible map, (ii) 3x, € X such that a(x,,Tx,) = 1 and
B(x.,,Tx,) = 1, (iii) T is continuous. Then T has a fixed point."

"Theorem(1.4)[12] Let (X,d) be a complete metric space and T : X —» X be an («a, 8)-Berinde-¢-
contraction map and (i) T is an (a, B)-cyclic admissible map, (ii) 3x, € X such that a(x,, Tx,) = 1 and
B (x.,Tx,) = 1, (iii) for any sequence {x,} in X convergingto x, a(x,Tx) = 1,B8(x,Tx) = 1. Then T

has a fixed point. In addition, if a(x,Tx) = 1,5(y,Ty) = 1,Vx,y € Fix(T), then T has a unique fixed
point."
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Here we generalize (a, )-Berinde-¢-contraction in two ways and establish fixed point results
under these generalized contractions in I-metric spaces and metric spaces. Also our results
extend the results of Sattar Alizadeh et al. [1], stated as:

“Definition(1.5)[1]Let T: X - X, a, B: X —» R*. T is said to be a cyclic («, §)-admissible if
(i) a(x) = 1forsomex € X = B(Tx) = 1, (ii) B(x) = 1forsomex € X = a(Tx) =17

“Definition(1.6)[1] Let (X, d) be a metric space, T: X — X be cyclic (a, 8)-admissible. T is said to be a

(a,B) — (¥, $)-contractive map if a(x)B(y) = 1 = P(d(Tx,Ty)) < p(d(x,y)) — $(d(x,¥)),
Vx,y € X, where i, ¢: [0, ) — [0, ) are continuous, non-decreasing and ¥ (t) = ¢(t) = 0ifft = 0.

“Theorem(1.7)[1] Let (X,d) be a complete metric space and T: X — X is a (a, ) — (¥, ¢)-contractive
map such that (a) 3x, € X for which a(x,) > 1,8(x,) = 1. (b) T is continuous or (c) if {x,} is a
sequence in X for which x, - xand B(x,) = 1,vn €N, then B(x) = 1. Then T has a fixed point.
Moreover, if a(x) = 1,B(y) = 1,Vx,y € Fix(T), then T has a unique fixed point.

Hussain N. et al. [8] have introduced a generalization of completeness and continuity of maps in
metric spaces by means of @ — n-completeness and @ — n-continuity stated as:

"'Definition(1.8) [8] Let (X, d) be metric space, a, 8 : X2 — [0, ).

(A)(X,d)is said to be a— p-complete if every cauchy sequence {x,} with a(x,, xpe1) =
B (xn, Xns1), V0 € N, converges in X.

If B(x,y) = 1,Vx,y € X, then (X, d) is called a-complete , and if a(x,y) = 1,Vx,y € X, then

(X, d)is called B-complete. "

"(B)T : X - X is said to be an @ — -continuous map on (X, d) if for x € X and {x,,} converging to x,
a(xp, Xni1) = B(xn, xns1), Vn € N = {Tx, } converges to Tx.

If B(x,y) =1,Vx,y € X, then T is called a-continuous on X ; and if a(x,y) = 1,Vx,y € X, then T

is called g-continuous on X."

Also Salimi P. et al. [13] placed a generalization of a-admissibility stated as:

"Definition(1.9) [13] LetT : X - X, a, B : X? — [0, ). Tis said to be a-admissible map with
respectto B if vx,y € X, a(x,y) = f(x,y) = a(Tx,Ty) = f(Tx,Ty)."

Againlsik H. et al. [9] introduced T-cyclic (a, 8)-admissible and T-cyclic(a, £)-sub admissible map
stated as:

"Definition(1.10)[9] Let S, T : X - X, a, 5 : X — [0, 0).

(A) Sis said to be T-cyclic (a, B)-admissible map if

(@)a(Tx) = 1forsome x € X = B(Sx) = 1.(b)B(Tx) = 1forsome x € X = a(Sx) = 1."
"(B) S is said to be T-cyclic (a, 8)-sub admissible map if

(@)a(Tx) < 1forsome x € X = B(Sx) < 1.(b)B(Tx) < 1forsomex € X = a(Sx) < 1."

And Cho S.H. et al. [7] introduced a family X defined as:
"'Definition(1.11) [7] We denote by X the family of all functions & : [0, 0)* — [0, «) satisfying
(a)¢ is nondecreasing in each coordinate and continuous.

(0)E(t,6,6) < £,§(£,0,0,6) < £,£(00,£,7) < £, ¥t > 0.
(C)f(tlltZI t3, t4) = Oiﬁ tl = tZ = t3 = t4 =0."
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Ansari A.H. et al. [3] have introduced pair of maps of upper classes stated as:

""Definition(1.12) [3] (A) Let H : [0,0)%? > R and F : [0,00)? - R. The pair (F,H) is said to be an
upper class of type-1 if (@)x > 1= H(1,y) < H(x,y),Vy € [0, ).

(b)0<s<1=F(s,t) <F(1,t),Vt € [0,00).(c)H(1,y) < F(1,t) => y < t,Vy,t € [0,0)."

"(B) Let H : [0,0)3 > RandF : [0,00)2 - R. The pair (F, H) is said to be an upper class of

type-1l if (a) forx,y > 1,H(1,1,z) < H(x,y,2),Vz € [0, ).

(b)0<s<1=F(s,t) <F(1,t),Vt € [0,00).(c)H(1,1,2z) < F(s,t) = z < st,Vz,s,t € [0,0)."

Ansari A. H. et al. [2] placed T-cyclic (a, 8, H, F)-contractive map using a pair (F, H) of upper class
functions [3], utilizing which a common fixed point theorem has been proved in metric spaces stated as:

"Definition(1.13) [2] Let (X, d) be a metric space and S be a T-cyclic (a, 8)-admissible and
T-cyclic(y, §)-subadmissible self map of X. S is said to be T-cyclic («, B, H, F)-contractive map if

H(@(Tx), B(TY), (d(Sx,5y))) < F (v(T)8(Ty), $(M(x,))),Vx,y € X, where"
"M(x,y) = & (d(Tx, Ty),d(Tx,5x),d(Ty,Sy),5 (d(Tx,Sy) + d(Ty, Sx))), for some & € X (as

defined in Definition(1.11)), the pair (F,H) is an upper class of type-Il, i : [0,00) = [0, ) is an
alternating distance function, and ¢ : [0, ) — [0, ) is nondecreasing and right continuous such
that ¢ (t) < Y(t), vt > 0."

Here we shall generalize T-cyclic (a, B, H, F)-contraction [2] considering generalized a-admissibility
[13], and prove a common fixed point result in the environment of generalized completeness [8] in
I-metric spaces and metric spaces replacing the function & by an alternating function so that the
contraction condition be more weak, and by modifying Definition(1.12)(B) so that this definition
becomes more general, and by generalization of some definitions (see from Definition(3.7)).

2. Preliminaries
We have generalized metric space by introducing an idempotent map, called I-metric space.

Definition(2.1) Let X be a nonempty set, f : X — X be an idempotent map, i.e.f2 = f. Amap
d : X? - Ris said to be an I-metric on X iff

I d(x,y)=0,Vxandy € X.

I, Vxandy € X,d(x, f(y)) = 0iff f(x) = f()&A(f (x),y) = 0iff f(x) = f(¥).

Iy d(x,f(y)) =d(y, f(x)&A(f(x),y) = d(f(¥),x),Vxand y € X.

I, d(x,z) <d(f(x),y) +d(y,f(2)),Vx,y and z € X.

The order triple (X, d, f) is called an I-metric space.

Example(2.2) (i) Consider the set R of reals and the idempotent map f : R — R defined by

f(x) = [x],V x € R, the largest integer function. Then (R, d, f) is an I-metric space, where d : R? - R
is defined by d(x,y) = |[x] — [¥]], Vx,y € R.

(ii) It is clear that every metric space (X, d) is the I-metric space (X, d, Iy).

Theorem(2.3) Let (X, d, f) be an I-metric space. Then(i) d(x,x) = 0,Vx € X.

(if) d(x, f() = d(y, f(x)) = d(f(x), () = d(f ), f () = d(f(x),y) = A(f (), %) =
d(x,y),d(y,x),Vx and y € X.(iii) d(x,f(x)) =0,Vx € X.
Proof: Follows from Definition(2.1).

Definition(2.4)[Convergence of a sequence] A sequence {x,,} in an I-metric space (X, d, f) is
said to I-converge to a point x of X, if for any € > 0,3m € N such that x,, € S¢(x,€),Vn = m. In
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this case x is called I-limit of the sequence {x,,}.

Definition(2.5) [1-uniqueness] Let X be a nonempty set and f : X — X be an idempotent map.
Two elements x,y € X are said to be I-unique with respect to f, or simply I-unique, if f(x) = f(y);
otherwise they are called I-distinct elements in X.

Definition(2.6)[Cauchy sequence] A sequence {x,} in an I-metric space (X, d, ) is said to be
an I-cauchy sequence in X if corresponding to every € > 0,3n, € N such that d(f(x,,),x,) <¢,
vm,n = n,, i.e., d(f(xn+p),xn) <€ Vnz=n,Vp = 1.

Definition(2.7)[Complete I-metric space] An I-metric space (X, d, f) is said to be I-complete
if every I-cauchy sequence in X I-converges to some point of X; otherwise (X, d, f) is called
I-incomplete.

Definition(2.8) [I-continuity] Let (X,d4, f) and (Y, d,, g) be two I-metric spaces. Then a function h :
X - Y is said to be I-continuous at a point a € X, if corresponding to every € > 0,38 > 0 such that
di(f(x),a) < 8 = d,((gh)(x),h(a)) < e. h is said to be I-continuous on X if it is I-continuous at
every point of X.

Theorem(2.9) Let (X,dq,f)and (Y,d,, g) be I-metric spaces and let h: (X,d;,f) = (Y,d,, g) be a
function. Then h is I-continuous at a point a € X iff the sequence {h(x,)} in Y I-converges to h(a) for
each sequence {x,} in X I-converging to the point a in (X, d, f).

Theorem(2.10) Let (X, d, f) be an I-metric space and h : (X,d, f) — (X,d, f) be an operator, Then h
is said to have an I-fixed point x in X if (fh)(x) = f(x).

3. Main results
Definition(3.1) Let (X,d,f) be an I-metric space, T : X » X,a, : X* - [0,). Tis said to be an
(a, B)-Berinde-(y, ¢)-rational I-contraction map if 3L > 0,M > 0 and Vx,y € X with (fT)x # (fT)y,

() alx, T, TY) 2 1 = 9 (d((Dx,Ty)) < P(N(x»)) - d(d(fx,¥))
+L - min{d(fx,Tx),d(fy,Ty),d(fx,Ty),d(fy, Tx)}(1 + Md(fx,y)), where

_ P12 +d(fx,Tx))d(fy.Ty) . i
N(x,y) = max {d(fx, ¥), ot y) } ¥, ¢ : [0,00) - [0, ) are continuous,

Y(t) =0ifft =0, p(t) = 0ifft = 0, y is strictly increasing, and 1 = p; = 0,p; > p, > 0.
Replacing f by the identity map on X, we shall get the definition of similar type generalized
contraction in a metric space (X, d), called («, 8)-Berinde-(, ¢)-rational contraction.

Theorem(3.2) Let (X, d, f) be an I-complete I-metric space, and T : X — X be an

(a, B)-Berinde-(1, ¢p)-rational I-contraction map such that(i) T is («, §)-cyclic admissible.

(ii) 3x, € Xsuch that a(x.,, Tx,) = 1, B(x,, Tx,) = 1.

(iii) T is I-continuous or for any sequence {x,, } generated from x, by T, I-converging to x,

a(x,Tx) =2 1,B(x,Tx) = 1.

Then T has an I-fixed point in X.

In addition, if a(x,Tx) = 1and B(x,Tx) = 1,Vx € IFix(T), then T has an I-unique I-fixed point in X,
wherelFix(T) is the set of all I-fixed points of T in X.

Proof: Given that 3x, € X such that a(x., Tx.) = 1, B(x,,Tx,) = 1. Define x,, = Tx,,_1,Vn € N.

If fx,, = fx;_1 for some m € N, then x,,,_4 is an I-fixed point of T. Let fx,, # fx,_4,Vn € N.
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By (i) and (ii), since a(x,,x;) = 1, hence B(xq,x,) = 1, and this implies that a(x,,x3) = 1 and so on.
Thus, in general, a(x2p, X2n41) = 1, B(Xon41, Xons2) = 1,¥Vn = 0.

Again by (i) and (ii), since B (x,,x;) = 1, similarly we get

B2 Xon+1) = 1, a(Xon41, X2n42) = 1,Vn 2 0.

Therefore a(x,, xp41) = 1, 8(xp, xpe1) = 1,V > 0. Q)
This implies that a (xp, Xn4+1)B (K41, Xn42) = @0, TX)B(Xp41, TXn1q) 2 1.

Therefore from (A) of Definition(3.1) we get (taking x = x,,, ¥ = X;,41)

l:[)(d(fxn+1'xn+2)) = l,l) (d((fT)xanxn+1)) < lp(N(xn'xn+1)) - ¢(d(fxn: xn+1)) (2)
< l:[)(N(xn'xn+1)) (since ¢(d(fxn: xn+1)) > 0)- = d(fxn+1:xn+2) < N(xnr xn+1)-
— d(fxn+1.xn+2) < max {d(fxn,xm.l),pl (Pz + d(fxn: xn+1))d(fxn+1:xn+2)}

b3 + d(fxn'xn+1)

< max{d(fxp, Xn41), 1A (f Xn1, Xn42)} < max{d(fxn, xn41), d(fxni1, Xn42)} 3
(since 0 <p; <1,0 < p, < p3).

Let d(fx,, Xne1) < d(fXpq1, Xneo) for some n > 0. Then from (3) we get

A(fxXps1, Xne2) < A(fXp41, Xne2), @ contradiction. Therefore d(fx,41, Xn42) < d(fXn, Xpe1), YV = 0.

Therefore N(x,,, Xp11) < d(fxy, Xpe1), V=0 4)

Thus the sequence {d(fx,,x,+1)} is a decreasing sequence of nonnegative real numbers so that it

converges to some nonnegative real number r. Since 1 is increasing, from (2) and (4) we get

1:b(d(fxrwl:xn+2)) < lp(d(fxn; xn+1)) — d(d(fxp, Xn41)) (5)

Let r > 0. Taking limitas n — oo in (5) and using continuity of i, ¢, we get

Y(r) <yY(r) — d(r) <Y(r) (since ¢p(r) > 0), a contradiction. Therefore r = 0.

Therefore 71im d(fxn, xp41) = 0. (6)

We claim that {x,,} is I-cauchy in X. If not, then 3e > 0, two subsequences {x,,, } and {x;, } of {x,,}

Such that for every k € N,m; is the smallest positive integer for which m; >n, >k and
d(fxn, Xm,) = € (7). Thend(fxn,, Xm,-1) <€ (8)

From (1) we have a(xp,, Xn,+1) = 1and B(xm,, X, +1) = 1,Vk € N.

Therefore a(xn,, X, +1)B (Xmy» Xmy+1) = 1, Vk € N.

Therefore by (A) of Definition(3.1) we get (taking x = x,, ,¥ = X, )

YA Xt Xmger1)) = YA T X0 Txm)) < W (NG X)) = DA F Xy X, )

+L * min{d(fxnk, xnk+1), d(fxmk, xmk+1); d(fxnkp xmk+1)p d(fxnk+1ixmk)}(1 + Md(fxnkvxmk)) (9)
pl(pz+d(fxnk:xnk+1))d(fxmk:xmk+1)

whereN (x,,, Xm, ) = max{d(fxn,, Xm, ), T —— (10)
Using (6), (7), (8), triangle inequality we shall get

Ill_r)rolo d(fxnk,xmk) =€ (11) Ill_r)go d(fxnk+1,xmk+1) =€ (12)

’}1_)1‘210 d(fxnk,xmkﬂ) =€ (13) ’ll_)nolo d(fxnk+1,xmk) =€ (14)
Therefore from (10) we get lim N (%, Xm,,) = € (By (6), (11)) (15)

Taking the limit as k — oo in (9), and by (6), (11), (12), (13), (14), (15) and continuity of i, ¢ we
get Y (e) < Y(e) — ¢p(e) < Y(e), acontradiction.

Therefore {x,,} is I-cauchy in X so that it I-converges to some point u € X.

Let T is I-continuous. Then {Tx,,} I-converges to Tu. But {Tx,,} = {x,,,} |-converges to u.
Therefore (fT)u = fu so that u is an I-fixed point of T
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Let for any sequence {x,} generated from x,by T, I-converging to x, a(x,Tx) = 1, 8(x,Tx) = 1.
Therefore a(u, Tu) = 1,8(u,Tu) > 1 (16)
Therefore a(x,, x,+1)B(u, Tu) = 1 (By (1), (16)).

Therefore from (A) of Definition(3.1) we get (taking x = x,,,y = u)

Y(d(Faner, Tw)) = (A((FTDxn Tr) ) < Y(N (1)) = (A (F 2, )

L - min{d(fxn, Xn+1), d(fu, Tw), d(f 2, Tw), d(fu, xn11)3(1 + Md (fxp, u)) (17)

where N ey, w) = max {d(fxy, w), PEEEE it AT,

Therefore lim N (x,,u) = M (since {x,,} I-converges to u). (18)
n—oo 3

Taking the limit as n — oo in (17) and using continuity of ¥, ¢ and by (18), I-convergence of {x,, }
tou we getp (d(fu, Tw)) < (M) < Y(d(fu, Tw) if d(fu,Tu) > 0.

(since 0 < p; < 1,0 < p, < p3 and Y is strictly increasing), a contradiction.
Therefore d(fu, Tu) = 0. Thus (fT)u = fu. Therefore u is an I-fixed point of T

Now let for all x € IFix(T), a(x, Tx) = 1, B(x, Tx) = 1. Let v be an I-fixed point of T such that fv # fu.
Then (fT)v = fv,d(fu,v) >0. Also awTu)=>18Ww,Tu)=1,a(wTv)=>1,Bw,Tv) > 1.
Therefore a(u, Tu) B (v, Tv) = 1.Therefore from (A) of Definition(3.1) we get (taking x = u,y = v)

w(d(Fu,v)) = p(d(fu, 1)) = (d((FDw (TIv)) = v (d((TIu, Tv))
<yP(Nw,v)) — ¢(d(fu,v)) (19), where N (u, v) = max{d(fu,v),0} = d(fu,v).
Therefore (19) becomes y(d(fu, v)) < ¢(d(fu,v)) — ¢(d(fu,v)) < p(d(fu,v))

(since ¢(d(fu, v)) > 0), a contradiction. Therefore T has an I-unique I-fixed point.

Corollary(3.3) Let (X,d) be a complete metric space, and T : X - X be an (a,8)-Berinde-(y, ¢)-
rational contraction map such that(i) T is (a, 8)-cyclic admissible.

(ii) 3x, € X such that a(x,,Tx,) = 1, B(x,, Tx,) = 1.

(iii) T is continuous or for any sequence {x,} generated from x, by T, converging to x,

a(x,Tx) =2 1,B(x,Tx) = 1.

Then T has a fixed point in X.

In addition, if a(x,Tx) = 1 and B(x, Tx) = 1,Vx € Fix(T), then T has a unique fixed point in X,

where Fix(T) is the set of all fixed points of T in X.

Proof: Replacing f by the identity map of X in Theorem(3.2), we shall get the result.

Now we have another generalization of (e, f)-Berinde-¢-contraction, named (e, B)-Berinde-
(¥, p)-weak contraction map and established fixed point results under this contraction in I-metric
spacesand metric spaces.

Definition(3.4) Let (X,d, f) be an I-metric space, @, : X? - [0,0) and T : X — X. Tis said to be an
(a, B)-Berinde-(y, ¢)-weak I-contraction map if 3L > 0,M > 0 and Vx,y € X with (fT)x # (fT)y,

(A) a(x, TOBG, TY) 2 1= 9 (d((FTx Ty)) < p(N(x,¥)) — (N (x,»))

+L - min{d(fx,Tx),d(fy,Ty),d(fx,Ty),d(fy, Tx)}(1 + Md(fx,y)), where

N(x,y) = max{d(fx,y),d(fx,Tx),d(fy,Ty), d(fx,Ty),d(fy, Tx)}, ¥, ¢ : [0,00) - [0, ) are
continuous, Y(t) = 0ifft = 0, ¢(0) = 0 and v is increasing.

If f be the identity map on X, then this contraction is called an («, 8)-Berinde-(i, ¢)-weak contraction
in the metric space (X, d).
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Theorem(3.5) Let (X, d, f) be an I-complete I-metric spaceand T : X — X be an

(a, B)-Berinde-(3, ¢)-weak I-contraction map such that (i) T is (a, 8)-cyclic admissible.

(ii) 3x, € X such that a(x,,Tx,) = 1, B(x,, Tx,) = 1.

(iii) T is I-continuous or for any sequence {x, } generated from x, by T, I-converging to x,

alx,Tx) = 1,B8(x,Tx) = 1.

Then T has an I-fixed point in X.

In addition, if a(x,Tx) = 1and B(x,Tx) > 1,Vx € IFix(T), then T has an I-unique I-fixed point in X.
Proof: Similar to Theorem(3.2).

Corollary(3.6) Let (X, d) be a complete metric space,and T : X — X be an

(a, B)-Berinde-(3, ¢)-weak contraction map such that(i) T is (a, 8)-cyclic admissible.

(ii) 3x, € Xsuch that a(x,,Tx,) = 1,8 (x,, Tx,) = 1.

(iii) T is continuous or for any sequence {x,} generated from x, by T, converging to x,

a(x,Tx) =1,B(x,Tx) = 1.

Then T has a fixed point in X.

In addition, if a(x,Tx) = 1and B(x,Tx) = 1,Vx € Fix(T), then T has a unique fixed point in X,
Proof: Replacing f by the identity map of X in Theorem(3.5), we shall get the result.

Now we have the following generalized definitions and common fixed point results.

Definition(3.7)[Generalization of Definition(1.10)] Let S, T : X - Xand a, 5,17 : X? — [0, ).
Sis said to be(A)(a, B)- n-T-cyclic admissible map if Vx,y € X

@a(Tx, Ty) =n(Tx,Ty) = B(Sx,Sy) = n(Sx,Sy).

0)B(Tx, Ty) = n(Tx,Ty) = a(Sx,Sy) = n(Sx,Sy).

In addition, if (c)a(x,y) = n(x,y),a(y,z) =n(y,z) = a(x,z) = n(x,z)

and B(x,y) = n(x,v),B(y,2z) =n(y,z) = B(x,z) =n(x,2),Vx,y,z € X, then S is called
triangular(e, B)- n-T-cyclic admissible map.

(B)(a, B)- n-T-cyclic subadmissible map if vVx,y € X

@a(Tx, Ty) < n(Tx,Ty) = B(Sx,Sy) < n(Sx,Sy).

0)B(Tx, Ty) < n(Tx,Ty) = a(Sx,Sy) < n(Sx,Sy).

In addition, if (C)a(x,y) < n(x,y),a(y,z) <n(y,z) = a(x,z) < n(x,z)

and B(x,y) <n(x,v), B, 2) <n(y,z) = B(x,z) <n(x,z),Vx,y,z € X, then S is called
triangular(a, B)- n-T-cyclic subadmissible map.

Example(3.8) Let X = [0, ), a, B,7,5,1,0 : X? = [0,0) given by a(x,y) = 60(x + y),
B(x,y) =55(x +y),n(x,y) =50(x +¥),0(x,y) =45(x + y),y(x,y) = 40(x + y),
6(x,y) =35(x+y),Vx,y € X.S,T : X - X are given by Sx = |cosx|,Tx = |sinx|,Vx € X.
Then it is obvious that S is a triangular («, 8)- n-T-cyclic admissible map, and a triangular

(v, 6)-0-T-cyclic subadmissible map.

Note(3.9) Following Definition(1.11) of the function &, we can say that, if we replace it by an

alternating distance function &; : [0, ) — [0, ) which is nondecreasing, continuous,

&) <t,vt>0and &(t) =0 iff t = 0 in Definition(1.11), then the contraction become more weak,
since it is clear that &(tq, t, t3, ty) < max{ty, t,, t3, t,} and ¢ is non-decreasing in Definition(1.11).

Definition(3.10)[Modification of Definition(1.12)(B)] Let H: [0,00)3 - Rand F : [0,0)? - R.
The pair (F, H) is said to be a modified upper class of type-II if
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(@forx = xq,y = y1,H(x1,y1,2) < H(x,y,2),VYz € [0, ).
(b)0 < s <s; = F(s,t) < F(sq4,t),Vt € [0,0).
(C)H(x,y,z) < F(s,t) = xyz < st,Vx,y,z,5,t € [0, ).

Example(3.11) Let H: [0,0)3 > Rand F : [0,00)? — R are given by
H(x,y,z) = (xyz)?,Vx,y,z € [0,)and F(s,t) = (st)P,Vs,t € [0, ), for some given p € N.
Then clearly, (F, H) is a modified upper class of type-II.

Definition(3.12) Let (X, d, f) be an I-metric space, S,T: X — X.
(A) If 3x € X such that (fS)x = (fT)x = fy (say), then x is called an I-coincidence point of S and T,
and y is called a point of I-coincidence of S and T (See Example(3.17)).

(B)SandT are said to be weakly I-compatible, if S and fT commute at I-coincidence point(s) of S and T
(See Example(3.17)).

Definition(3.13)[Generalization of Definition(1.13)] Let (X,d, f) be an I-metric space, S,T: X - X
such that S is a triangular (a, 8)- n-T-cyclic admissible and triangular (y, §)-68-T-cyclic subadmissible
map for some @, 8,y,68,m,6 : X? > [0, ). Sis said to be ((a, 8,71), (v,8,0), H, F)-T-cyclic

I-contractive map if

(1) H(a(Tx, Ty), B(Tx, Ty), Y(d((fS)x,Sy))) < F (V(Tx, Ty)5(Tx, Ty), (M (x, y))),Vx,y € X,

whereM(x,y) = E(max {d((fT)x, Ty),d((fT)x,Sx),d((fT)y, Sy),%d((fT)x, Sy),d((fDy, Sx)})
for some ¢ : [0, ) — [0, o) which is nondecreasing, continuous, é(t) < t,Vt > 0&¢&(t) = 0ifft = 0.
(ii) the pair (F, H) is a modified upper class of type-II.

(iii) Y : [0,00) — [0, ) is nondecreasing, continuous and ¥ (t) = 0 iff t = 0.

(iv) ¢ : [0,00) — [0, o) is nondecreasing, right continuous and ¢ (t) < ¥ (t), vt > 0.

If f =1, the identity map on X, then this contraction in a metric space (X,d) is called an
((a, B.,n),(y,6,0),H, F)—T—cyclic contractive map (See Example(3.17)).

Definition(3.14)[Generalization of Definition(1.8)(A)] Let (X, d, ) be an I-metric space.
a,B,m: X? - [0,0). Then (X,d, f) is called

(A)admissibly(a, B)-n 1-complete if every I-cauchy sequence {x,,} with

(Z(Xn, xn+1) = n(xn' xn+1): B(xn' xn+1) = n(xn' xn+1)'vn € Nv I—Converges in X.

(B)sub admissibly(a, 8)-n I-complete if every I-cauchy sequence {x,,} with a(x,, X,4+1) < n(Xn, Xn+1),
B, Xnt1) < n(xp, Xn41), V0 € N, I-converges in X. (See Example(3.17)).

If f be the identity map on X, then we have admissibly (a, 8)-n-complete metric space (X,d) and
subadmissibly (a, B)-n-complete metric space (X, d) respectively.

Theorem(3.15) Let (X, d, f) be an I-metric space, S, T : X — X satisfy(i) S(X) € T(X).

(i) Sis((a,ﬁ,n), (v,6,0),H, F)-T—cyclic I-contractive map with 8(x,y) < n(x,y),Vx,y € X; 0(x,y) >
0 whenever fx # fy.(iii) S(X)orT (X) is I-closed in X.

(iv) 3x; € Xsuch that a(Txy, Txy) = n(Txq,Tx3), B(Txq,Txy) = n(Txq, Txy),

Y(Tx1,Txy) < 6(Txq,Txy),8(Txq,Txy) < 6(Txq,Tx,), Where x, € X such that Sx; = Tx,.

(sinceSx; € S(X) € T(X),Sx, = Tx, for some x, € X).

(V) (X,d, f)is admissibly (a, 8)-n 1-complete or subadmissibly (y, §)-8 1-complete.

(vi) if{y,, } be a sequence I-converging to u in X, and a(yy, Vn+1) = 1V, Yne1) and

B Yn+1) 2 NV Yn+1), YV € N, then a(yn, u) 2 n(yn, w), B(yn, ) 2 n(yn, w);
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and if y (v, Yn+1) < 0O Yn+1), 6Wns Yne1) < 0o Ynaa), Y €N, theny (yn, u) < 6 (v, ),
Sy u) < 6(yn, u).

(vii) a(Tp,Tq) 2 n(Tp,Tq), B(Tp,Tq) = n(Tp,Tq),y(Tp,Tq) < 6(Tp,Tq),

§(Tp,Tq) < 6(Tp,Tq), whenever (fS)p = (fTp, (fS)q = (fT)q.

Then S and T have an I-unigue point of I-coincidence in X.

In addition, if S and T are weakly I-compatible, then S and T have an I-unique common I-fixed point in
X.

Proof: Let y; = Sx; = Tx,,y, = Sx, = Tx3 (since Sx, € S(X) € T(X),Sx, = Tx3 for some x; € X),
and in general, y,, = Sx,, = Txp41,Vn € N If fy,, = fy,,q for some m € N, then y,,,, 1 is a point of
I-coincidence of Sand T.Let fy, # fyn.+1,Vn € N. Since S is triangular (a, 8)- n-T-cyclic admissible
and a(Txy,Tx,) = n(Txq,Tx,), hence B(Sxq,Sx,) = B(Tx,, Tx3) = n(Sxq,Sx,) = n(Tx,, Txs).

This implies that a(Sx,, Sx3) = a(Tx3,Tx,) = n(Sxy, Sx3) = n(Tx3,Txy).

Proceeding in this way, we have, in general, a(Tx2p_1, TX27) = N(Tx30_1, TX2,),

B(Txz2n, Txon41) 2 N(Tx2n, TXxon41), V1 € N.

Similarly, S is triangular (a, 8)- n-T-cyclic admissible and 8(Txy, Tx,) = n(Tx,, Tx,) implies that
a(TXZn: Tx2n+1) = n(TxZn: Tx2n+1)a B(TXZn—l' TxZn) = 77(Tx2n—1' TxZn)' vn € N.

Therefore a(Tx,, Txp+1) = N(Txp, Txpne1), B(Txy, Txpe1) = 0(Txy, Txpteq), VN € N. Q)

Again since S is triangular (y, 6)-6-T-cyclic subadmissible and

Y(Txq1,Txy) < 6(Txq,Txy), 6(Txq, Txy) < 6(Txq,Txy), similarly, we shall get

Y (Txn, Txny1) < 0(Txp, Txpi1), 8(Txn, Txny1) < 0(Txy, TXp4q), VN EN. (2)
Therefore y(Tx,, Txp41)8(Txp, TXpy1) < 02(Txy, TXpt1), V0 € N. (3)
By (ii) we get (taking x = xp11,¥ = Xn42)H (n(yn, Y411 (Vs }’n+1)'¢(d(fyn+1'yn+2)))

= H(W(Txn+1r Txn+2)r n(Txn+1: Txn+2)' YA((fS)xn+1 an+2)))

< H(a(Txn+1v Txn+2)v B(Txn+1' Txn+2)v l/)(d((fS)xn+1,an+2))) (By property of H)-

S F(Txng1, Txn42) 0 (Txng1, Txny2), @M (Xpt1, Xns2)))

<F (GZ(Tan' TXxpt2), ¢(M(xn+1: xn+2))) = F(HZ(Yn'yrHl)v dM (xp41,Xn42)))-

= 12 W Vs DV([AFYns1, Yni2)) < 020ny Ve 1) BM (Xt 1, X 42))- 4
= TIZ(}’n'}’n+1)¢(d(f}’n+1'}’n+z)) < UZ(Yn'yn+1)¢(M(xn+1'xn+2))- (5)
(since 6(x,y) < n(x,y),Vx,y € X). = Y(d(fYnt1,Yn+2)) < (M (Xny1,%n42))-  (6)

(since0 < O(Yn, Yn+1) S NWn, Yn+1), 8 f¥n # fYn41, VN EN).

= P(d(fYns1,Ynr2)) <YM (np1, ¥n42)) (Since p(t) < (1), vt > 0). @
= d(fYns1 Ynez) < M(Xp41,Xn42), VN € N (since y is nondecreasing). (8)
WhereM (xn 1, %ns2) = § (max {d(Fyn ¥ns1), A(F¥nir, Yns2) 3 AV Yni2)})

< & (max {d(Fyn Ysr), A Ynas Yna2) 3 (A Vs Yas) + AU Vs Yne2))}): ©)

(sinceé is nondecreasing)

Ifd(fyn, Yne1) < A(fVne1, Ynao) for some n € N, then from (9) we get
M (xp11, Xn42) < E(Af VYna1 Yne2)) < A Vnat, Yna2)- (10)

(since ¢ is nondecreasing, fyn4+1 # Yna2 and &(t) < t,Vt > 0).
From (8) and (10) we get d(f yn41, Yne2) < A(f VYni1, Yna2), @ contradiction.
Therefore d(fyn+1,Yn+2) < A(f Y, Ynt1), ¥ €N (11)
Then M(xp41, Xn42) < f(d (Fyn Yn+1))- (12)
Therefore {d(fyn, Yn+1)} is a decreasing sequence of nonnegative real numbers so that it
converges to some nonnegative real number r. Let » > 0. From (12) we get
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71im M(Xp 41, Xne2) < €(r) (By continuity of ). (13)
Taking limit as n — oo in (6), using continuity of i, ¢ we get

Y(r) < dp(&(r)) (since ¢ is nondecreasing) < P (&(r)) (since ¢p(t) < P(t), vt > 0).
= r < &(r) (since Y is nondecreasing) < r (since £(t) < t,Vt > 0), a contradiction.
Therefore r = 0. Thus rllllgo d(fyn, Yns1) = 0. (14)

We claim that {y,,} is I-cauchy in X. If not, then 3€ > 0, two strictly increasing sequences of
positive integers {m, } and {n;} such that for every k € N, m, is the smallest positive integer

for which my, > ny, > k and d(fyn,, Ym,) = €. (15) Then d(f ¥, Yin,—1) < €. (16)
By (14), (15), (16) and triangle inequality, subsequently we can easily prove that

lim d(f Yy ym,) = € (17) lim d(f Yy Y1) = € (18)

}ll—IBo d(f)’nk—llYmk—l) =€ (19) 111_130 d(f)’nk—l'ymk) =€ (20)

Now we shall prove that for all n, p € N, (¥, Yn+p) = 10 Yntp)s BV Ynsp) = 10 Ynap),
V(yn: Yn+p) < O0n, yn+p)’ 5(3’11' Yn+p) < O(n, Yn+p) by induction on p.
For p = 1, the result holds by (1) and (2).

Letp = 2. By (1), we have a(¥n, Yn+1) = 1(Vn, Yn+1) @nd @it Ynr2) Z NVns1s Yna)-
This implies that a(yy,, Yn+2) = 1O, Yne2) (since S is a triangular (a, B)-n-T-cyclic admissible).

Similarly, we shall get 8(yy, yn+2) 2 N1(Vn, Yn+2), ¥ Vs Yna2) < 0(¥n, Yns2) @nd
SV Yne2) < 0(Vn, Yns2). Therefore the result holds for p = 2.

Let the result hold for any positive integer p = 2.

Then @Yo Vnip) 2N Ynip) B Ynip) ZN0n Vi) Y Vnip) < 00 Ynip)s
6(yn: yn+p) < Q(Yn'yn+p)- Now by (1) we have a(Yn+p' yn+p+1) = 77(yn+pr}’n+p+1)-

Also  a(Yn, Ynip) = N(¥n Yn+p)-Since S is a triangular (a, B)-n-T-cyclic admissible, hence
(Y Ynap+1) 2 N(Vns Ynap+1)-Similarly, we shall get B(n, Ynip+1) = 1V Ynaps1),

V(yn' Yn+p+1) < Q(Yn' Yn+p+1) and 6(yn' yn+p+1) < H(yn, yn+p+1)-
Therefore by mathematical induction, we have the result.

Therefore we have a(yn,—1, Ymy-1) = 1Vnj—1, Yimy—1) (21)
B(Vnp-1: Ymp-1) = 1Vny=1, Yimye—1) (22) ¥ np—1, Ymy-1) < 0 Wng—1, Ymy—1) (23)
5(ynk—1'ymk—1) < Q(J’nk—l' :mG—l) (24)

From (ii) we get (taking x = xp,, ¥ = X, )H (1 (Vny—1 Ymye—1)s 1 (V=12 Ymy=1)s WA Yoo Yy ))
= H(TI (Txnk' Txmk)' n(Txnk' Txmk)' l/)(d((fS)Xnk, Sxmk)))

< H(a(Txpn,, Txmy ) B(Txn, TXmy ), W (A((fS)Xn,, Sxm,))) (By (21), (22) and property of H).

< F(y(Txnk, Txmk)d(Txnk, Txmk), ¢(M(xnk, xmk)))

< F(02(Txpn,, Txm, ), d(M(xn,, Xm, ))) (By (23), (24) and property of F).

= F(QZ(Ynk—LYmk—l): (l)(M(xnk:xmk)))-

= 12 (Vg1 Y1) ® (A(F Vo Vi) ) < 0% w1, Yrnm1) M (i X, ) (25)
= 12 (et Yime=1) ® (A(F VoY) ) < 12 Oms Y= )M (X X, ) (26)
(since 0x,y) < 1(6,3)= ¥ (d(FYny Ym,)) < BM(tno X, ). (27)

= 9 (A(F Yo Yme)) < O (Xnyo Xm,)) (since () < (t), vt > 0) (28)
= d(fYn Ym,) < M(xn,, %m,) (since i is nodecreasing) (29)

whereM (x,,,, Xm, ) =
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¢ (max {d(Fyne—v Y1) A =1 Y ) A V=t Y )5 A Vi1 Y ) A(f Y=Y, )} )
Therefore ,ll_l)‘glo M(xnk,xmk) =¢ (max {E, 0,0,%, E}) = &(e) (30)
(By (14), (18), (19), (20) and continuity of £).
Taking the limit as k — oo in (27), and using continuity of i, ¢ and by (17), (30) we get
Y(e) < p(E(e)) < P(é(e)) (sincee > 0 = £(€) > 0and ¢(t) < (L), Vet > 0).
= € < &(€) < € (since y is nondecreasing and é(e) < €, as € > 0), a contradiction.
Therefore {y,} is I-Cauchy in X. Now since (X,d,f) is either admissibly (a,B)-n I-complete or
subadmissibly (y, §)-6 1-complete, hence {y,,} I-converges to some point u € X,
ie., {Sx,} = {Txp4+1} = {yn} I-converges to u.
Since S(X) or T(X) is I-closed, hence u € S(X) U T(X) = T(X) (since S(X) < T(X)).
Therefore u = Tv for some v € X.(31). Now by (vi), (1) and (2) we get
a(Vn, ) Z N0, W), BV, W) Z N0, W), ¥ Wy ) < 6, w), 8(n, u) < 6 (v, w). (32)
i.e., a(Txn+1l TU) = n(Txn+1' T‘U), ﬂ(Txn+1r TU) = U(Txn+1; TU), V(Txn+1' TU) < 9(Txn+1, Tv)!
6(Txpy1,Tv) < 0(Txp4q,Tv),Vn €N. (33)
Now by (i) we get (taking =2n1,y=v JH(n0nwn0mw YA Ynir,5v))) <

H(a(yn, w), B, ), Y(@(fYn41,SV)))
(By property of H and (32)).= H(a(TXy1,Tv), B(TXp41, TV), P(d((fS)Xp41,SV))).

< F (Y041, TS (T, T0), (M (i, 9)) ) < F (62 (T41, T0), (M Ctns1,v)))
(By property of F and by (33)) = F (Gz(yn, w), (M (41, v))).
= 7° O WYP(AfYns1,5v)) < 020 ) G(M (Xps1, 1)) < 02 (o) (M (X1, v))
(since 8(x,y) < 1(x,¥),Vx,y € X).= Y(d(fYn+1,5v)) < ¢(M(xps1,v)).  (34)

= Y(d(FYns1, ) < (M (ins1,v)) (since $(E) < P(L), ¥t > 0). (35)
= d(fyn+1,SV) < M(x,41,v) (sincey is nondecreasing). (36)

where M(ene1,v) = & (max {d(fyn 10, (Y Y1), A, SV), 5 A(F ¥, SV), d(f Y}
Therefore Tlll_rgo M(xpyq1,v) =€ (max {0,0, d(fu, Sv),%d(fu, Sv), 0}) (since {y,,} I-converges to u).

= lim M(xn11,v) = §(d(fu, Sv). (37)
Taking the limit as n — oo in (34), using continuity of i, ¢, by (37) and I-convergence of {y,,} to u we
get Y(d(fu,Sv)) < p(E(d(fu, Sv))). (38)

Let d(fu,Sv) > 0, i.e., (fS)v # fu. Then &(d(fu, Sv)) > 0 and from (38) we get

»(d(fu,Sv)) < ¢ (E(d(fu, 517))) <y (E(d(fu, SU))) = d(fu, Sv) < &(d(fu, Sv)) < d(fu, Sv),
a contradiction. Therefore (fS)v = fu = (fT)v (39)
Therefore u is a point of I-coincidence of S and T.

Let w be a point of I-coincidence of S and T such that fw # fu, i.e., d(fu,w) > 0. Then 3z € X such
that (fS)z = (fT)z = fw. (40). By (vii), (39), (40) we get

a(Tv,Tz) 2n(Tv,Tz),(Tv,Tz) = n(Tv,Tz),y(Tv,Tz) < 6(Tv,Tz),5(Tv,Tz) < 0(Tv,Tz).
Therefore from (i) we get (taking x =v,y =2) Hn(Tv,Tz),n(Tv,Tz),Y(d((fS)v,S2))) <
H(@(Tv,T2), f(Tv, T2), Y(d((fS)v,52))) < F (y(Tv, T2)8(Tv, T2), (M (v, 2)))

< F(0*(Tv,Tz), p(M(v, 2)))

= n2(Tv, T2y (d((fS)v,52)) < 62(Tv, T2)p(M(v,2)) < n*(Tv, TZ)$(M (v, 2))
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= 9 (d((f$)v,52)) < p(M(v,2)). (41)
= 9 (d((fS)v,52)) <YM (,2)). (42)= d((fS)v,Sz) < M(v,z). (43)
where M (v, z) = § (max {d(fu, w), 0,0,3 d(fu,w),d(fw,u)}) = £(d(fu,w)) (44)

Using (44) in (43) we get d(fu, w) < &(d(fu,w)) < d(fu, w), a contradiction.
Therefore fw = fu. Therefore S and T have an I-unique point of I-coincidence.

Let S and T are weakly I-compatible. Then from (39) we get (fSf)u = (fTf)u = a (say).

= (fS)(fu) = (fT)(fu) = fa. = ais a point of I-coincidence of S and T, so that fa = fu.
Therefore (fS)(fu) = (fT)(fu) = fu = f(fu). = fuis a common I-fixed point of S and T. Since
a common I-fixed point of S and T is a point of I-coincidence of S and T also, and S and T have an
I-unique point of I-coincidence, hence S and T have an I-unique common I-fixed point in X.

Corollary(3.16) Let (X, d) be a metric space, and S, T : X — X satisfy(i) S(X) € T(X).

(ii) Sis((a, B, m), (v,6,0),H,F)-T-cyclic contractive map with 6(x,y) <n(x,y),Vx,y €X and
0(x,y) > 0 whenever x # y.(iii) S(X)orT (X) is closed in X.

(iv) 3x; € X such that a(Txq, Txy) = n(Txq, Txy), B(Tx1, Txy) = n(Txq, Txy),

¥(Tx1,Txy) < 6(Txq,Txy),6(Txq,Txy) < 6(Txq, Tx,), Where x, € X such that Sx; = Tx,.
(since Sx; € S(X) € T(X),Sx; = Tx, for some x, € X).

(V) (X,d) is admissibly (a, #)-n-complete or subadmissibly (y, §)-6-complete.

(vi) if{y,} be a sequence converging to w in X, and a(yy,, Yn+1) = N1(Vn, Yne1) and

B Yn+1) = N Yna1), Y0 € N, then a(yn, u) = 10, w), B, w) = 1V, w;

and if y O, Yn+1) < 00 Yne1)s 6 Yna1) < 0(Vn, Yna1), Y0 € N, then y (v, w) < 0(yp, w),

S u) < 0y, w).

(vii) a(Tp,Tq) =2 n(Tp,Tq), B(Tp,Tq) 2 n(Tp,Tq),y(Tp,Tq) < 6(Tp,Tq),

6(Tp,Tq) < 6(Tp,Tq), whenever Sp = Tp, Sq =Tq.

Then S and T have a unique point of coincidence in X.

In addition, if S and T are weakly compatible, then S and T have a unique common fixed point in X.
Proof: Replacing f by the identity map of X in Theorem(3.15), we shall get the result.

Example(3.17) Let X = R. Consider the idempotent map f: X — X, given by f(x) = |x|,vx € X.
Consider d : X? - R, given by d(x,y) = |Ix| — lyl|, Vx,¥ € X. Then (X, d, f) is an I-metric space.
Let H : [0,0)3 - R be given by H(x,y,z) = xyz,Vx,y,z € [0,0). And F : [0,0)? - R is given
by F(s,t) = st,Vs,t € [0,0).3), ¢, & : [0,00) — [0, 0)are given by ¥ (t) = 5¢t, ¢ (t) = 4.9¢,

£(t) = 0.9t,Vt € [0,00).5,T : X - Xare given by Sx = %,Tx = g ,Vx € X.

And a,,1,y,8,0 : X? - [0,00) are given by a(x,y) = |x| + |y| = B(x,y),Vx,y € X,

nCy) =0.9(x| + lyD, y(x,¥) = 0.88(|x| + [yD) = 6(x,¥), 8(x,¥) = 0.89(|x| + [y]), vx,y € X.
Let for x,y € X, a(Tx, Ty) = 1(Tx,Ty). Then = (Ix| + [y[) = == (Ix] + y]) (1)
This implies that — (x| + [y1) = & (x| + 1y]). = B(Sx, Sy) = n(Sx, 5y).

Similarly, we can prove that, forall x,y € X, 8(Tx,Ty) = n(Tx,Ty) = a(Sx,Sy) = n(Sx,Sy).
Again for x,y,z € X, let a(x,y) = n(x,y) and a(y,z) = n(y,z). Then a(x, z) = n(x, z).

Similarly, we can prove, for x,y,z € X, B(x,y) = n(x,y) and B(y,z) = n(y,z) = L(x,z) = n(x, z).
Therefore S is a triangular (a, 8)-n-T-cyclic admissible map.

Similarly, we can prove that S is a triangular (y, 6)-8-T-cyclic subadmissible map.
Clearly ¢ is nondecreasing, continuous, é(t) < t,Vt > 0and &(t) = 0ifft = 0.
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Again vy is nondecreasing, continuous and ¥ (t) = 0iff t = 0.

Also, clearly ¢ is nondecreasing and right continuous (since it is continuous), and ¢ (t) < ¥(t), vt > 0.
Also, obviously (F, H) is a modified upper class of type-II.

Clearly, 6(x,y) < n(x,y),Vx,y € X,and 6(x,y) > 0 whenever fx = |x| # |y| = fy.

Again it is easy to show thatS(X) C T(X). Here S(X) =X =T(X) so that S(X) or T(X) is I-closed in X.
Let x; € X. Then Sx; = = = T(x,), where x, = =2, and obviously, a(Tx;, Tx,) = n(Tx,,Tx,),
B(Txy,Txy) = n(Txl,sz) y(Txq,Txy) < H(Txl,sz) 6(Txq,Txy) < 0(Txqy,Txy).

Now H(a(Tx, Ty), B(Tx Ty), w(d((fS)x sy)) = a (£,2) 6 (£.2) sd(f (£),2)

2
= BB el = 1yl = == (xl + Iy D21l = Iyl @
and F(y (Tx, Ty)8(Tx, Ty), (M (x, y))) =¥ (%, ﬁ)a( )49M<x y) 3)
where M(x,y) = £ (max {2|Ix| — Iyl[,2|1x = 2 x|, 2 1y1 - & |x| - 21|}
8lx| 8|y|
—0.9max{ |[1x] — |y ll_ﬁﬁl I—— IyI——IXI
8lx| 8|y| 1
—Olmax{|lx|—| [ N N A
8|x| 8|y|
=0.1max{||x| o |——| |
1 1 1 |y| 8lyl
<smce§ |x|—§ SZ<||x| |y||+ )Smax{“xl |y||

= 0.1 max {%,%, ||}’| - % |X||}-
Therefore (3) becomes F(y(Tx, Ty)5(Tx, Ty), p(M(x,y)))

0.88)% 8lx| 8 1
- 81) xo.49<|x|+|y|)2-max{#.%,‘| |——|x|‘}

(Il + IyD)? - max {21,224, |1y) — 2 1} (@

0.379456

0379456

Since — <
6561

and (4) we get

H(a(Tx, Ty), B(Tx,Ty), p(d((fS)x, Sy))) <F (y(Tx, Ty)é(Tx, Ty),¢(M(x, y))) ,Vx,y € X.
Therefore S is an ((a, B, 1), (v, 6, 6), H, F)-T-cyclic I-contractive map.

Let {x,,} be any I-cauchy sequence in (X, d, f) such that a(x,, Xn+1) = 1(Xn, Xn+1),

B, Xnt1) = N(xn, Xn41), Vo € N which obviously holds in this example. Then for any € > 0,

dn, € Nsuch that d(fx,,, x,,) < €, Ym,n = n,. = ||xn| — |xm|| <evVmn=n, = {|x,|}

I-converges in (X,d, f).(sinced can be considered as usual metric in f(X) =[0,0) and [0, o) is
complete with respect to the usual metric).

= {fx,} I-converges in (X, d, f) = {x,} I-converges in (X, d, f).

Therefore (X,d, f) is admissibly (a, 8)-n I-complete. Let {y,,} be a sequence I-converging to u in
(X,d,f) such that a(¥n, Yn+1) = N1V Yn+1):B O Ynt1) Z N(¥n, Yns1), ¥ € N which holds in this
example-NOW a(yn' u) = |yn| + lul = ﬁ(yn: u) = 0.9 (b’nl + |ul) = U(Yn,u)-

And assuming ¥ (Vn, Vn+1) < 0V Yna1)ry O Yns1) < 0(Vn, Yne1), Y € N which holds in this
example, we have y(y,,, 1) = 0.88 (|y,| + [u]) = §(y,, w) < 0.89 (|y,| + [ul) = 0(yy, w).

Condition (vii) obviously holds.Now for x € X, x is an I-coincidence point of S and T iff

w1 ] = 171 = 3 11| < max {22,221, |11 = 2 [}, from 2

Eur. Chem. Bull. 2023,12( issue 9),1375-1395 1387



On Berinde and Upper Class Functions with Cyclic Admissible Section A -Research paper
Contraction Maps in I-metric Space

|x|

(fS)x = (fT)x iﬁ% =5 iff x = 0.Therefore (fS)(0) = (fT)(0) =0 = fy = |yliffy = 0.

Therefore y = 0 is the only point of I-coincidence of S and T, i.e., here S and T have I-unique point of
I-coincidence in X.

Now let x be an I-coincidence point of S and T in X. Then (fS)x = (fT)x = x = 0.

Therefore (f5)(0) = (fT)(0) = 0. = (fT)(f$H(0) = (fT)(0) = 0 = (fS)(0) = (fSH(T)(0).

= (fT)(fS)(0) = (fS)(fT)(0) = S and T are weakly I-compatible.

Here 0 is the only common I-fixed point of S and T so that 0 is I-unique common I-fixed point of S and
T. Therefore Theorem(3.15) is verified.

Also by this example, Definition(3.12), Definition(3.13), Definition(3.14) are exampled.

Note(3.18) Let n(x,y) =1 = 6(x,y),Vx and y € X. In this case

(1)Swill be called (triangular) (a, §)-T-cyclic admissible map in Definition(3.7)(A).

Swill be called (triangular) (a, 8)-T-cyclic subadmissible map in Definition(3.7)(B).

(i)Swill be called ((a,b’), (v,6),H, F)—T—cyclic I-contractive map in Definition(3.13); and if fbe the
identity map on X in Definition(3.13), then S will be called ((a, B),(y,6),H, F)—T—cyclic contractivemap.
(iii) In Definition(3.14)(A), (X,d,f) will be called admissibly (a,pB)-l1-complete; and in
Definition(3.14)(B), (X, d, f) will be called subadmissibly («, 5)-I-complete.

Again if f be the identity map in these definitions, then the metric space (X, d) will be called
admissibly(a, §)-complete and subadmissibly (a, §)-complete respectively.

Now we have the following corollaries immediately come from Theorem(3.15).

Corollary(3.19) Let (X, d, f) be an I-metric space, and S, T : X — X satisfy(i) S(X) € T(X).
(i) Sis((a,[f), (v,6),H, F)—T—cyclic I-contractive map.(iii) S(X)orT (X) is I-closed in X.

(iv) 3x; € Xsuch that a(Tx,,Tx,) = 1,B8(Txy, Tx,) = 1,y(Tx1,Txy) < 1,6(Tx,Tx,) < 1,
wherex, € X such that Sx; = Tx,. (since Sx; € S(X) € T(X), Sx; = Tx, for some x, € X).
(V) (X,d, f) is admissibly (a, #) 1-complete or subadmissibly (y, &) I-complete.

(vi) if{y,, } be a sequence I-converging to u in X, and a(yyn, Yn+1) = 1, BWn, Yne1) = 1, Vn €N,
then a(y,, w) = 1,80, uw) = 1;and if y (Y, Yne1) < 1, 6V, Yne1) < 1,Vn € N, then
YOnw) <1,6(yp,u) < 1.

(vii) (Tp,Tq) =2 1,B(Tp,Tq) = 1,y(Tp,Tq) <1,6(Tp,Tq) < 1, whenever (fS)p = (fT)p,
(fSa = (T)q.

Then S and T have an I-unigue point of I-coincidence in X.In addition, if S and T are weakly
I-compatible, then S and T have an I-unique common I-fixed point in X.

Corollary(3.20) Let (X, d) be a metric space, and S, T : X — X satisfy(i) S(X) < T(X).

(i) Sis((a,ﬁ), (v,6),H, F)-T-cyclic contractive map.(iii) S(X)orT(X) is closed in X.

(iv) 3x; € Xsuch that a(Tx,,Tx,) = 1,8(Tx, Txy) = 1,y(Tx1,Txy) < 1,6(Txq,Tx,) < 1,
wherex, € X such that Sx; = Tx,. (since Sx; € S(X) € T(X), Sx; = Tx, for some x, € X).

(V) (X, d) is admissibly (a, 8) complete or subadmissibly (y, §) complete.

(vi) if {y,,} be a sequence converging to u in X, and a(Vy, Yn+1) = 1, B, Yne1) = 1, Vn €N,
then a(yn, u) = 1,8y, w) 2 15 if y(Vn, Ynt1) < 1, (W0, Yne1) < 1,Vn €N, then

YO w) <1,60mw) < 1.

(vii) (Tp,Tq) = 1,B(Tp,Tq) =2 1,y(Tp,Tq) < 1,6(Tp,Tq) < 1, whenever Sp = Tp, Sq =Tq.
Then S and T have a unique point of coincidence in X.

In addition, if S and T are weakly compatible, then S and T have a unique common fixed point in X.
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Note(3.21)Ansari A.H. et al. [2] introducedT-cyclic (a, 8, H, F)-rational contraction, utilizing which
a common fixed point result has been proved in metric spaces, stated as:

"Definition: [2] Let (X, d) be a metric space and let S be a T-cyclic («, 8)-admissible map and a
cyclic(4, y)-subadmissible map. Sis said to be a T-cyclic (a, 8, H, F)-rational contractive map if

H(a(Tx),B(Ty),$p(d(Sx,S5y))) < F (y(Tx)/’L(Ty),n(N(x, y))) ,Vx,y € X, where

1 1+d(Tx,Sx)]d(Ty,S
NGey) =9 (d(Tx,Ty), 5 d(Tx, Sy), d(Ty, $x), A0, for - yex (s per

Definition(1.11)), ¢ is an alternating distance function, pair (F, H) is an upper class of type-II,

n : [0,00) — [0, 00)is nondecreasing and right continuous with ¢(t) > n(t), vt > 0" and
"Theorem: [2] Let (X, d) be a complete metric space and let S, T : X — X such that S(X) c T(X).
Let S be a T-cyclic (a, B, H, F)-rational contractive map, T (X) is closed in X and

(i) Ix, € X such that a(Tx,) = 1,8(Tx,) = 1,A(Tx,) < 1,y(Tx,) < 1.

(i) if{x, } converges to x in X and B(x,,) = 1,vn € N, then f(x) = 1,and y(x,) < 1,Vvn € N,
theny(x) < 1.

(iii) a(Tw) = 1,B(Tv) = 1,A(Tu) < 1,y(Tv) < 1wheneverSu=Tuand Sv =Tv. ThenSand T
have a unique point of coincidence in X. In addition, if S and T are weakly compatible, then S and T
have a unigue common fixed point in X."

Generalizing this contraction, here we shall prove a common fixed point result in I-metric
Spaces with an example, and then get an analogous result in metric spaces as a corollary.

Definition(3.22) Let (X, d, f) be an I-metric space, S,T : X - X, a,5,1,7,5,0 : X% - [0, )
such that S is triangular (a, B)-n-T-cyclic admissible and triangular (y, §)-6-T-cyclic subadmissible. S
is said to be ((a, B, 1), (¥, 8, 6), H, F)-T-cyclic rational I-contractive map if

() H(a(Tx, Ty), B(Tx, Ty), P(d((fS)x,Sy))) < F (V(Tx, Ty)6(Tx, Ty), (M (x, y))),vx,y €X,
Where for some constants a,b,p,q with 0<abp<1q>0, M(x,y) =
¢ (marfa(Umx15). £a(U1.59). (3 2), ad (15 53),ba( U7y, 57), MmOl
(if) ¥ : [0,00) — [0, ) is nondecreasing, continuous and ¥ (t) = 0 iff t = 0.

(iii) ¢ : [0,0) — [0, ) is nondecreasing, right continuous and ¢ (t) < ¥ (t), vt > 0.

(iv) € : [0,0) — [0, ) is nondecreasing, continuous, é(t) < tand Vt > 0; and é(t) = 0 ifft = 0.

(v) the pair (F, H) is a modified upper class of type-II.

If f be the identity map on X, then S is called ((a, B.n),(y,6,0),H, F)—T—cyclic rational contractive map.

Theorem(3.23) Let (X, d, f) be an I-metric space, and S, T : X — X satisfy(i) S(X) € T(X).

(i) Sis((a, B, 1), (y,8,6), H,F)-T-cyclic rational I-contractive map with 8(x,y) < n(x,y),Vx,y € X,
and 6(x,y) > 0 whenever fx # fy.(iii) S(X)orT (X) is I-closed in X.

(iv) 3x, € Xsuch that a(Tx., Sx,) = n(Tx.,, Sx.), B(Tx,,Sx,) = n(Tx.,Sx,),

y(Tx,,Sx,) < 6(Tx,,5x.),5(Tx,,Sx,) < 6(Tx,,5x,).

(v) (X, d, f)is admissibly (a, $)-n 1-complete or subadmissibly (y, )-8 I-complete.

(vi) If {y, }n=0 be a sequence I-converging to u in X, and a(Vy,, Yn+1) = 1V Yns1)s

B Yn+1) 2 NV Yn+1), YV € N, then a(yn, u) 2 n(yn, w), BV, 1) 2 n(n, w);

and if YU, Ynt1) OO Yne1)y 6O Vn+1) S O Yne1), VR EN, then y(yp,uw) < 0y, ),
S(n,u) < 0y, w).

(vii) a(Tu, Tv) = n(Tu, Tv), B(Tu,Tv) = n(Tu, Tv),y(Tu,Tv) < 6(Tu, Tv),
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6(Tu, Tv) < 6(Tu, Tv)when ever (fS)u = (fT)u, (fS)v = (fT)v.

Then S and T have an I-unique point of I-coincidence in X.In addition, if S and T are weakly
I-compatible, then S and T have an I-unique common I-fixed point in X.

Proof: Let y, = Sx, = Tx; (since Sx, € S(X) € T(X),Sx, = Tx, for some x; € X), y; = Sx; =Tx,
(since Sx; € S(X) € T(X),Sx,; = Tx, for some x, € X), and in general, y,, = Sx,;, = Tx; 41,

vn € NU {0}. If fy,, = fym_, for some m € N, then y,, is a point of I-coincidence of S and T.

Let fy, # fyn_1,¥n € N. Since S is triangular (a, 8)- n-T-cyclic admissible and

a(Tx,, Txy) = n(Tx., Tx1), hence B(Sx,,Sx1) = B(Tx1,Txy) = n(Sx,,Sx1) = n(Txq, Txy).

This implies that a(Sx;,Sx;) = a(Tx,, Tx3) = n(Sxq, Sxy) = n(Txy, Tx3).

Proceeding in this way, we have, in general, a(Tx2,, Tx2141) = N(Tx2n, TX2041),

B(Txz2n+1, Txan+2) = N(Txzn41, Txan42), V1 € N U {0}.

Similarly, S is triangular (a, 8)- n-T-cyclic admissible and 8(Tx.,, Tx;) = n(Tx,, Tx,) implies that
a(Txzn41, TX2n42) 2 N(Txzn41, Txone2)s B(TXon TX2n41) = N(Txgn, Txzn41), ¥V € N U {0}
Therefore a(Txy, Txps1) = N(Txp Txps1), B(Txp, Txpy1) = 0(Txy, Txpe,),Vn € NU{0}. (1)
Again since S is triangular (y, §)-6-T-cyclic subadmissible and

y(Tx,,Txy) < 0(Tx,,Txy), §(Tx,,Tx;) < 6(Tx,, Txy), similarly, we shall get

V(TanTxn+1) =< H(Txnl Txn+1)1 S(Txn'TxTHl) =< H(Txn'Txn+1)'vn ENU {0} (2)
Therefore y(Tx,, Txp41)8(Txp, Txp 1) < 02(Txy, Txpiq1), V0 € N U {0} (3)

By (ii) we get (taking x = xp,y = xn11)H (n(yn—l:yn)'n(Yn—lfyn)'ll}(d(fyn')’n+1)))

= HM(Txp, Txp11),N(Txp, T 1), Y(A((fS)Xn) SXp41)))
< H(a(Txp, Txn1), B(Txn, TXpt1), Y(A((fS)Xn, Sxn+1))) (By property of H).
< F(y(Txp, Txng1)8(Txn, TXpy1), (M (Xn, Xp11)))

< F (02(T, Txn41), (M, Xn41)) ) = F(O2 Y, Y), DM (s X 1)))-

= 1° -1, YDA Y Yna1)) < 0% O, Yn) DM (X, Xg1)).- (4)
= nZ(Yn—l'Yn)¢(d(fyn' yn+1)) < nz(}’n—l'yn)¢(M(xn'xn+1))- (5)
(since 8(x,y) < n(x,y),Vx,y € X).

= lp(d(fyn' Yn+1)) < ¢(M(xn' xn+1))- (6)
(since 0 < 0(¥n-1,¥n) € N(Yn-1,¥n), 8 f¥n-1 * f¥n, VR EN).

= lp(d(fyn' Yn+1)) < ’P(M(Xn' xn+1)) (since ¢(t) < l/)(t),Vt > 0)- (7)
= d(fYn, Vns+1) < M(xp, xp41), Y € N (since ¥ is nondecreasing). (8)

where M (x,, Xp41) =

[q + d(f Yn-1, Y)1d(f Yrs Y1)

1
e(max{d(fyn_l,yn>.§d(fyn_1,yn+l>,ad(fyn_l,yn),bd(fyn,yn+1),p T

1
< & (max {d(fyn—1, )5 @ Yne1,¥0) + AV Ve 1) bAS Yo Ynsn) A Vs Ynen)}). - (9)
(since & is nondecreasingand 0 < a < 1)

If d(fyn—1, ) < d(fVn, Yn+1) for some n € N, then from (9) we get
M(xp, ¥n41) < E(AF Y Yni1) DA Yy Y1), PAf Y Yns1)) = EA(F Yy Yne1))- (10)

(since € is nondecreasing, fy, # ype1and 0 < b,p < 1).
From (8) and (10) we get d(f ¥, Yn+1) < E(A(fYn Yne1)) < A(f Y, Yn+1), @ contradiction.
(sinceé(t) < t forall t > 0).
Therefore d(fyy, ¥n+1) < d(fYn-1,¥n), V1 € N. (11). Then M (xp, Xp41) < E(d(fYn-1,0))- (12)
Therefore {d(fy,—1, )} is a decreasing sequence of nonnegative real numbers so that it converges
to some nonnegative real number r. Let r > 0. From (12) we get
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71im M(xy, Xp41) < &(r) (By continuity of £). (13)
Taking the limit as n — oo in (6), using continuity of i, ¢ we get
Y(r) < p(&(r)) (since ¢ is nondecreasing) < Y (&(r)) (since ¢p(t) < Y(t), vVt > 0).
= r < &(r) (since Y is nondecreasing) < r (sinceé(t) < t for all t > 0), a contradiction.
Therefore r = 0. Thus lim d(fy,_1,y) = 0. (14)
n—oo
We claim that {y,,_,} is I-cauchy in X. If not, then 3¢ > 0, two strictly increasing sequences of positive
integers {m, } and {n;} such that for every k € N, m, is the smallest positive integer for which
my > n, > k and d(fynk,ymk) >¢€. (15).Then d(fynk,ymk_l) < €. (16)
By (14), (15), (16) and triangle inequality, subsequently we can easily prove that

lim d(f Yy ym,) = € (17) lim d(f Yy Y1) = € (18)
Ill—I)Iolo d(fynk—llymk—l) =€ (19) lli_l;god(fynk—l' ymk) =€ (20)

Now we shall prove that vn € N U {0}, Vp € N, a(}’n; Yn+p) = 1N (Vn, Yn+p)’ ﬁ(}’n’ Yn+p) = 1N (Vn, yn+p)a

V(yn: Yn+p) < On, yn+p)’ 5(3’11' Yn+p) < O(n, Yn+p) by induction on p.
For p = 1, the result holds by (1) and (2).

Letp = 2. By (1), we have a(¥n, Yn+1) = NV Ynt1)aNd a(Vni1, Yna2) = Nns1r Ynr2)-
This implies that & (Vy,, Yni2) = 1(Vn, Yne2) (Since S is a triangular (a, §)-n-T-cyclic admissible).

Similarly, we shall get B(yy, yn+2) 2 N1(Vn, Yn+2), ¥ Vs Yna2) < 0(¥n, Yns2) @nd
SV Yne2) < 0(Vn, Yna2). Therefore the result holds for p = 2.

Let the result hold for any positive integer p > 2.

Then a()’ru Yn+p) 2 1NV Yntp)s ﬂ(Yn' Yn+p) 2 NV Yntp)s V(Yn' Yn+p) < 0Vn Ynp)s
6(yn: yn+p) < 0(Vn Ynp)-

Now by (1) we have a(yn+p; Yn+p+1) 2 NVn+p Yntp+1)- AlsO a(an Yn+p) 2 1N (Vn» Yn+p)-

Since S is a triangular (a, 8)-n-T-cyclic admissible, hence a(yn, yn+p+1) = NV Ynap+1)-

Similarly, we shall get 8(Vn, Yn+p+1) = 1V Ynp+1)s ¥ (Vo Ynap+1) < 0, Yap+1) and

6(yn’ yn+p+1) < OV Ynap+1)-
Therefore by mathematical induction, we have the result.

Therefore we have a(yn,—1, Ymy-1) = 1Vny—1, Yimy—1) (21)
BVng-1: Yimg—1) = N Wny-1> Ymy-1) 22) ¥(Yng-1 Ymp—1) < 0Wnp—1, Ym—1) ~ (23)
(Vnp—1Ymp-1) < 0 Ony—1, Ymp-1) (24).  From (ii) we get (taking x = xp,,, ¥ = Xp,,)

H(0 (V=1 Ymg=1) 1 (V=10 Yimg=1)s Y @ Vg Yy )

= H(n(Txnk,Txmk),n(Txnk, Txmk),1/)(d((fS)xnk,Sxmk)))

< H(a(Txpn,, Txmy ) B(Txn, TXmy ), W (A((fS)Xn,, Sxm,))) (By (21), (22) and property of H).
= F(V(Txnk' Txmk)a(Txnk' Txmk)’ ¢(M (xnk’ xmk)))

< F(0*(Txny, Txmy ), (M (xp,, xm, ))) (By (23), (24) and property of F).

= F(gz(ynk—l’ymk—l)’ ¢)(M(xnk’xmk)))'

= 12 (V-1 Y1) ® (A(F Vo Yim.) ) < 0% w1, Yrmm1) DM (i X, ) (25)

= 12 (et Yme=1) ® (AP Vo Vi) ) < 12 Omts Y= )M (X X, ) (26)
(since 6x, ) < 1(6,3))= ¥ (A(FYn Ym,) ) < BM (¥ X, ))- (27)

= 9 (A(F Yo V) < O (Xnyo Xm,)) (since §(£) < (t), vt > 0) (28)
= d(fYn Ym, ) < M(%n,, Xm,,) (sincey is nodecreasing) (29)
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whereM (x,,, Xm, ) =

1
§ (max {d(Fymys Y1) 5 A Yo I ) A Y1 ) G4 Vi1, ),

pla+d(fyn,-1¥n )12\ fYmy,-1Ym
bd(fymk_l,ymk)’ (Q+§(;Ynkk—)1:ysnk—llj 1 k)}>

Therefore ’ll_r)rgo M(xnk,xmk) =¢ (max {e,g, €, 0,0,0}) = &(e) (30)

(By (14), (18), (19), (20) and continuity of £).
Taking the limit as k — oo in (27), and using continuity of i, ¢ and by (17), (30) we get
Y(e) < ¢(E(e)) <Y(&(e)) (sincee > 0 = &(€) > 0 and p(t) < Y(t),Vt > 0).
= € < &(€) < € (since Y is nondecreasing and é(e) < €, as € > 0), a contradiction.
Therefore {y,,_,} is I-cauchy in X.
Now since (X, d, f)is either admissibly (a, 8)-n 1-complete or subadmissibly (y, §)-6 1-complete,
hence{y,_,} I-converges to some point u € X, i.e., {Sx,_1} = {Tx,,} = {y,—_1} I-converges to u.
Since S(X) or T(X) is I-closed, hence u € S(X) U T(X) = T(X) (since S(X) € T(X)).
Therefore u = Tv for some v € X. (31). Now by (vi), (1) and (2) we get
aWn-1,w) Z NWn-1, W, BOn-1, W) Z NWn-1, W), ¥ Yn-1,w) < 6(Yn-1,0),

6(yn—1Ju) =< 9(yn_1,u), vn €N. (32)
i.e., a(Tx,, Tv) = n(Tx,, Tv), B(Tx,, Tv) = n(Tx,, Tv),y(Tx,, Tv) < 0(Tx,, Tv),
6(Tx,, Tv) < 0(Tx,, Tv),Vn €N, (33)

Now by (i) we get (taking = x ¥ = v )H (-1, 0, Nn-1,0), ¥ (d(f Y, S¥)))

< H(@(n-1, W), Bn-1,w), Y(d(fyn, Sv)))(By property of H and (32)).=
H(@(T 2y, Tv), (T, T0), h(A((F ), S0))) < F (Y (Tt TO)S (T, T0), (M (1)) )

< F (02(Tx, Tv), (M (x,, v)) ) (By property of F and by (33)) = F (6% (y—1,1), (M (2, 1)) ).

= UZ(Yn—LU)’J)(d(fYn' S'U)) < 92(}’n—1'u) (nb(M(xn' U)) < 772(3’n—1'u) (pb(M(xn' 'U))

(since 6(x,y) < n(x,y),Vvx,y € X).= P(d(fyn, Sv)) < ¢p(M(xp, v)). (34)

= P(d(fyn, Sv)) < Y(M(x,, v)) (since p(t) < P(b), Ve > 0). (35)

= d(fyn, Sv) < M(x,,v) (since y is nondecreasing). (36)
whereM (x,,, v) =

1 pla+d(fyn-1.yn)]d(fu.Sv)
¢ (max {d(fyn-1,10,5 A Yn-1,59), d(ft, 70), Ad(f Y1, 30), bl (Fu, Sv), HEEL LA BTSN )

Therefore lim M(xn' 1)) = E (max {O’Ed(fu, SU), 0,0, bd(fu, Sv)’P[q+0)]d(fu,Sv)})
n—-oo 2 q+0

(since{y,, } I-converges to u and ¢ is continuous).
=¢ (max Ed(fu, Sv),bd(fu,Sv),pd(fu, Sv)}) < &(d(fu, Sv)).
(since0 < b,p < 1 and ¢ is nondecreasing). = 7112210 M(x,,v) < &(d(fu,Sv)) (37)
Taking the limit as n — oo in (36), by (37) and I-convergence of {y,,} to uwe get
d(fu,Sv) < &(d(fu, Sv)). (38)
Let d(fu, Sv) > 0, i.e., (fS)v # fu. Then é(d(fu, Sv)) > 0 and from (38) we get
d(fu,Sv) < &(d(fu,Sv)) < d(fu,Sv), a contradiction. Therefore (fS)v = fu = (fT)v(39)
Therefore u is a point of 1-coincidence of Sand T.

Let w be a point of I-coincidence of S and T such that fw # fu, i.e., d(fu,w) > 0. Then 3z € X with
(fS)z=(fT)z = fw. (40). By (vii), (39), (40) we get
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a(Tv,Tz) =2 n(Tv,Tz),B(Tv,Tz) = n(Tv,Tz),y(Tv,Tz) < 0(Tv,Tz),5(Tv,Tz) < 6(Tv,Tz).
Therefore from (ii) we get (taking x = v,y = z)
Hn(Tv, Tz),n(Tv,Tz), p(d((fS)v,Sz))) < H(a(Tv,Tz), f(Tv, Tz), P(d((fS)v, Sz)))
< F (y(Tv,T2)8(Tv,T2), p(M(v,2)) ) < F(6%(Tv,T2), p(M (v, 2)))

= n?(Tv, T2y (d((FS)v,52)) < 6%(Tv, T2)p(M(v, 2)) < n*(Tv, T2)p(M(v, 2))

= 9 (d((fS)v,52)) < pM(v,2)). (41)
= 1 (d((fS)v, SZ)) <Y(M©,2)). (42). = d((fS)v,Sz) < M(v,2). (43)
whereM (v, z) = & (max {d(fu,w),5 d(fu,w), d(fw,u),0,0,0}) = £(d(fu,w)) (44)

Using (44) in (43) we get (fu, w) < &(d(fu,w)) < d(fu,w), a contradiction.
Therefore fw = fu. Therefore S and T have an I-unique point of I-coincidence.

Let S and T are weakly I-compatible. Then from (39) we get (fSf)u = (fTf)u = c (say).

= (fS)(fu) = (fT)(fu) = f(c). = cis a point of I-coincidence of S and T, so that fc = fu. Therefore
(S (fw) = (fT)(fu) = fu = f(fu). = fuis acommon I-fixed point of S and T'. Since

a common I-fixed point of S and T is a point of I-coincidence of S and T also, and S and T have an
I-unique point of I-coincidence, hence S and T have an I-unique common I-fixed point in X.

Corollary(3.24) Let (X, d) be a metric space, and S, T : X — X satisfy(i) S(X) c T(X).

(ii) Sis((a, B, ), (¥, 6, 6), H, F)-T-cyclic rational contractive map with

0(x,y) <n(x,y),vx,y € X,and 8(x,y) > Owhenever x # y.(iii) S(X)orT (X) is closed in X.

(iv) 3x, € Xsuch that a(Tx., Sx.) = n(Tx,,Sx,), B(Tx.,Sx.) = n(Tx,,Sx,),

y(Tx,,Sx,) < 6(Tx,,5x.),5(Tx,,Sx,) < 0(Tx,,5x,).

(V) (X,d) is admissibly (a, )-n complete or subadmissibly (y, §)-6 complete.

(vi) If {y, }n=0 be a sequence converging to u in X, and a(Vy,, Vn+1) = 1V Yns1)s

B Yns1) Z N(n Yne1), Y1 € N, then a(yy, u) = 10, w), B w) = 1y, w) ;

and if Yy Ynt1) € O Ynt1), 6 Ynt1) < 0V Ynt1), YR EN,  then y(yn,u) < 6 (v, w),
Sy, u) < 0(yp, u).

(vii) a(Tu, Tv) = n(Tu, Tv), B(Tu,Tv) = n(Tu, Tv),y(Tu,Tv) < 6(Tu, Tv),

6(Tu, Tv) < 8(Tu, Tv)wheneverSu = Tu , Sv = Tv.

Then S and T have a unique point of coincidence in X.

In addition, if S and T are weakly compatible, then S and T have a unique common fixed point in X.
Proof: Replacing f by the identity map on X in Theorem(3.23) we shall get the result.

Note(3.25) Letn(x,y) =1 =0(x,y),Vx and y € X. In this case S will be called

((a,ﬁ), (v,6),H, F)-T-cyclic rational I-contractive map in Definition(3.22); and if f be the

identity map on X in Definition(3.22), then S will be called ((a,B),(y,8),H,F)-T-cyclic rational
contractive map.Now we have the following corollaries immediately come from Theorem(3.23).

Corollary(3.26) Let (X, d, f) be an I-metric space, and S, T : X — X satisfy(i) S(X) € T(X).

(ii) Sis((a, B), (¥, 6), H, F)-T-cyclic rational I-contractive map.(iii) S(X)or T(X) is I-closed in X.

(iv) 3x, € X such that a(Tx.,Sx.) > 1,8(Tx,,Sx,) = 1,y(Tx,,Sx,) < 1,5(Tx,,Sx,) <1, where x; €
X such that Sx, = Tx;. (since Sx, € S(X) € T(X), Sx, = Tx; for some x; € X).

(v) (X,d, f) isadmissibly (a, 8) 1-complete or subadmissibly (y, §) I-complete.

(vi) if{y, }ns0o be a sequence I-converging to w in X, and a(Vp, Vn+1) = 1, B, Yns1) = 1, VR EN,
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then (yp, w) = 1L, By, w) = 1, if y (i, Yn+1) < 1, 6V, Yn41) < 1,V € N, then

YOnw) <1,80,uw) <1

(vii) (Tp,Tq) 2 1,5(Tp,Tq) = 1,y(Tp,Tq) < 1,6(Tp,Tq) < 1, whenever (fS)p = (fT)p,

(f$a = (T)q.

Then S and T have an I-unigue point of I-coincidence in X.

In addition, if S and T are weakly I-compatible, then S and T have an I-unique common I-fixed point in X.
Corollary(3.27) Let (X, d) be a metric space, and S, T : X — X satisfy(i) S(X) c T(X).

(ii) Sis((a, B), (¥, 6), H, F)-T-cyclic rational contractive map.(iii) S(X)orT (X) is closed in X.

(iv) 3x, € Xsuch that a(Tx,, Sx,) = 1, 8(Tx,,Sx,) = 1,y(Tx,,Sx,) < 1,6(Tx,,Sx,) < 1, where x; € X
such that Sx, = Tx;. (since Sx, € S(X) € T(X),Sx, = Tx; for some x; € X).

(V) (X,d) is admissibly (a, ) complete or subadmissibly (y, §) complete.

(vi) if{y, }ns0 be a sequence converging to w in X, and a (Y, Vn+1) = 1, BWny Vne1) = 1, VR E N,
thena(y,, u) =1, B(y,u) = 1;and if y (v, Vne1) < 1, (W, Ynar) < 1,Vn € N, then

YOw) <1,60nuw) <1.

(vii) a(Tp,Tq) = 1,B(Tp,Tq) = 1,y(Tp,Tq) < 1,6(Tp,Tq) < 1, whenever Sp =Tp, =Tq .

Then S and T have a unique point of coincidence in X.

In addition, if S and T are weakly compatible, then S and T have a unique common fixed point in X.

Conclusion
Our results obviously generalized many results regarding fixed-point in I-metric spaces and metric spaces.

Following our results, further study may go ahead for more new extended, and generalized fixed-point
results.
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