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Abstract

In the modern era, plant pest is a significant problem. Many options are available,
including chemical remedies and ones based on natural enemies. In this work, we discuss
the dynamics of infected pests on plants. We have suggested that Belington-DeAngeli
functional responses in pests cause infection spread. Because natural enemies are
disappearing at an alarming rate and chemicals are hazardous to both plant life and
humans, that's the reason for choosing the model with diseased pests. In this study, the
existence, uniqueness, boundedness, and non-negativity for the solution of the model have
been carried out. Analysis of the equilibrium point's local and global stability and
numerical simulation have been done at the end of this work.
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1. Introduction

Recently an important region, "Pest with some disease," captivated investigators because the disease leads to the
depletion of the pest population. Researchers were initially concerned about the plant pest issue because of its
extreme importance in biological sciences. The most widely used method to address this critical issue is chemical
intervention, but due to the harmful effects that chemicals have on both plant and human species, careful research
is being done to find better alternatives to chemicals Recently an important region "Pest with some disease"
captivated investigators because it leads to the depletion of the pest population. in this context, Fred Gould wrote
a paper [1]in the year 2008, on genetic paste management in which he introduces how genetical changes control
the paste population which is not harmful to the human species, 2017 Tim Harvey et al. wrote a paper [2], on
genetic pest management by DNA sequencing and stated that this technique is very efficient for the pest
management and in 2023 AlperenKutalm et al. investigated in his paper [3], that the entomopathogenic fungi are
a biological control disease for the paste Tropinota, Hirta, and the apple scab. In 2014 a mathematical model on
genetic paste management is reported by Alphey et al. [4], a notable work has been reported by Kumar et al. in
2017 [5] and in 2020 Vella et al. wrote a paper [6] on genetic paste management by female-specific approach. As
of now, ODE is the foremost technique used to prepare various plant pest models using numerous kinds of
parameters like delay or without delay harvesting, etc., [7-9]. The fractional differentiation approach is a cutting-
edge field of research because it produces unique results in the system known as the memory effect, which is a
very advantageous standard for resolving plant pest issues.

Weihua Deng explained the memory effect that fractional differential equations exhibit in his research study
[10]. In 2017 Comlekoglu T et al. write the memory effect of fractional differential equation in cardiomyocyte
[11] Consequently, tremendous work has been reported in this sector because of the exceptional attainment of
these tactics [12-18]. To address the inadequacies in models created for plant-pest relationships, several scientists
have experimented repeatedly corrected models by examining divisor parts of a real-world problem. The
proposed model is significantly more capable and efficient than earlier models. In this study effort, we discussed
a fractional-order differential model for plant immature-mature pests and natural enemies.
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1.1. Modelling Methodology

In this work, we investigated the dynamics of the food chain of plant pests with infection in prey. We presented
the following mathematical strategy in this instance:

1 Plant (p(t)), Healthy Pest (h, (1)), and Infected pest(i, (¢)) are the three categories of species.

2  The plants develop logistically with an inherent advancement rate of r and a carrying capacity of k.
When there is no healthy pest population, the plants' per capita advance rate is r * p (1 - E)

3 ais the rate at which healthy pest harvest plants with functional type-I response.

4 The Bellington-DeAngelli functional response states that the healthy pest becomes infected at the rate
of B, where 6 is the conversion rate that ranges from 0 to 1 by which healthy pests are increasing while
cropping plants. d is the healthy pest death rate.

5 the natural death rate of infected pest is d;.

Plant Healthy and infected pest model-

°D¥p =rp (1 - E) — aph,

k
Bh,i

‘D®h, = Baph, — ——FL— —dh

p = P i, + ¢ +bhy P
h,i

°Ddj Bholy — dyi,

P =ip +C1+b1hp
With initial conditions:

p(0) > 0,h,(0) >0, and i,(0) > 0., The following summarises our research: We discussed a few basic
definitions of fractional derivatives in the introduction. The results for the existence and uniqueness, non-
negativity, and boundedness of the system (1.1) are generated in the major findings section. For the system (1.1),
the equillibrium points and their stability analysis are also performed. Using the fractional differential equations
Matlab code fde12, numerical analysis is conducted at the end of this study.

2. Preliminaries

This part will go through some basic fractional calculus results and terminology that will be used throughout the
investigation.

Definition 2.1. The fractional integral of a function e with order § > 0 lower bound zero is defined as follows
[19]:

1

ISE(X) = @

[ e=miieman, x>0
0

where 1%(x): = €(x) and the Euler Gamma function is denoted by T'(-). For b > 0, this fractional integral
satisfies the conditions 1% o [P = [3+P,

Definition 2.2. The Riemann-Liouville fractional derivative of a function e with the lower limit zero of order
é > 0 is given by [20]
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D°e() = gy, (X e

wheren —1 < § <nandn € N, up to order (n — 1), the function e(t) has an absolutely continuous derivative.
Moreover, D% (x) = e(x) and D®I°e(x) = e(x) for t > 0.

Definition 2.3. The Caputo fractional derivative of a function € € C"(]0, o0)) with the lower limit zero of order
& > 0 is given by [20]

‘Die(x) =

1 X _ —-5—1 qn _
—— Jy x=m)n o e(n)dn, wheren—1 < § <nandn € N.

Lemma 2.1. [21] Consider the system:
D*f(t) = g(f,)

with the initial condition: f(t,) = f,, where § € (0,1],g:T X [ty,0) —» R",T < R", if g(f, t) satisfies the local
Lipschitz condition with respect to f, then there exists a unique solution of (2.1) on I' X [t;, ).

3.Main Result

3.1 Theorem of Existence and Unigueness

Theorem 3.1. The sufficient condition for the existence and uniqueness of the solution of the system (1.1) in the

region T x [to, T) Here T ={(p, h,,i,) € R3:max{|pl, |h,||i,|} <L}, T < oo,9 = (p h,i,), ¥ = (ph,1,)
8

with the initial condition Y(tg) = (py,,h ) €T, is H < 1and H = ——max{H,, H, Hy}, where

Pto’ lptg

2rL
Hi=r+—+ (0 + 1)aL

k
2BL
H22(9+1)(XL+d+c—,
1
_ 2BL
H; = +d
3= ) 1-

Proof. The contraction mapping principle, which has been utilized in numerous studies, forms the foundation for
this theorem's proof [22,23], now one can rewrite the fractional order system (1.1) as

DAy(t) = F(P(),t € (0,T],

Y(0) = Y.
p
rp(1—=)— aph
ey U
pp
Where,p = [ Dy |, 4y = { Poo |, W) = | Oahy, — 00 —dh, |
p Ipg Bhypip /
ip+c1+bihy

The solution of the system of equation (1.1) is, Y(t) = Yo + %fot (t = x)’F(U(x))dr = R(})

Thus,R(W) = R(P) = — f; (t = x)° (FW(x)) — F((x))dx

r(s)J0

Then from the property of modulus of integration one gets

2339
Eur. Chem. Bull. 2023,12(5), 2337-2350



A Fractional Differential Approach to Plant-Pest Dynamic Model with Infected Pest

ISSN 2063-5346 Section A-Research paper

1

[R@W) —R@)| < KO)

fo (t—2)° | (F@p(x)) — FAP(x)) | dx

— s —
This gives the result,|R(yY) — R(Y)| < %ﬂmax{Hl, H,, H3} Y — |

It follows that the Lipschitz condition is satisfied by the function R(y). If H < 1, then the mapping ¥ = R(y) is
a contraction mapping, proving that there is only one solution to the system of equations (1.1).

3.2. The solution is positive and uniformly bounded

Theorem 3.2. The Solutions of the system (1.1)which starts in R are affirmative and uniform bounded.
Proof. SupposeW(t) = 8p(t) + h,(t) +i,(t)
then

‘DPW(t) = 6°D°p(t) + D°h,(t) + °D%i,(t)

Bhp ip dh. + Bhp ip

— PP —L2P __d,i,
i,+c¢ +bh, P i +c+bh, P

— i _E — —
= errL,_(l k) Baph, + Baph,
or
‘DIW(L) + mW(t) = —F(p —k)* 4+ 6(m —r)p + (m — d)h, + (m — d,)i, + brk,

one can use the results of the theorem-(2) of the paper [22]. Let us assume m < min{r, d, d,}, then
‘D3W(t) + mW(t) < brk
Now, using the fractional order comparison theorem as discussed in [22, 24], one reaches
0 < W(t) < W(0)Es(—mt?®) + (Ork(t?)Es 541 (—m(t)®)
here E; 5.4 is a mittag leffler function so on taking t — oo one gets, 0 < W(t) < (6rk)

hence, the solutions of system of fractional differential equation (1.1) begins in R are uniformly bounded with
in the region W; defined as

W; = {(p,hy,i,) € R3: W(t) < (brk + §),5 > 0}
We shall now demonstrate that the fractional order system (1.1) solution is not negative (Positive).

Consider the first equation of system of equation (1.1).
P
‘Dép =rp (1 - E) — aph,
from equation (4.1) and (4.2) and considering § — 0 one gets
W(t) =6p(t) + h, () +1i,(t) < (brk) =1,

from (4.3) and (4.4) one gets
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‘Dép > 1—1—1 —al
p = pr )~ P

‘D®x = ap,
— hh
Where, a; = (r (1 — I) — all)
from comparison theorem of [22,24] one gets, p = pOEgll(alt‘"’), hence p = 0.

Now on taking equation-(2) of system (1.1) and from (4.1) one gets

h,i
—rF Py 1, —dh,
i, +¢; +bihy
1
°D°h, > —Ehp —dh,
C1
1
‘D°h, = (—%— d) h,, > —Lh
1

‘D°h, = Baph, —

P

where 1, = (Bci + d), Hence
1

h, = hy, Esq(—1,t%)
=h, =0

Now considering the equation-(3) of system of equation (1.1) one gets

cpdi :ﬂ
P iy, + ¢ +bihy

BOi
Doi, > ——2— ) — dyiy,
P (ip + e +bh,) U
2 _dlipJ

=1, = i,0Es1(—d;t?),
= ip > 0.

- dlip'

Hence the system of equation (1.1) has positive definite solutions.
4. Analysis of the Stationary Point's Stability

4.1 Stationary points

1  The stationary point E,(0,0,0) always present.

2 The axial stationary point E, (k, 0,0) is present. 3. The infection free stationary Point E,(p’,h, ',0) is
exist only when (R, > 1).Where,

2341
Eur. Chem. Bull. 2023,12(5), 2337-2350



A Fractional Differential Approach to Plant-Pest Dynamic Model with Infected Pest

ISSN 2063-5346

4 The coexisting stationary point E3(p*,hp " ip
and i, "> 0.Where,

*) exist only when B +d > d;(b; +¢;),h,
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>0,

[(B+d d1b1)+k] J

réa

(—B+d1by—d) ]2

4dic1k
+ —_
ro

—di¢

h *

P T Bap—B+db, —d’

. (B—dibph,
i = 4,

t—dig

4.2. Basic Reproduction Number

For finding equilibrium points and their stability we will introduce basic reproduction number

with the help of pest free Stationary point of system of equation (1.1).

Theorem 4.1. The basic reproduction number R, for the system of equation (1.1) is given by R, =

Proof. Rewriting the given system of equation (1.1)

Bak

Bh,i
‘D®h, = Baph, - ———L — _dh
p = P i, + ¢ +bih, P
h, i
pdj = Bhy 1, - dyi,

P i, 4+ ¢ +bih,
p
p—rp(l——)—aphp.

system (5.1) can be written as,

‘D¥P(t) = D(X) — F(X), Where,

ﬂ + dh
Dl eaphp Fl ip + Cl +.b1hp P w
D(X) = <D2) = % Lrx= gz P
D, g 3 i, +¢; +bih, P

—Ip (1 - E) + aph,

o0y by a0 oF om ofy

oh, i, ap oh, i, ap\

aD aD aD dF JF JF
Now the Matrices M(X) and N(X) can be defined asM(X) = | 5= 5= = [ [NX) =| 5> 5o a—pz

p P
‘7& 9bs aﬁ aﬂ oFs  OF3
ah, ai, op oh, i, dp
Bap 0 6ah

M(X)=<o 0 0

)

0 O 0

Bi, (i, + 1) ~ Bh, (bsh, +¢;) 0 \
(i, + ¢, + ¢;hy)’ (i, + ¢; +byh,)’
N(X) = Bi, (i, + ¢1) Bh, (b;h, +c1) 0 |
- 1
(i, + ¢, + bshy)’ (1 +¢; +bih, )
2rp
ap 0 —rp+T+ ahy,

Eur. Chem. Bull. 2023,12(5), 2337-2350

2342



A Fractional Differential Approach to Plant-Pest Dynamic Model with Infected Pest

ISSN 2063-5346 Section A-Research paper

To determine the characteristic values of the stationary point for pest extinction E;(k,0,0), the equation
IMN~! — wI| = 0 has to be solved, w is the characteristic value I is the identity matrix, MN~! is the next
generation matrix for model (5.1), w;, w,, and w; can be computed as w; = 0,w, = 0, and w; = “Z—k The
matrix's MN~! spectral radius is p(M.N~1) = max(w;),i = 1,2,3. Using theorem-3 in [22] model's (1.1)

. . . . . 0k
fundamental replication number or basic reproduction number is R, = “T.

4.3. Local Stability

One can see from the paper [25] that the local stability can be obtained by characteristics values of the following
Jacobian matrix for the given system of equation (1.1)

/r(l ~2) — ah, —ap 0 \

Bip (c1+ip) Bhy(brhp+cy)
. _ | eO(h Bap — p p _ _ p p I
J(p, hp'lp) = P P (ip-+c1+b1hp)° (ip+ci+bihy)’ |
0 Bip (c1+ip) Bhp(bihp+cy) _
(ip+C1+b1hp)2 (ip+C1+b1hp)2 1

Theorem 4.2. The stationary point E;(0,0,0,0) of system (1.1) is unstable.
Proof. The Jacobian matrix for equilibrium point E, is
r O 0
](0,0,0) = (0 -d 0 )
0 0 —d

The characteristic values of the system are w; =r,w, = —d, and w3 = —d; There fore |argifiw,)| =0 < 87“
where 0 < § < 1 hence E; is unstable.

Theorem 4.3. The axial stationary point E; (k, 0,0) is locally asymptotically stable, when R, < 1 holds.

-r —ak 0
Proof. The Jacobian matrix for E; is, J(k,0,0) = < 0 O6ak—d O >
0 0 —d;

. The characteristic values for the stationary point E; are w; = —r, w, = 6ak — d, and w; = —d;. The argument
of the characteristic values islargiw;)| = m >, largi,)| = m >, only when R, <1 hold and

|argfiw;)| = T > 57“ Hence the stationary point E; is locally asymptotically stable when R, < 1 holds.

Theorem 4.4. The infection free equilibrium pointsE, (p’, h,, 0) if exist then it is locally stable when the set of
™ pd;

conditions Ry < z—*———— holds.
— ~d1by—dicy

Proof. The Jacobian matrix for the equilibrium point E; is

d —d .
"k 0
- d
r@_i) 0 (-5
I(p'hp'0)=| Bk ¢, +by (l—ej—k)

K 0 0 -(1-5)
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()
C1+b1(l—lRL0)

The characteristic values for the given Jacobian matrix are w; = , and the other eigenvalues

of the matrix are given by the following quadratic equation

(.02 +A10.)+A2

Where,
f,d
1= ek
A, = (1 d)
2= T k)’

according to the Routh-Hurwitz criteria for the fractional differential equation as discussed in [25] if A; >0, and
A;A, > 0 then the characteristic values of (5.2) have negative real part. Hence the argument of obtained

. B _pid
eigenvalues |argifin,)| = m > 87“ when Ry < 5 ‘; . ! : , and |argfw,)| = > 87“ largfws;)| = T > 67“ The
o d1bi—dicy
. . . . . 2 _bid
stationary point E, will be locally asymptotically stable when the condition R, < YB"# holds.

o —dibi—dicq

Theorem 4.5. The Endemic equilibrium point E3(p*, hl’;,i;) is locally asymptotically stable when following
condition B, > 0,B, > 0,B,B; > B, holds.

Proof. The Jacobian matrix for the stationary point E; is

](p*, h, i, *)
2p’ . .
/r(l—T)—ahp —ap 0
N S 2 N BN CUNE )
- ’ (i, *+c; +bh, *)° (ip + ¢; +byhy)’
0 Bi, *(cl +i, * 7 Bh, "(blhp T+ cl) _d
(i, *+c +bsh, *)2 (i, *+o+ blhp)2 !

the characteristic values for the given Jacobian matrix are given by the following cubic equation.

(L)3 + Bo(,l)z + Bl(,l) + BZ
D(P) = 18B,B; B, + (ByB;)? — 4B,Bj — 4B} — 27B3,

according to the Routh-Hurwitz criteria for the fractional differential equation as discussed in [25] if D(P) > 0
and B, > 0,B, > 0,ByB; > B, then the characteristic values of (5.2) have negative real part. Hence the
argument of obtained eigenvalues |argi, )| > = |argii, )| > 2, and |argiin;)| > 2. The stationary point E;
will be locally asymptotically stable. as in the paper [25] it is given that the Routh-Hurwitz condition is the

sufficient condition for the stability of stationary point and the necessary condition for the stability of
characteristic values is B, > 0, and the Routh-Hurwitz condition isB, > 0, ByB; > B,,holds.

4.3. Global Stability

Theorem 4.6. The pest extinction stationary point E; (k, 0,0) is globally asymptotically stable if R, < 1.

Proof. Now consider the Lyapunov function as follows:
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U(p, h,, ip) =0 <p —k-— klni?E@)) +h, +1i,

by virtue of lemma (3.1) of [?] the w order derivative of U(p, h,,,1,) is

c

k
CDEU(p,hp,ip)SG(l—E> D’p+ °D°h, + “Ddi,
k p Bhyi Bh, i,
<0(1--= 1-=)—aph 8aph, - ————-———dh — L —— —di
= ( p){rp( k) o "}+{app i, + ¢ +bsh, ot i, +c; +bsh, tp
—Or
< <= (0~ K + (Bok — d)hy, — dy,

When R, = reT“ <1then °D?U<O0

This shows from lemma (4.6) in [26] the pest extinction stationary point is globally asymptotically stable.

5. Numerical Analysis

In this section we have developed some graphs of the system (1.1) by using Matlab code FDE12 [12].

Table 1: One can use the following values of the parameter as mentioned in the table for generating the Graphs.

Para.l | Coll | Col2 | Col3
r 0.9 0.9 0.9
k 5 5 5

a 0.05 | 0.05 | 0.05
0 0.02 | 0.3 0.3
B 0.05 | 0.05 | 0.05
c 0.3 0.3 0.3
b, 0.03 | 0.03 | 0.03
d 0.05 | 0.05 | 0.05
d; 0.3 0.76 | 0.3

By using the values of column-1 of Table- 1 one will get the value of Ry = 0.1 < 1 then we found the graph of
pest extinction equilibrium point.
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Plants when there is no Pest

5 : T T T T T T T T T
( plant
[ healthy pest
4 + infected pest | 4
3r 1
=
Sk i
-,
- |
k-1 \
1 b .
ol ,
A . . . . . . . . .
0 50 100 150 200 250 300 350 400 450 500
t

Figure-1(a) E{(5,0,0) Time series graph of pest extinction stationary point for the order 6 = 1.

Healthy pest for pest extinction state

2 § _ Plant spej?e's for pest extinction state
i% se08|1 <'/ ' 409
et =08 asll §520.8
14
4
1.2
fﬂ 1 'L‘v‘ Z3s
0.8 *"ﬁx‘
oE ‘\,“\‘\ 3
“
0.4 \\
\ o/
021\
OD 50 100 150 2&'0 2&":0 3007 3“50 fd(;D 450 500 20 50 100 150 200 250 300 350 400 450 500
t t
5 Infected pest for pest extinction state
4=1
4=0.9
4=0.8
15
1
0.5 |
l\v‘\
10
0.5 > 2 % 3 3 7 ] % %
0 50 100 150 200 250 300 350 400 450 500
t
Figure-1(b)-State trajectories graph of system (1.1) for the pest extinction stationary point
corresponding to different values of 6 = 1,0.9,0.80
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One can see from the column-2 of Table-1 that if we consider the value of 6 = 0.3 and d; = 0.76
one can get R, = 1.5 > 1$ then one got the infection free stationary state it can be seen from the
following graphs.

infected pest free equilibrium Point

T T

Plant
Healthy Pest
5f Infected Pest | |

Plant, Healthy pest, infected Pest

-9 1 L 1 1 1 L 1 L I

0 50 100 150 200 250 300 350 400 450 500
t

Figure-2(a) Time series graph of infection free stationary point E,(3.333,6.00,0) for the fractional

order 6 = 1.
- infected pest free equilibrium point & Infeclted Pe§‘ ffeff‘l““"’"“}"‘ point )
I 55
4 ’ 5
I 45+¢
- §=0.9
] - — e £ 4 §=0.8
2 =
8 £
[ T35t
3 b 4
al
25 251 /[
8
2 P R S S S R SR R,
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
t t
5 Infected pest free equilibrium point
15F 1
|
g 10 1
Q
°
2
£ 05¢ 4
|
ok
0.5 L L L L L L : ' . |

0 50 100 150 200 250 300 350 400 450 500
t
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Figure 2(b) variation of state trajectories graph of system (1.1) for natural enemy free equilibrium point
corresponding to different values of 6 = 1,0.9,0.8.

One can observe from the column-3 of Table-1 if we consider the values of d; = 0.3 and remains the values of
parameter unchanged as in column-2 then one gets R, = 1.5 and reached to the coexisting stationary state.

Coexisting equilibrium point

o=1
181 5=0.9
6=0.8

[N
L

Infected pest

o

fe") il
e

o
o

o
P
T
L

02r 1

0 e — L L L 1 1 L I 1

0 50 100 150 200 250 300 350 400 450 500
t

Figure-3(a) Time series graph of coexisting stationary point E;(4.1365,3.109,0.1248).

Coexisting equilibrium point
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Figure-3(b) variation of state trajectories graph of system (1.1) for coexisting equilibrium point corresponding to
different values of 6 = 1,0.9,0.8.

6. Conclusion

The existence, uniqueness, positivity, and uniform boundedness of the solution to the system of equations
governed by (1.1) have all been covered in the Theorems(3.1) and (3.2), respectively, of this study. Theorems
(4.2), (4.3), (4.4), (4.5) and (4.6) have, accordingly, been developed to analyze stationary points and the local,
global stability of those points. The basic reproduction number is also discussed in the theorem-(4.1). As can be
seen in this paper, when the value of the basic reproduction number (defined for the axial stationary point) is less
than one, the pest population dies out after a certain amount of time. However, if the value of the basic
reproduction number is higher than one and the death rate of the infected pest is 0.3, the graph of the model
reaches the endemic state, and for the same R,,. Also, it has been noted that the graph quickly stabilizes when the
value of the fractional parameter drops.
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