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Abstract
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closed sets and established their relationships with some of generalized classes in topological spaces. Also, we
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1. Introduction:

In the years 2001 and 2003, F. Nakaoka and N. Oda [1] and [2] introducedand studied minimal open
(resp. minimal closed) sets, which are subclasses of open (resp. closed) sets. The complements of minimal open

sets and maximal closed sets are called maximal closed sets and minimal open sets respectively.

In this work, we will discuss the new class of open and closed sets viz. minimal G#rg-open sets and
maximal G#rg-closed sets in topological spaces. Also, introduce new class of maps called minimal G#rg-
continuous maps and maximal G#rg-continuous maps in topological spaces. These are subclasses of G#rg-open

(resp. G#rg-closed) sets respectively.

Definition [1] A proper nonempty open subset U of a topological space X is said to be minimal open set, if any

open set which is contained in U is @ or U.

Definition[2] A proper nonempty open subset U of a topological space X is said to be maximal open set, if any

open set which contains U is X or U.

Definition[4] A proper nonempty closed subset F of a topological space X is said to be minimal closed set, if

any closed set which is contained in F is & or F.

Definition[4] A proper nonempty closed subset F of a topological space X is said to be maximal closed set, if

any closed set which contains F is X or F.

Definition Let X and Y be the topological spaces. A map f: X — Y is called:
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(i) minimal continuous [3] (briefly min-continuous), if f*(M) is an open set in X for every minimal open set M
iny.

(ii) maximal continuous [3] (briefly max-continuous), if (M) is an open set in X for every maximal open set M
iny.

(i) minimal irresolute [3] (briefly min-irresolute), if f*(M) is minimal open set in X for every minimal open set
MinY.

(iv) maximal irresolute [3] (briefly max-irresolute), if f *(M) is maximal open set in X for every maximal open
setMinY.

(v) minimal-maximal continuous [3] (briefly min-max continuous), if f*(M) is maximal open set in X for every

minimal open set M in'Y.

(vi) maximal-minimal continuous [3] (briefly max-min continuous), if (M) is minimal open set in X for every

maximal open set M in Y.
2. Minimal G#rg-open sets and maximal G#rg-closed sets:

In this section, a new class of sets called minimal G#rg-open sets (maximal G#rg-closed sets) in
topological spaces are introduced, which are subclasses of G#rg-open sets (G#rg-closed sets). During this
process some of their properties are obtained. Also,we introduce and study maximal G#rg-open sets (minimal

Gttrg-closed sets) in topological spaces.

1. Definition: Let H be any G#rg-open proper subset of X, H is called minimal G#rg-open set if and only if any

Gttrg-open set which is contained in H is@ or H.

2. Remark: Minimal open sets and minimal G#rg-open sets are independent and also open sets and minimal

Gttrg-open sets are independent each other as illustrated in the following example.

3. Example:Let X = {a, b, ¢, d} with the topology T = {X, @, {a}, {b, c}, {a, b, ¢}}, then minimal open sets are
{a}, {b, c}. G#rg-open sets in X are X, @, {a}, {b}, {c}, {a, b}, {a, c}.{b, c}, {a, b, c}. Minimal G#rg-open sets
are {a}, {b}, {c}. Here the set {b, c} is a minimal open set (open set) but not a minimal G#rg-open set and the

sets {b} and {c} are minimal G#rg-open sets but not minimal open sets (open sets).

4. Remark: From above discussion we have following implications:

/ Op:% sets \

Minimal open sets l, G#rg-open sets

\ Minimal G#rg-open sets /

Where, A —= B means A implies B and
A H% B means A and B are independent to each other.

5. Theorem: (i) Let G be a minimal G#rg-open set and H be a G#rg-open set,then G " H =& or G E H.
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(ii) Let G and H be minimal G#rg-open sets, then G M H =& or G = H.

Proof: (i) Let G be a minimal G#rg-open set and H be a G#rg-open set. IfG M H =&, then there is nothing to
prove but if G NH # @, then we have to prove that G = H. Suppose G MH # @. Then G M H EU and G MH is

G#rg-open, as the finite intersection of G#rg-open sets is a G#rg-open set. Since G is a minimal G#rg-open set,
we have G NMH = G. Therefore G E H.

(ii) Let G and H be minimal G#rg-open sets. Suppose G M H= @, then we see that G = H and H £ G by (i).
Therefore G = H.

6. Theorem: Let G be a minimal G#rg-open set. If x is an element of G, then G EH for any open

neighbourhood H of x.

Proof: Let G be a minimal G#rg-open set and x be an element of G. Suppose thereexists an open neighbourhood
H of x such that G & H. Then G n H is a G#rg-open set such that G M H £ G and G M H= @. Since G is a

minimal G#rg-open set, wehave G " H= G. That is G = H. This contradicts our assumption that G & H.

Therefore G = H for any open neighbourhood H of x.

7. Theorem: Let G be a minimal G#rg-open set. If x is an element of G, then GE H for any G#rg-open set H

containing X.

Proof: Let G be a minimal G#rg-open set containing an element X. Suppose there exists a G#rg-open set H
containing x such that G € H. Then G N H is a G#rg-open set suchthat GNMHE Gand G N H # @. Since G is a

minimal G#rg-open set, we have G MH = G i.e. G £EH. This contradicts our assumption that G = H. Therefore G

= H for any G#rg-open set H containing x.

8. Theorem: Let G be a minimal G#rg-open set. Then G =n{H: H is any G#rg-open set containing x} for any

element x of G.

Proof: By Theorem 7 and from the fact that G is a G#rg-open set containing x, we have G n{H: H is any

G#rg-open set containing x}= G. Therefore, we have the result.

9. Theorem: Let G be a nonempty G#rg-open set,then the following three conditions are equivalent.
1) G is a minimal G#rg-open set.
2) GEG#rg-cl(A) for any nonempty subset A of G.
3) G#rg-cl(G)=G#rg-cl(A) for any nonempty subset A of G.

Proof: (1)= (2) Let G be a minimal G#rg-open set, x €G and A be a nonempty subset of G. By Theorem 7, for
any G#rg-open set H containing X, A =G =H which implies A EH. Now A = ANG £ A n H. Since A is
nonempty, therefore A M H# &. Since H is any G#rg-open set containing x, by Theorem 4.28[6], xeG#rg-cl(A).
That is xg G implies xeG#rg-cl(A) which implies GEG#rg-cl(A) for any nonempty subset A of G.
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(2) = (3) Let Abe a nonempty subset of G. That is ASG which implies G#rg-cl(A) EG#rg-cl(G)---(i). Again
from (2) GEG#rg-cl(A) for anynon-empty subset A of G which implies G#rg-cl(G) EG#rg-cl(G#rg-cl(A))=
Gi#rg-cl(A). That is G#rg-cl(G)EG#rg-cl(A)--- (ii). From (i) and (ii), we have G#rg-cl(G)=G#rg-cl(A) for any
nonempty subset A of G.

(3) = (1) From (3) we have G#rg-cl(G) = G#rg-cl(A) for any nonempty subsetA of G. Suppose G is not a
minimal G#rg-open set. Then there exists anonempty G#rg-open set | such that ISG and I=G. Now there exists
anelement & £G such that & & | which implies @ X —I. That is G#rg-cl({a})=G#rg-cl(X —1)=X —I,as X =1 is
a Gt#trg-closed set in X. It follows that G#rg-cl({a})#G#rg-cl(G). This is a contradiction to fact that G#rg-
cl({a})=G#rg-cl(G) for anynonempty subset {a} of G. Therefore G is a minimal G#rg-open set.

10. Theorem: Let G be a nonempty finite G#rg-open set. Then there exists at least one (finite) minimal G#rg-
open set H such that H=G.

Proof: Let G be a nonempty finite G#rg-open set. If G is a minimal G#rg-open set, we may set H=G. If G is
not a minimal G#rg-open set, then there exists a (finite) G#rg-open set G; such that & =G,EG. If G; is a
minimal G#rg-open set, we may set H = G; If G; is not a minimal G#rg-open set, then there exists a (finite)

Gttrg-open set G, such that @ =G,=G;. Continuing this process, we have a sequence of G#rg-open sets
G=2G;=G,=2Gs... 2G=... . Since G is a finite set, this process repeats only finitely. Then finally we get a

minimal G#rg-open set H =G, for some positive integer n.
[A topological space X is said to be locally finite space if each of itselements is contained in a finite open set.]

11. Corollary: Let X be a locally finite space and G be a nonempty G#rg-open set. Then there exists at least one

(finite) minimal G#rg-open set Hsuch that HEG.

Proof: Let X be a locally finite space and G be a nonempty G#rg-open set. Let XEG. Since X is a locally finite
space, we have a finite open set G, such that x £G,. Then GG, is a finite G#rg-open set. By Theorem 10 there
exists at least one (finite) minimal G#rg-open set H such that HEGNG,. That is HEGNG,=G. Hence there

exists at least one (finite) minimal G#rg-open set H such that HEG.

12. Corollary: Let G be a finite minimal open set. Then there exists at least one (finite) minimal G#rg-open set
H such that H=G.

Proof: Let G be a finite minimal open set. Then G is a nonempty finite G#rg-open set. By Theorem 10, there

exists at least one (finite) minimal G#rg-open set H such that HEG.

13. Theorem: Let G and ©; be minimal G#rg-open sets for any element 4 of 4. If GE U, ., G;, then there exists

an element 4 of 4 such that G = &;.

Proof: Let GE U -46G;. Then Gn(Uzz4Gi)= G. That is UGN G= G. Also by Theorem 5 (ii),

Uic4G N Gy=8or G =; for any 4 £ 4. It follows that there exists an element A £ A such that G =G; .
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14. Theorem: Let G and &; be minimal G#rg-open sets for any element 4 of A. If G ={; for any elementd € 4,

then(U;2,61) NG = 8.

Proof: Suppose that (U;z,G;) NG= @, That is U;.4(G; NG) = @. Then there exits an element A € A such
thatG; M G # ©. By Theorem 5. (ii), wehave G=0;, which contradicts the fact that G # &; for any 1 € /.
Hence(U ;24 6G;) NG = @.

15. Theorem: Let &3 be a minimal G#rg-open set for any element 4 of 4 and &; N &, for any elements 4 and u

of A with & # u Assume that |1 | =2 Let x be any element of 4. Then (U sy G2) N G, = ©.
Proof: Put G- G; in Theorem 14, then we have the result.

16. Corollary: Let G; be a minimal G#rg-open set for any element 4 of A and G; = G, forany elements 4 and

w of A with 4 = . If T is a proper nonempty subset of A, then (Uyz4_7Gy) N (Vyer G,)=0.

17. Theorem: Let &; and G, be minimal G#rg-open sets for any element 4 € JAand ¥ € T. If there exists an

element y of T such that &; = &, for any element 4 of 4, then (U, or G, )& (U324 61).

Proof: Suppose that an element ¥* of T satisfies G; = Gyy for any element yof A. If (LJ.F.EJ_r G, )= (V124 G1), then
we see Gy © U:24G;. By Theorem 13, there exists an element 4 of A such that Gy1= Gz, which is a

contradiction. It follows that (Uyer G, ) @ (Uy2461).

18. Theorem: Let G; be a minimal G#rg-open set for any element 4 of A and G; # G, for any elements 4 and u

of A with & = u. If T is a proper nonempty subset of 4, then (U, or G,) = (Uz2463).

Proof: Let k be any element of A-T. Then G U, 76, = U, r(G NG} = @ and GN(UpenGi) =
Uzea(Gx NGy) = Gelf (Uyer G,) = (Us24G1), then we have B=G,. This contradicts our assumption that Gy is a

minimal G#rg-open set. Therefore we havetheresult.

19. Definition: Let F be any proper G#rg-closed subset of X is called maximal G#rg-closed set if and only if

any G#rg-closed set which contains F is either X or F.

20. Remark: Maximal closed sets and maximal G#rg-closed sets are independent each other as illustrated as

following example.

21. Example:Let X = {a, b, ¢, d} with the topology T = {X, @, {a}, {b, c}, {a, b, c}}, then closed sets in X are
X, @, {d}, {a, d}, {b, ¢, d}. Maximal closed sets are {a, d}, {b, ¢, d}. G#rg-closed sets are X, @, {d}, {c, d}, {a,
d}, {b, d}, {a, c, d}, {b, c, d}, {a, b, d}, then maximal G#rg-closed sets are {b, c, d}, {a, c, d}, {a, b, d}. But {a,
d} is maximal closed set but not maximal G#rg-closed set and also {a, c, d} is maximal G#rg-closed sets but not

maximal closed sets in X.
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22. Theorem: Let F be any proper subset of X is said to be maximal closed set iff X—F is minimal G#rg-open

set in X.

Proof: Let F be a maximal G#rg-closed set. Suppose X—F is not a minimal G#rg-open set. Then there exists
aG#rg-open set U =X—F such that @ U= X—F. That is F = X—U and X—U is a G#rg-closed set. This

contradicts our assumption that F is a minimal G#rg-open set.

Conversely let X—F be a minimal G#rg-open set. Suppose F is not a maximal G#rg-closed set. Then there exists
a G#rg-closed set E #F such that F = E & X. That is @ # X—E = X—F and X—E is a G#rg-open set. This

contradicts our assumption that X—F is a minimalG#rg-open set. Therefore F is a maximal G#rg-closed set.
23. Theorem: (i) Let F be a maximal G#rg-closed set and E be a G#rg-closed set. Then F UE = X or ES F.
(ii) Let F and E be maximal G#rg-closed sets. ThenF U E=Xor F=E.

Proof: (i) Let F be a maximal G#rg-closed set and E be a G#rg-closed set. If F U E = X, then there is nothing to
prove. But if F Ll EZX then we have to prove that ES F. Suppose F U EZX. ThenF = FUEand F U E is
Gttrg-closed, as the finite union of G#rg-closed sets is a G#rg-closed set, we have FUE =X or F U E = F.
Therefore F U E = F which implies ES F.

(ii) Let F and E be maximal G#rg-closed sets. Suppose F I E= X, then we see that F = E and E= F by (i).
Therefore F = E.

24. Theorem: Let F be a maximal G#rg-closed set. If x is an element of F, then for any G#rg-closed set E

containing x, FUE=XorECF.

Proof: Let F be a maximal G#rg-closed set and x is an element of F. Suppose there exists a G#rg-closed set E
containing x such that F U E= X. Then F = F UE and F U E is a G#rg-closed set, as the finite union of G#rg-

closed sets is a G#rg-closed set. Since F is a G#rg-closed set, we have F U E = F. Therefore EC F.

25. Theorem: LetF; Fz,F, be maximal G#rg-closed sets such thatF, # Fz. If F; N F; = F,, then either £y = F,

OrFS: .F;,

Proof: Given that F; N F; © F,. If F;= F, then there is nothing to prove. But if ; # F, then we have to prove
F; =F,.Now Fz NF, = Fz n (&, NX) = Fz N(E, N (F;UF) (by Theorem 25) (ii) = 5 N ((F, N Fy) U (K N F))=
(FenE NE)U(Fg NE NF)=(F NnF)U (K nk)(byF NF cF)=(FUE)NF=XnNF (Since F; and
F, are maximal G#rg-closed sets by Theorem 25 (ii), iz U £.=X) = Fz. That is £z N F,= Fz which implies

Fz; = E,. Since F; and F, are maximal G#rg-closed sets, we have Fz = F,. Therefore F; = F,.

26. Theorem: LetF; Fz and F, be maximal G#rg-closed sets which are different from each other. Then

(Fz NE;) €(F; NFy).
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Proof: Let (Fy N Fg) = (Fy N F,) which implies (F; N Fg) U (F, NFg) = (Fy N F,) U (F, N Fg) which implies
(FzUF,) nFg = F, n (F;UFg). Since by Theorem 25 (ii), F; U F, =X'and F; U  Fg= X which implies X
M Fg = F, n X which implies Fz = F,.. From the definition of maximal G#rg-closed set it follows that F = F,..
This is a contradiction to the fact that Fy, Fg, and F, are different from each other. Therefore

(Fy N Fg)@ (Fy NF,).

27. Theorem: Let F be a maximal G#rg-closed set and x be an element of F. Then F= U{E: E is a G#rg-closed

set containing x such that F U EZX}.

Proof: By Theorem 26 and from fact that F is a G#rg-closed set containing x, we have F = U{E: E is a G#rg-

closed set containing x such that F UE= X} F. Therefore we have the result.

28. Theorem: Let F be a proper nonempty cofiniteG#rg-closed subset. Then there exists (cofinite) maximal

G#rg-closed set E such that F = E.

Proof: If F is a maximal G#rg-closed set, we may set E=F. If F is not a maximal G#rg-closed set, then there
exists (cofinite) G#rg-closed set F; such that F= F; #X. If F; is a maximal G#rg-closed set, we may set E=F;. If
F1 is not a maximal G#rg-closed set, then there exists a (cofinite) G#rg-closed set F,such that F& F,= F,=X.
Continuing this process, we have a sequence of G#rg-closed sets, F = F,.© F,C F;= F=... © F=... .Since Fisa
cofiniteset, this process repeats only finitely. Then, finally we get a maximal G#rg-closed set E = E, for some

positive integer n.

29. Theorem: Let F be a maximal G#rg-closed set. If x is an element of X—F, then X—F = E for any G#rg-

closed set E containing x.

Proof: Let F be a maximal G#rg-closed set and x EX—F. E = F for any G#rg-closed set E containing X. Then E

UF = X by Theorem 25 (ii). Therefore X—F cE.

We now introduce minimal G#rg-closed sets and maximal G#rg-open sets in topological spaces as follows,

30. Definition: A proper nonempty G#rg-closed subset F of X is said to be a minimal G#rg-closed set if and

only if any G#rg-closed set which is contained in F is @or F.

31. Remark: Every minimal G#rg-closedset need not a minimal closed set as seen from the following example.

32. Example: Let X = {a, b, ¢, d, e} with the topology © = {X, @, {a}, {d, e}, {a, d, e}}, then closed sets in X
are X, @, {b, c}, {a, b, c}, {b, c, d, e}. Minimal closed sets are {b, c}. G#rg-closed sets in X are X, @, {b, c}, {a,
b, c}, {a b, d}, {a b, e}, {a c d}, {a c, e}, {b,c,d} {b,c, e} {a b, c d}, {a b,c e} {a b, d e} {ac,d e}
{b, c, d, e}. Minimal G#rg-closed sets are {b, c}, {a, b, d}, {a, b, e}, {a, ¢, d}, {a, c, e}. Here {a, b, d}, {a, b, e},

{a, ¢, d}, {a, c, e} are minimal G#rg-closed set but not minimal closed set.
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33. Definition: A proper nonempty G#rg-open subset U of a topological space X is said to be a maximal G#rg-

open set if and only if any G#rg-open set which contains U is either X or U.

34. Remark: Every maximal G#rg-open set need not maximal open set as seen from the following example.

35. Example: Let X = {a, b, c, d, e} with the topology T = {X, @, {a}, {d, e}, {a, d, e}}, then maximal open sets
are {a, d, e} and G#rg-open sets in X are X, @, {a}, {b}, {c}, {d}, {e}, {a, d}, {a, e}, {b, d}, {b, e}, {c, d}, {c,
e}, {d, e}, {a, d, e}, then maximal G#rg-open sets are {b, d}, {b, e}, {c, d}, {c, e}, {a, d, e}. But{b, d}, {b, e},
{c, d}, {c, e} are maximal G#rg-open sets but not maximal open sets.

36. Theorem: A proper non-empty subset A of X is a maximal G#rg-open set if and only if X—A is a minimal

Gttrg-closed set.

Proof: Let A be a maximal G#rg-open set. Suppose X—A is not a minimal G#rg-closed set. Then there exists a
Gifrg-closed set F# X—A such that @ #F= X—A. That is A= X—F and X—F is a G#rg-open set. This

contradicts our assumption that A is a minimal G#rg-closed set.

Conversely let X—A be a minimal G#rg-closed set. Suppose A is not a maximal G#rg-open set. Then there
exists aG#rg-open set E #A such that AcE #X. That is @ #X—E = X—Aand X—E is a G#rg-closed set. This

contradicts our assumption that X—A is a minimal G#rg-closed set. Therefore A is a maximal G#rg-closed set.

3. Minimal G#rg-Continuous Maps and Maximal G#rg-Continuous Maps:
1. Definition: Let X and Y are topological spaces. A map f:X — Y is called:

(i) minimal G#rg-continuous (briefly min-G#rg-continuous) if f %(G) is a G#rg-open set in X for every minimal

Gt#irg-opensetGinY .

(i) maximal G#rg-continuous (briefly max-G#rg-continuous) if f'(G) is a G#rg-open set in X for every

maximal G#rg-opensetGinY .
2. Theorem: Every G#rg-continuous map is minimal G#rg-continuous but not conversely.

Proof: Let f: X —Y is a G#rg-continuous map. To prove that f is minimal G#rg-continuous. Let G be any
minimal G#rg-open set in Y. Since every minimal G#rg-open set is a G#rg-open set, G is a G#rg-open set in Y.

Since f is G#rg-continuous, f*(G) is a G#rg-open set in X. Hence f is a minimal G#rg-continuous map.

3. Example: Consider X =Y ={a, b, ¢, d} with topologies t = {X, @, {a},{b}, {a, b}, {b,c}, {a,b,c}} andc =
{Y, 0, {a}, {b, c} {a, b, c}}. Let the function f defined as f(a) = c, f(b) = d, f(c) = a and f(d) =b. Then this
function is minimal G#rg-continuous but it is not a G#rg-continuous, since for the open set {b, ¢} in Y, f'({b,

c}) ={d, a} which is not a G#rg-open set in X.

4. Theorem: Every G#rg-continuous map is maximal G#rg-continuous but not conversely.
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Proof:Let f: X —Y is a G#rg-continuous map. To prove that f is maximal G#rg-continuous. Let G be any
maximal G#rg-open set in Y. Since every maximal G#rg-open set is a G#rg-open set (by definition ofmaximal
Gttrg-open set), G is a G#rg-open set in Y. Since f is G#rg-continuous, f (G) is a G#rg-open set in X. Hence f is

a maximal G#rg-continuous map.

4(i) Example: Consider X =Y = {a, b, ¢, d} with topologies t ={X, @, {a}, {b}, {a, b}, {a, b, ¢}} and 6 = {Y,
@, {a}, {b, c}, {a, b, c}}. Let f: X — Y be a function defined as f(a) = a, f(b) = ¢, f(c) =d and f(d) = a. Then fis a
maximal G#rg-continuous map but it is not a G#rg-continuous, since for the open set {b, ¢} in Y, f '({b, c}) =

{d, b} which is not a G#rg-open set in X.
4(ii)Remark: Minimal G#rg-continuous and maximal G#rg-continuous maps are independent of each other.

5. Example: In Example 3, f is a minimal G#rg-continuous but it is not a maximal G#rg-continuous, since {a, c,

d} is maximal G#rg-open set in Y but not G#rg-open set in X.

In Example 4(i), f is a maximal G#rg-continuous but it is not a minimal G#rg-continuous, since {d} is minimal

open set in Y but not G#rg-open set in X.

6. Remark: MinimalG#rg-continuous and w-continuous(resp. g-continuous) maps are independent of each

other.

6(i)Example: (i) Let X =Y = {a, b, ¢} be with T = {X, @, {a}} and 6 = {Y, @, {a}, {a, b}}. Define a map f: X
— Y by f(a) = ¢, f(b) = b and f(c) = a. Then f is minimal G#rg-continuous but not w-continuous (resp. g-

continuous). Since {a, b} is open set in Y but its inverse is not a w-open (resp. g-open) set in X.

(i) Let X =Y = {a, b, ¢} be witht= {X, @, {a,b}} and 6 = {Y, @, {a}, {a, b}}. Definea map f: X — Y by f(a)
=4, f(b) = b and f(c) = a. Then f is w-continuous (resp. g-continuous) but not minimal G#rg-continuous. Since

{a} is minimal G#rg-open set in Y but its inverse is not belongs to G#rg-open set in X.

7. Theorem: Let X and Y be the topological spaces. A map f: X — Y is minimal G#rg-continuous if and only if

the inverse image of each maximal G#rg-closed set in Y is a G#rg-closed set in X.

Proof: The proof follows from the definition and fact that the complement of minimal G#rg-open set is maximal

Gttrg-closed set.

8. Theorem: Let X and Y be the topological spaces and A is a nonempty subset of X. If f: X — Y is minimal

G#trg-continuous then the restriction map fa: A — Y is a minimal G#rg-continuous.

Proof: Let f: X — Y is minimal G#rg-continuous map. To prove that fa: A — Y is a minimal G#rg-continuous.
Let N be any minimal G#rg-open set in Y. Since f is minimal G#rg-continuous, f*(N) is a G#rg-open set in X.
But fa '(N) = ANf'(N) and ANf'(N) is a G#rg-open set in A. Therefore f, is a minimal G#rg-continuous.

9. Theorem: If f: X — Y is G#rg-irresolute map and g: Y — Z is minimal G#rg-continuous map, then gef: X —

Z is a minimal G#rg-continuous.
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Proof: Let N be any minimal G#rg-open set in Z. Since g is minimal G#rg-continuous, g *(N) is a G#rg-open
setin Y . Again since f is G#rg-irresolute, f (g '(N)) = (gef) '(N) is G#rg-open set in X. Hence gef is a minimal

Gttrg-continuous.

10. Theorem: Let X and Y are topological spaces. A map f: X — Y is maximal G#rg-continuous if and only if

the inverse image of each minimal G#rg-closed set in Y is a G#rg-closed set in X.

Proof: The proof follows from the definition and fact that the complement of maximal G#rg-open set is minimal

Gttrg-closed set.

11. Theorem: Let X and Y be the topological spaces and let A be a nonempty subset of X. If f: X — Y is

maximal G#rg-continuous then the restriction map fa: A — Y is a maximal G#rg-continuous.

Proof:Let f: X — Y is maximal G#rg-continuous map. To prove that fo: A — Y is a maximal G#rg-continuous.
Let N be any maximal G#rg-open set in Y. Since f is maximal G#rg-continuous, f *(N) is a G#rg-open set in X.
But fo'(N) = ANf'(N) and ANf'(N) is a G#rg-open set in A. Therefore f5 is a maximal G#rg-continuous.

12. Definition:Let X and Y are topological spaces. A map f: X — Y is called:

(i) minimal G#rg-irresolute (briefly min-G#rg-irresolute) if f ~/(G) is minimal G#rg-open set in X for every
minimal G#rg-opensetGinY .

(i) maximal G#rg-irresolute (briefly max-G#rg-irresolute) if f (G) is maximal G#rg-open set in X for every

maximal G#rg-opensetGin'Y.

13. Theorem: If f: X — Y is G#rg-irresolute map and g: Y — Z is maximal G#rg-continuous map, then gof : X

— Z is a maximal G#rg-continuous.

Proof:Let N be any maximal G#rg-open set in Z. Since g is maximal G#rg-continuous, g *(N) is a G#rg-open
setin Y . Again since f is G#rg-irresolute, f'(g™'(N)) = (gef) '(N) is G#rg-open set in X. Hence g-f is a maximal

G#trg-continuous.
14. Theorem: Every minimal G#rg-irresolute map is minimal G#rg-continuous map but conversely.

Proof: Let f: X — Y be a minimal G#rg-irresolute map. Let N be any minimal G#rg-open set in Y. Since f is
minimal G#rg-irresolute, f “*(N) is a minimal G#rg-open set in X. That is f }(N) is a G#rg-open set in X. Hence

f is a minimal G#rg-continuous.

15. Example: Consider X =Y = {a, b, ¢} with topologies T ={X, @, {a}} and 6 = {Y, 0, {a}, {a, b}. Let f: X —
Y be a function defined as f(a) = c, f(b) = ¢, and f(c) = a. Then f is a minimal G#rg-continuous map but it is not
a minimal G#rg-irresolute function, since for the minimal G#rg-open set {c} in Y, f '({c}) = {a, b} which is not

a minimal G#rg-open set in X.

16. Theorem: Every maximal G#rg-irresolute map is maximal G#rg-continuous map but not conversely.
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Proof: Similar to that of Theorem 15. Let f: X — Y be a maximal G#rg-irresolute map. Let N be any maximal
G#rg-open set in Y. Since f is maximal G#rg-irresolute, f *(N) is a maximal G#rg-open set in X. That is f }(N)

is a G#rg-open set in X. Hence f is a maximal G#rg-continuous.

17. Example: Consider X =Y = {a, b, ¢, d} with topologies T ={X, &, {a}, {b}, {a, b}, {a,b,c}} and 6 = {Y, @,
{a}, {b, c}, {a, b, c}}. Let f: X — Y be a function defined as f(a) = b, f(b) = d, f(c) =a and f(d) = d. Then fis a
maximal G#rg-continuous map but it is not a maximal G#rg-irresolute function, since for the maximal G#rg-
openset {a, b, c}inY, f'({a, b, c}) = {a, ¢} which is not a maximal G#rg-open set in X.

18. Remark: Maximal G#rg-irresolute and minimal G#rg-irresolute maps are independent of each other.

19. Example:(i) Consider X =Y = {a, b, ¢} with topologies T = {X, @, {a}, {b, c}} and 6 = {Y, 0@, {a}}. Let f:
X — Y be a function defined as f(a) = b, f(b) = ¢ and f(c) = a. Then f is maximal G#rg-irresolute but it is not
minimal G#rg-irresolute, since the minimal G#rg-open set {c} in Y, f'({c}) = {b} which is not a minimal G#rg-

open set in X.

(ii) Consider X =Y = {a, b, c} with topologies 1 ={X, 0, {a}} and 6 = {Y, @, {a}, {b,c}}. Let f: X —> Y be an
identity function. Then f is a minimal G#rg-irresolute map but it is not a maximal G#rg-irresolute, since for the

maximal G#rg-open set {b, c} in Y, f'({b, c}) = {b, c} which is not G#rg-open set in X.

20. Theorem: Let X and Y be the topological spaces. A map f: X —Y is minimal G#rg-irresolute if and only if

the inverse image of each maximal G#rg-closed set in Y is a maximal G#rg-closed set in X.

Proof: The proof follows from the definition and fact that the complement of minimal G#rg-open set is maximal

G#rg-closed set.

21. Theorem: If f: X — Y and g: Y — Z are minimal G#rg-irresolutemaps, then gof: X — Z is a minimal G#rg-

irresolute map.

Proof: Let N be any minimal G#rg-open set in Z. Since g is minimal G#rg-irresolute, g *(N) is a minimal G#rg-
open set in Y . Again since f is minimalG#rg-irresolute, f (g (N)) = (gof) *(N) is a minimal G#rg-open set in

X. Therefore gof is a minimal G#rg-irresolute.

22. Theorem: Let X and Y be topological spaces. A map f: X — Y is maximal G#rg-irresolute if and only if the

inverse image of each minimal G#rg-closed set in Y is a minimal G#rg-closed set in X.

Proof: The proof follows from the definition and fact that the complement of maximal G#rg-open set is minimal

Gttrg-closed set.

23. Theorem: If f: X — Y and g: Y — Z are maximal G#rg-irresolute maps, then gof: X — Z is a maximal

G#rg-irresolute map.

Proof:Let N be any maximal G#rg-open set in Z. Since g is maximal G#rg-irresolute, g *(N) is a maximal G#rg-
open set in Y . Again since f is maximal G#rg-irresolute, f (g *(N)) = (gef) }(N) is a maximal G#rg-open set in

X. Therefore gef is a maximal G#rg-irresolute.
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24. Definition:Let X and Y are topological spaces. A map f: X — Y is called:

(i) minimal-maximal G#rg-continuous (briefly min-max G#rg-continuous) if f'(G) is maximal G#rg-open set in

X for every minimal G#rg-open setGinY.

(ii) maximal-minimal G#rg-continuous (briefly max-min G#rg-continuous) if f'(G) is minimal G#rg-open set in

X for every maximal G#rg-opensetGinY.

25. Theorem: Every minimal-maximal G#rg-continuous map is minimal G#rg-continuous map but not

conversely.

Proof: Let f: X — Y be a minimal-maximal G#rg-continuous map. Let N be any minimal G#rg-open setin Y.
Since f is minimal-maximal G#rg-continuous, f'(N) is a maximal G#rg-open set in X. Since every maximal

Girg-open set is a G#rg-open set, f *(N) is a G#rg-open set in X. Hence f is a minimal G#rg- continuous.

26. Example: Consider X =Y = {a, b, ¢} with topologies T = {@, X, {a}, {b, c}} and p = {9, Y, {a}, {b}, {a
b}}. Let f: X — Y be a map defined as f(a) = b, f(b) = ¢ and f(c) = a. Then f is minimal G#rg-continuous but it is
not a minimal-maximal G#rg-continuous, since for the minimal G#rg-open sets {a}, {c} in Y, f *({a})= {c},

f({c}) = {b}, which are not a maximal G#rg-open set in X.

27. Theorem: Every maximal-minimal G#rg-continuous map is maximal G#rg-continuous map but not

conversely.

Proof:Let f: X — Y be a maximal-minimal G#rg-continuous map. Let N be any maximal G#rg-open set in Y.
Since f is maximal-minimal G#rg-continuous, f'(N) is a minimal G#rg-open set in X. Since every minimal

Girg-open set is a G#rg-open set, f *(N) is a G#rg-open set in X. Hence f is a maximal G#rg- continuous.

28. Example:Consider X =Y = {a, b, ¢} with topologies © = {@, X, {a}, {b}, {a, b}} and p = {9, Y, {a}, {a,
c}}. Let f: X — Y be a map defined as f(a) = a, f(b) = ¢ and f(c) = b. Then f is maximal G#rg-continuous but it
is not a maximal-minimalG#rg-continuous, since for the maximal G#rg-open set {a, c} in Y, f }({a, c}) = {a, b},

which is not a minimal G#rg-open set in X.

References:

[1] Nakaoka F. and Oda N., Some applications of minimal open sets, Int. J. Math. Math. Sci., 27, 8 (2001),
471-476.

[2] Nakaoka F. and Oda N., Some properties of maximal open sets, Int. J. Math. Sci., 21 (2003), 1331-1340.

[3] Benchalli S. S., Basavaraj M. Ittanagi and R. S. Wali, On minimal open sets and maps in topological
spaces, J. Comp. and Math. Sci., 2 2 (2011), 208-220.

[4] Nakaoka F. and Oda N., On minimal closed sets, Proceedings of Topological Spaces Theory and its
Applications, 5 (2003), 19-21.

[5] Jenifer J. Karnel and Holabasayya |. Sankannavar, Some studies on generalized #rg-closed sets,
J.Env.Sci.Comp.Sci.Eng.Tech, 10(2)2021, 352-361.

[6] Jenifer J. Karnel and Holabasayya |. Sankannavar, Some studies on generalized #rg-open sets and
generalized #rg-operators, Mathematical Sciences International Research Journal, 10(2)2021, 9-18.

Eur. Chem. Bull. 2023,12(3), 621-632 632



