Complex Symmetric Operators and Numerical Ranges in Fuzzy Semi-Inner Product Spaces

Section: Research Paper

Complex Symmetric Operators and Numerical

Ranges in Fuzzy Semi-Inner Product Spaces

V. Sreevani
Associate Professor, Department of Mathematics
Suguna College of Engineering, Coimbatore- 14, Tamil Nadu, India.
Email:sreevani2102@gmail.com

Abstract

On a fuzzy semi-inner product (FSIP) space, we propose the numerical ranges and complex
symmetric bounded linear operators. We determine the complex symmetric operator and the
numerical ranges and also complex symmetry in the fuzzy dual space of FSIP is established.
In fuzzy semi-inner product space, we demonstrate some features of a generalized adjoint of
a complex symmetric operator and significant numerical ranges of operators in this space.
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1. Introduction

The concept of semi-inner product (SIP) space was first presented by Lumer [1]. Giles
[2] shows that it is feasible to create a SIP with a few desirable internal product
characteristics in a sizable class of Banach spaces. Takagi [3] investigated the n X n
symmetric complex matrix Ta = Aa, where a stands for the conjugation of the vector a in
C™. Cho and Tanahashi [4] defined a conjugation on a complex Banach space and also
explored some spectral characteristics of complex symmetric operators. The set of complex
numbers with the form (T¢, §) with & ranging across the unit vectors in H, is known as the
numerical range of T € L(H'). The numerical range has numerous uses and is extremely
helpful for understanding operators [5]. The numerical ranges of antilinear operators
and conjugations operating on a Hilbert space were also researched by Hur and Lee [6].
Recently, numerical ranges in semi-inner product spaces were introduced by An and Heo [7].

On the other hand, Zadeh [8] is the one who first introduces the idea of fuzzy sets.
Subsequently, Nanda [9] and Matloka [10] studied fuzzy number sequences and introduced
the l,’: , lc]; fuzzy number sequence spaces. The notion of the fuzzy norm on a linear space was
initially developed by Katsaras [11] while researching fuzzy topological vector spaces. There
has been some research done in fuzzy inner product spaces, which is a study that is still in its
early stages. Among the first to provide a comprehensive characterization of fuzzy inner
product space and the accompanying fuzzy norm functions were ElAbyad and Hamouly [12]
and Biswas [13]. Goudarzi and Vaezpour [14], Kohli and Kumar [15], and Majumder and
Samanta [16] individually introduced the fuzzy inner product that Mukherjee and Bag [17]
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modified. The concepts of fuzzy normed algebra and fuzzy points were introduced by
Ramakrishnan [18]. Fuzzy points are used to define FSIP.

The numerical range of a bounded linear operator on an FSIP space is examined in
this research. We determine the numerical ranges of numerous operators using the general
FSIP on £h(C), with the £”-norm (1 < p < ). In an FSIP space, we also develop a
conjugation and a complex symmetric operator and explore their fundamental characteristics.
We also address the numerical ranges of operators multiplied by conjugations on FSIP spaces
that are sequentially essential.

2. Preliminaries
Definition 2.1 [1] Let R be a complex vector space. A function [-,-]: R X R - C isa SIP on R
if the following properties are satisfied: for any a, b, c € R,
(1) [a+ b,c] =[a,c]+ [b,c],
(2) [Aa,b] = Ala, b] forall A € R,
(3)[a,a] > 0fora # 0,
(4) |[a, b]|* < [a, a][D, b].
Definition 2.2. [19] A FSIP on a unitary M(I)-modulo R is a function :: R X R - M(I)
holds true under the three conditions below;
(F;) - is linear in one component only.
(F,) a-a > 0 for every nonzero a € R.
(F3)|la-b]|?> < (a-a)(b-b) forevery a,b € R.
Definition 2.3. [20] On a complex or real vector space, a fuzzy pseudo-norm R is a function
|l:a = R*(I) that is satisfied for the field variables a,b € R and t.
@ Mtal=[tlMal
@@ la+bllaldl bl
Such || is referred to as a fuzzy norm if it also satisfies
(iii) For each nonzero a € R, ||la |> 0.
Definition 2.4. [21] If R is a set, then a, is considered to be a fuzzy point on R,
A where A € (0,1

Ra(a) = {0 otherwise. @

Definition 2.5. [18] Let R be a fuzzy normed algebra C(I) module and the set of all fuzzy

points on R is R. An FSIP of fuzzy points on R is a function *:

R x R — C(I) if the following conditions are satisfied:

(1) * is linear in the first argument, i.e. (a;L @ bﬂ) * Cy = Ay * Cy + by * ¢y and (aay) * ¢y =
a(al * cw),Va e C(I).

(ii) az * ay > 0V ay # 05 where B € (0,1].

(iii) [ [az * b1 1* < [ [aa * az] 1[ [by, * b,] ] where ay, by, and ¢y, € d. So, (d,*) is referred to
as an FSIP space of fuzzy points.

3. Numerical ranges of FSIP space operators
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The numerical range in a finite-dimensional FSIP space is explicitly computed in this
section. We identify the C"* complex n-dimensional space that is fitted with the #P-norm as
(O = 1).

Definition 3.1. Let (R,*, llll) be an FSIP space of fuzzy points. Let T be a fuzzy bounded

linear map on (I?,*, [ II). IfT = ((1) g) acts on {’g (C)(1 £ p < ), then the fuzzy numerical

range W (T) is the [0,1] closed interval since [Tu * u], = |a|” for any unit vector u = (Z)
W(T) ={Tu, u, | |u,| =1},
[(W(D]] = Supupeé{[ [Tup *up] 11 ||up I = }
Example 3.2. Let (R,*, [lll) be an FSIP space of fuzzy points. Let T be a fuzzy bounded linear

A p 1
map on (R,*, ||||) For 1 < p < oo, let the closed disc be C, with radius — (p — 1) » centred at

the origin. For T = (8 (1)) acting on {”2)((C), clearly, fuzzy numerical range W(T) is the
closed disc C, of FSIP space.
To prove that W (T) = C,, such that any unit vector u = (Z) in fg((C) with |a|P + |b|P = 1.
Since [Tu * u], = bala|P~? and |b|P = 1 — |a|?, we have

[T xul,|” = Sup,, eallTu,li(1 = 1al?) 11 |a|®= 1= 1}.
Since the function f(t) = (1 — t?)tP»~V has the maximum value pip(p —1Ptatt=

(T) , |[Tu*u]p| has the maximum value ;(p—l) P

demonstrates that the FSIP disc C, is closed over W (T).
Theorem 3.3. Let (R, *, llll) be an FSIP space of fuzzy points. Let T be a fuzzy bounded linear

-1 .
when |a|p=p7. This

map on (I?,*, |||I). Let T represent the reverse shift on an infinite-dimensional Banach space,
£P(C), for 1 < p < co. The open unit disc is then the fuzzy numerical range W (T).

Proof Let a = (aq, ay, as, ...) be any unit vector in £°(C), and let k = min{i > 1:a; # 0}.
Then we have

[[Ta *a],| SZ ITa, *aplllaj+1||aj|p_1
=k
1 p p
<1l (ol + 6~ i)

= [7al 5 (0 = Dlael” + p Z oy|”

j=k+1

1 N p |ak|p -
=Ira,l 30 ) lal’ ~laxle =1~ 1
j=k

IA

p

As a result, we get that[ [W([Ta xa],)]] < |[Ta * a]pl < 1, for any unit vector
a € ¢P(C), which implies that the open unit disc contains W (T).
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In the open unit disc, let f(w) = re’® be any vector with 0 < r < 1 to demonstrate
the reverse inclusion. We take the vector f(a) € £°(C) given by
1 1 1 1
f(a) = ((1 —1rP)P,r(1 —1rP)Pel r2(1 — rP)re?® 13(1 —rP)redif, . )
Then we see that [ [f(a,)]] < re®(1 —rP)|a,ll, va, € R.
[[£(a,)]]=llall,=1,so that [a,a], =l a 3= 1. Moreover, we get that

[Ta * a]p = reie(l — rp)”Tap * ap” Z rk=Dp
k=1

=re®(1—1rP)|Ta,| Z rk=Drreid = f(w),
=1

that implies the open unit disc is contained in W (T). Hence the proof.

Corollary 3.4. Let T = (xgl

every unit vector u = (a * b)t € £3, and let u = (a * b)* € £1. If y is also a nonzero fuzzy
real integer, then for a # 0 and b, where |f(b)| = 1 — |f(a)],

W(T) c {f(w) € C: |Re(f(w))| < |f(x+2—y+z)| and [Im(F(w))| < If(;’)l}

) act on #3, where x,z € R\ {0},x +z+# 0, and y € C. For

Proof. If f(a) = a; + ia, and f(b) = b; + ib,, where faj and fbj are fuzzy real numbers
(j = 1,2), then

[Tu*u], = {f(x —2)|a| +1(2) + %(albl + azbz)} + i%
We obtain that for t: = \/a? + aZ, by using the Cauchy-Schwarz inequality.

flaiby + azby)* < (fa§ +fa§) * (fb% +fb§)

2
= (a2 + a3) <1 - /a% + a%)

=t2(1 —t)? = f(0).
On the fuzzy interval (0,1), f has the maximum 0.06 at t = 0.5, so we get |a;b; + a,b,| <
0.25, and this gives the inequality

[Re([Tu * u],)| < Supyep {[Tu * ul|

We also get the inequality in this instance,

(aib, — azby).

|f(x+2y+z)| < i}

IIm([Tu * u];)| = Supyep{[Tu * u]| |2y(a b, — ayby)|} < @ < 1 by a similar method.

Hence the proof.
4. Complex symmetric operators and conjugations on FSIP space
In this section, we will employ an FSIP to describe a conjugation on an FSIP space.
Unless otherwise stated, R in this section indicates an FSIP space with an FSIP [-,-].
Definition 4.1. Let (R,*, |lll) be an FSIP space of fuzzy points. An operator C:R — R is a
conjugation if it is involutive (C? = I) and
[Ca, * Cb,] = [a, * b,] = |la,| |Ib,|, foralla,,b, €R.
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Proposition 4.2. Let (R, *, |lll) be an FSIP space of fuzzy points. Assume relation exists if C is
a conjugation of R,

C*=1Ig ICI<1, C(a,+by) =Ca,+Ch, and C(wa,) = @&Ca,
holds for all a,, b, € R and w € C.
Proof. Clearly from the Cauchy-Schwarz inequality for an FSIP, || Ca, I’= [C a, xCa,] =
[a, * a,] <Il a, |I* for cach a, € R, that exists || C || < 1. Since
[C(a, +by) *Cc,] = [a, +b,*cy]=[a,*c,]+ [by*cpl

=[Ca, * Cc,] + [Ch, * Cc,| = [Ca, + Cb, * Cc,| = [ICa, + Chy|l I Cc,l|

for all a,, by, ¢, € R. Considering that the operator C is surjective, we can select ¢, € R such
that

Cc,:=C(a, +b,) —Ca, —Cbh,
Then we get that 0 = [C(a, + b,) — Ca, — Cb, * Cc,| = [Cc, * Cc,| = e, |l llcy|l, so that
Cc, =0, that is, C(a, + b,) = Ca, + Cb,. To prove that C(wa,) = @Ca, for any a, € R
and w € C, chosose any element w € R there exists
[C(a)ap) * bp] = [a)ap * Cbp] = cu[ap * Cbp]
= @[Ca, by = [@Cay, b, = [@a, | [Ibl]
This corresponds to C(wa,) = @Ca,. C thus satisfies the fuzzy relation.

Definition 4.3. Let (R, llll) be an FSIP space of fuzzy points. Let T be a fuzzy bounded
linear map on (I?,*, ||II). Suppose C is the conjugation of R. If T € L(R) is C-symmetric, then
forall ay, b, € R,
[Ta, « by] = [a, + CTCb,]
= SuPapeﬁ{[ [Ta, b, |1 llapll = 1} .
Proposition 4.4. Let T be a fuzzy bounded linear map on (I?,*, Il |I>. Let C be a conjugation on
a uniform FSIP space R.
(1) If T € L(R) is C-symmetric, then T* € L(R™) is also C*-symmetric.
(i) If T € L(R) is C-symmetric, then (T+)* = (T*)*.
(iii) If {T;,} is a sequence of C-symmetric operators there exists T,, = S in the strong fuzzy

topology,
then S is C-symmetric.

Proof. (i) Assume T is an operator on R that is C-symmetric. Let's assume that p and g are
free-form entities in the fuzzy dual space R*. There are particular vectors a, and a, in R that

have the properties a,” = p and a,” = q because R is a uniform FSIP space. We note that
T*a,” = (Tlap)*. Indeed, for any ¢, € R, we have
(T = ap*)(cp) =a, (T *c,) = [Tc, xay] = [cp * Tlap] = (T« ap) (cp).
Moreover, for any ¢, € R and bp* € R*, we see that
(C*T*C*)b,"(c,) = b, (CTCc,) = (CTC)*b, " (c,)
so C*T*C* = (CTC)*. Thus we have
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[T*ap” xb,"],  =|by xT*ap] = [CT*Ch, * a,]

=[a," « (cTcb,)] =[a," = (cTC)'D,"],

= [a," * C*T*C*b,"],
That represents T* is C*-symmetric.
(ii) For every ¢, € R and b," € R*, we get

(TH)*b,"(cp) = (CTC)*b,"(c,) = (C*T*C*)b, " (cp)
Yet, it is evident from (i) that T* is C*-symmetric. Therefore, for every a,” € R”,
la, * (T)4b,"], = [T*a," *b,"] = [a," * (C*T*C7)a,’] .
This means that (T4)* = (T*)L.
(iii) Since ||(S — T,)a,|| — 0 for all a, € R, for all a,, b, € R, we have
[CSCay + by| = lim [CTCay * b,| = lim [a, * Tyby| = [a, * Shy] = Sla, |l l1b, I

where uniform continuity leads to the third equality. S is a C-symmetric operator as a result.
We now calculate a conjugation's fuzzy numerical range on £f (C).

Theorem 4.5. Let (R,*, ||} be an FSIP space of fuzzy points. Let C be a complex conjugation
on £4(C)(1 < p < ) given by Ca, = d, = (dp,, .., d, ) for a, € £4(C). Then
(HWEC)={weC|w|=1}forn=1,
QW) ={weC|w| <1} forn=0.
The proof is trivial for (i). For any a, € ff (C) with |a,| =1, we write a, = e'? for some
real number 6. We have [Ca *xa], =[axa], = e~ 2% and so W(C) = {w € C: |w| = 1}.
To prove (ii), let a, € £ (C) be any unit vector, i.e., || a II%= [a *a], = 1. As a result of the
Cauchy-Schwarz inequality, we obtain

[Caxal,|” < [CaxCalylaxal, =[axal,laxal, = la,| la,l=1
that exists W (C) € {w € C: |w| < 1}.

Let w be any complex number with |w| < 1 for the reverse inclusion. For some real
number 6, a polar form is represented as f(w) = |w|e?. Now consider the unit vector
a € £5(C) given by

1 1

_ <1+|w|)5 _%(1—|w|)5__%0 0
a, = 5 e 2, 5 ie”2,0,..,0 |

Then we have

_ 1+ |wl 1-|wl\ . .
(caraly =laval, = ool oyl = (=5 =25 = 1ot = 10),

this suggests that the closed unit disc is represented in W (C). The closed unit disc is thus the

fuzzy numerical range W (C).
Assume that C is the typical complex conjugation. Such that

w(C) = supf|[Ca x al,|:[a, * ay] = lla,|| la,l, =1,a, € €5} =1 foralln > 1,
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where the fuzzy numerical radius of C is denoted by w(C). Moreover, we can identify an
infinite number of unit vectors that satisfy the complex conjugation C on £5(C)(n = 1)
the fuzzy numerical radius that is, vectors a, with |[Ca, * a,]1| = la, |l la [, = 1.
Theorem 4.6. Let T be a fuzzy bounded linear map on (I?,*, IIII). Let T € L(R), and let C be a
conjugation on R. Such that W (CTC) = W(T) and W,(T) = W,(CTC) that A represents the
complex conjugation of A.
Proof. If ¢, € W(CTC), then a vector a, € R exists with [a, * a,] = 1 such that

¢ =[CTCa, * a,]| = CT|la,| la,ll. =1[TCa, = Ca,] € W(T)
the fuzzy numerical range of T on an FSIP space R by

Wo(T) = {cn € C:mITay * anl gl = ¢ forany {ay} € R with [a, * an] = layl N,
— w
= 1, an —_—> 0}
[ [Ws(T)]] = Supg, il [Tan *az]] 1 llanll = 1}.
Such that W(CTC) c W(T). Since W(T) = W(C3TC?) c W(CTC), we get the reverse

inclusion. Hence, we have W (CTC) = W (T).
If ¢ € W,(CTC), then a sequence {a,} C R exists with [a, * a,] = lla,ll la,ll =1 and
a, % 0. Since lim,a, = 0 in the weak sense, clearly lim,, f(a,) = 0 for all f € R*. Since

C*f € R* for all f € R*, we have lim, f(Ca,) = 1im,C*f(a,) = 0, which implies that

w
Ca, — 0. Thus we have
¢ =lim[CTCa, * a,] = CTlla,ll lla,l, =1lim[TCa, * Ca,] € W,(T)
n n

which implies that W (CTC) < W;(T). Following the reverse inclusion is
Ws(T) = W(C*TC?) < W(CTC)
Hence the proof.
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