Electrical Conductivity In 3D: Coupling Mass Flow, Temperature And
Hydraulic Radius

Section A-Research Paper

ELECTRICAL CONDUCTIVITY IN 3D: COUPLING MASS

E FLOW, TEMPERATURE AND HYDRAULIC RADIUS

Supti Sadhukhan*

Keywords: Electrical conductivity, temperature, reactive transport, numerical modelling

This study delves into the intricate relationship between Peclet number, pore throat size, and temperature on the
electrical conductivity of fluid-filled straight channels in three dimensions, employing simulation techniques. Results
revealed a quadratic increase in conductance with porosity under steady-state conditions across all Peclet number ranges
examined. Conductivity remained constant with porosity for each Peclet number. The rate of increase in conductivity
diminished with Peclet number. Non-linear increases in conductivity were observed with temperature in transient cases,
with a threshold temperature marking the onset of conductivity. Conductivity experienced augmentation with the
observation time throughout the temperature range considered. In the linear regime, conductivity showed a linear rise
with temperature, although the rate of increase dwindled with elapsed time suggesting conductivity attains saturation at

steady state.
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1 Introduction

The electrical conductivity of fluids is crucial for
various industrial processes and environmental
applications.Electrical conductivity measurements
are essential in industrial processes where the
presence of conductive substances in a solution
needs to be monitored. This measurement is
particularly valuable in applications where the
type of conductive substance is irrelevant, such as
in ultra-pure water treatment for semiconductor
manufacturing, or where specific conductive
substances need to be controlled, like in brine
solutions for salinity control. In the context of
wastewater treatment, electrical conductivity
plays a vital role in determining the level of
dissolved substances, chemicals, and minerals in
the water. Monitoring electrical conductivity
helps in selecting the appropriate treatment
processes to remove contaminants and impurities
effectively. This is crucial for preserving the
environment, protecting public health, and
ensuring the quality of water for various purposes.
Electrical conductivity is used as a proxy for
salinity in bodies of water, where higher
conductivity indicates a higher concentration of
dissolved salts or ions. This property is utilized in
environmental monitoring, aquaculture, and water
treatment to assess water quality and salinity
levels. Fluid conductivity can serve as a tool to
identify specific groundwater flow paths within
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the subsurface. By analyzing conductivity data
along with other information, such as temperature
corrections, specific conductance, and
composition-dependent coefficients, it becomes
possible to trace groundwater flow paths
accurately. The conductivity of a liquid is
influenced by the presence and concentration of
charged particles or electrolytes dissolved in the
liquid, such as ions from salts, acids, bases, or
other substances. The more free ions present, the
higher the conductivity of the fluid [1].
Conductivity —measurements can also be
influenced by changes in temperature, as the
mobility of ions in the liquid may vary with
temperature. Conductivity data are often paired
with temperature compensations to ensure
accurate readings. Conductivity measurements
can be used to estimate total dissolved solids
concentration in certain cases, and for bodies of
water, conductivity is used as a proxy for salinity.
Magnetic flow meters and conductive level
switches require a minimum level of conductivity
in the liquid to function properly, as they rely on
the liquid’s ability to carry an electrical current.

Conductivity measurements play a pivotal role in
the analysis and interpretation of electrical
resistivity logging in wellbores [2, 3, 4] , as well
as in interpreting electrical resistivity image data
[5, 6]. Electrical resistivity tomography has been
employed to model the transport of solutes and
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electrical current flow in petrophysical contexts
[7]. Various theoretical methodologies have
emerged for modeling the electrical conductivity
of fractal porous media [8, 9]. Dalla et al. [10]
applied finite-difference discretization to ascertain
the effective resistivity of porous media at the
pore scale.

Researchers face the challenge to apply lab
findings on ionic fluid flow in rocks to real-world
situations. Labs use small samples, and scaling
those results to vast rock formations can be
inaccurate. This study aims to bridge the gap
between lab and real-world scenarios by
examining flow of ionic fluids in porous rocks
under two conditions: transient and steady flow.
In transient flow, electrodes measure the
conductance as soon as the fluid enters the rock.
In the case for steady flow, due to the small
sample size, the fluid passes through the entire
pore space quickly and resulting in steady
concentration of the emerging plume. The
objective here is to explore the governing
principles underlying the conductivity’s growth
concerning temperature, porosity, and the Peclet
number, and the circumstances when the results
from these two contrasting scenarios (transient
and steady) align.

2 Methodology

Straight channels of varying widths and of the
same length are generated. Fluid flow is achieved
by solving Navier-Stokes equation. The ionic
distribution can be obtained in two ways -(i)
solving the Advection Diffusion Equation (ADE)
directly (ii) transporting the ions by TDRW
method which is obtained from ADE equation.
Both these ways have been used. Given a ionic
distribution, conductance is solved using
Laplace’s equation.

2.1 Structure Generation

Three dimensional straight channels of varying
widths and equal lengths are discretized into
cubical cells. The channels are encased within a
rock except at the inlet and outlet. Increasing
channel width increases the porous volume. This
implies channel width is directly proportional to

porosity(¢).

2.2 Electrical Conductance

The pore cells are attributed a conductance
proportional to the number of ions in it as per the
ionic distribution obtained through solving ADE.
In the pore cells that have no ions, a false
conductance ~ 0.001 is introduced to implement
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to the Laplace’s equation. As the ionic
concentration is significantly high at the inlet, the
introductions of the false conductance contributes
negligibly to the effective conductance. It is
assumed that the value of the conductance is the
same throughout the cell. The equivalent
conductance of any two adjacent pore cells with
individual conductance values g; and g, is
represented as gi» = 010./(9: + ¢.). The method
adopted for solving the electrical conductivity is
broadly taken from [11] A pair of imaginary
electrodes are applied at the inlet and outlet of the
channels which serve as the boundary conditions.
To implement this condition, a single layer of
cells is introduced at these positions, with
potentials Vi, = 1 and V. = 0 assigned to them,
respectively. The potentials of the pore cells are
iterated as per Eg.(1) until convergence is
achieved. The potential of a pore cell i is updated
from the potentials and conductance values of its
six nearest neighbour cells. Convergence implies

steady state at which the current flowing, Isteady
through the cross section at any position of the
sample is the same throughout. If node i is an
internal node, the solution of V;is given by Eq.(1)
where j runs over all the 6 nearest neighbour cells
in three-dimensions.

Z;:?gij Vj
B )

v, = =
]
Z]:lgl']

Following Ohm’s law, the effective electrical
conductance is G =lseady / (Vin = Vou). In this
study, Vis—Vou is unity, which yields G = Isgeagy-

2.3 Fluid Flow and Transport of lons

To solve for fluid flow, a constant pressure head
is maintained with no-slip boundary conditions
enforced at the pore-rock interface of the channel
[12, 13]. The fluid flow is described by the
Navier-Stokes equation. In this study, the
simplified form of the Navier-Stokes equation is
used assuming inertial term to be negligible and
absence of external forces.

v _ ly V2 2
5= VP TNV (2)

The simplified Navier-Stokes equation (EQ.2)
coupled with the equation of continuity (EQ.3)
enables the system to attain steady state.

Vv=0 )
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In this study, transport of ions have been
implemented through two ways both of which are
equivalent. For the study of G-¢, the Advection
Diffusion Equation (ADE) is applied directly
(Eq.4) for transportation of the ions. In the
subsequent investigation, the Time Domain
Random Walk (TDRW ) mechanism which is
derived from Eq.4 is used for movement of the
ions.

0
a—i+v.(vc)—v.Dvc=0 (4)

In this equation C refers to concentration, D
represents diffusivity and V is the velocity of
fluid. The Time Domain Random Walk (TDRW )
mechanism is involves random walkers which
mimic the role of ions. The time taken for a
walker to leap from one pore cell to an adjacent
pore cell depends on the local velocity of the cell
in which it resides. The distance travelled in each
leap remains constant which is equal to the length
of the cubical pores. The detailed mechanism is
discussed in few papers [14, 15].

Discretization of Eq.(4) in 3-D vyields

aC; u v

Fra G [Ci - Cupy]
w
=2 16— Cup)

D
+7 [Can, + Cup, — 2Ci]

D
+73 |Can,, + Cup,, — 2€}]

D
+7 [Can, + Cup, — 2C;]
Q)

C; refers to the concentration at the i" pixel. Cypx
and Cgny denote the concentration values at the
pixels adjacent to i along x axis. The same idea is
extrapolated for Cypy and Cgny and Cyp; and Cyn,
for y axis and z axis. The distance between two
adjacent pixels is represented by h. Velocity V is
resolved into components u, v and w along the x,y
and z axes respectively. Rearrangement of the
terms of equation (EQ.5) yields

Ci
Py —C;Xjbji +%;Cib;; (6)
where,
bupx,i = bupy,i = bupz,i = bi,dnx = bi,dny = bi,dnz
D
“h2
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D u
bdnx,i = bi,upx = ﬁ + E
D v
bdny,i = bi,upy = 2 + A
D w
bdnz,i = bi,upz = ﬁ + E

The transition probability Pj; for any transition
between neighbours, say from j to i, and the

corresponding time taken is denoted as

P = 7
1

T, = 8

S %jby; ®)

Temperature of the fluid impacts the viscosity of
the fluid, which subsequently affects the mobility
of the ions. The effect of changing temperature is
integrated in the transition time through a
weighting factor, depending on the corresponding
viscosity. The weighting factor is given by the
ratio of a reference viscosity and the viscosity
pertaining to the concerned temperature. This
weighting actor is multiplied with the transition
time of a ion in a pixel as mentioned in the
previous section. Lower the viscosity, higher is
the mobility and thereby lower is the residence
time of an ion in a pore pixel.

3 Results and Discussion

The first part of the study involved the study of G
and o with ¢(w) for different Peclet number Pe as
shown in Fig.1. Widths of channels considered
were of the order: 15,19,23,27,31,35 pixels, and
the length was 250 pixels.In this study, 1 pixel=
Ax =5 x 10" cm.The inlet concentration of ions
was fixed at 500. The ADE is implemented
directly to obtain the concentration profile in the
sample after obtaining the velocity distribution as
given by the Navier-Stokes equation. The
concentration profile corresponds to the steady
state distribution which implies that there is no
change in the concentration of the emerging
plume from the outlet. In this simulation, the
individual conductance, g, of each pore cell is
considered numerically equal to the concentration
of the cell. Laplace solution gives G from the g

distribution. The effective electrical conductivity

is obtained using the relation o = % from G.

It was observed that G has a wide response to Pe
(Fig.1a). At the lowest Peclet number, Pe = 1,
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there is no significant change in G with increasing
pore throat (w). Increasing Pe from 5 to 100,
showed increase in G with w quadratically,
following the relation y = ax’+bx+c (Table 1).
The overall behaviour of the plots reveal that
there is rapid change in G with increase in Pe
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The conductivity is almost constant for all
channel widths (Fig.1b). Increasing Pe implies
higher concentration distribution and
consequently higher o values. The slight
depression with increasing width is possibly due
to finite size effects.

until about Pe = 50 beyond which it tends to
saturate (Fig.2).
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Figure 1: Fluid flow at different Pe through a channel of tuned width w. Solid lines denote G while the
dotted lines represent the quadratic fit. (a) G verses ¢(w). (b)o verses ¢(w).
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Figure 2: Non-linear growth of G with Pe for w=35.

Table 1: Quadratic fit of G- ¢ plots

for modulating the

Pe a b c transition time is
1 0007 -0.167 2.46 taken o ff‘g
5 0176 1.89 -114 viscostty: a
for this study. As
10 0.361 0.956 -2.08 density of water
50 0.66 -0.63 13.29 does not Vary
100 0.74 -0.6 13.17 significantly
within the range of
temperature
concerned, it has
Table 2: Fluid flow parameters at different temperatures been kept fixed at
Temperature °C Diffusivity m*/s Viscosity Pa — s 1000kg/m”.
1 1149 x 107" 1730 x 10°° _
10 1532 x 10723 1306 x 10°° Th'; partof tze
20 2020 x 107 1000 x 10-6 f(t)“ {heco”tfzﬁgir;ni
30 2590 x 107 797 x 10-6 case  where the
40 3241x 10" 652 x 106 concentration  of
50 3968 X 10:12 547 x 10—6 the emerging
60 4771 x 10,13 467 x 106 plume is variable.
70 5641 x 10 404 x 10-6 With elapse of
In the second part of the study the variation of G time, the

with temperature for a fixed Pe and fixed pore
throat size was investigated. Temperature has a
significant impact on diffusivity, viscosity and
density of the fluid. Table 2 displays the values of
the parameters used in this study. Diffusivity in
water has a non-linear increase with temperature
as reported by [16] and [17]. Changes in viscosity
of a fluid modulates the ionic mobility, and
subsequently changes the residence time of a
walker (mimicking an ion) in a pixel as described
in the previous section. The reference viscosity
for determining the weighting factor responsible
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concentration of the emerging plume tends to
saturate and steady state distribution is achieved.
Figure3 shows the o variation with temperature
for two times of observation, the starting time
beginning from the time of injection of the
random walkers. The dimensions of the channel
considered are w=27, L=80 pixels. The Pe was
fixed at 2.5. Fluid flow is solved using Navier-
Stokes. Random walkers introduced at the inlet
are moved as per the TDRW scheme. In view of
the huge computer memory required, the constant
inlet concentration is maintained at 50. A span of

194



Electrical Conductivity In 3D: Coupling Mass Flow, Temperature And

Hydraulic Radius

time is defined, z, considering the smallest
possible time of transition of a walker where 7 =
AXY6Dyi, and Dy, refers to the minimum
diffusivity value which corresponds to 1°C. The
time of observation has be either equal or greater
than the minimum time of transition in
accordance  with the  TDRW  scheme.
Subsequently, the time of observations were fixed
as rand 2z.

Figure 4 shows a typical concentration profile of
the middle vertical slice of the cuboid channel at
30°C and 40°C respectively, after an elapse of
time 7 since the start of the walker movement. It is
evident from the concentration profile that the
walker plume has not arrived at the outlet at 30°C,
whereas it has reached the outlet at 40°C at time z.
This explains the vastly different ¢ values at these
two temperatures in plot Fig.3 for time z, which
shows that o for temperature 30°C and below are
almost nil. At a higher time of observation 2z, as
the movement of the walkers continues for a

Section A-Research Paper

longer span of time, the plume is able to wade its
way to the outlet at temperature as low as 10°C.
However at 1°C, the o value remains negligible.
The plots show that conductivity increases with
temperature non-linearly with the injection of the
walkers. Temperature influences both the factors
diffusivity and mobility, which work jointly in the
distribution of the walkers through the system.
The plots have two regimes clearly similar to
output characteristics of CE mode transistor.
Comeparison of the slopes of the linear regime of
the plots reveal that the rate of increase in o
declines with time elapse (Table 3).
Consequently, it can inferred that after significant
time elapses since injection, the system will arrive
at the steady state and the conductivity should
linearly increase with temperature.

30
25
20
t15

10

0 10 20 30 40 50 60 70
T(°C)

Figure 3: Conductivity at different temperatures through a channel of w=27 pixels and L=80 pixels at Pe=
2.5. Time of observations : r and 2z. Dotted lines show the linear regime of the non-linear plots.

Table 3: Linear regime of the o plots

Time elapsed  slope intercept on o axis
T 0.13 7.81
2t 0.09 14.18
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Figure 4: The concentration profile along the middle vertical slice of the sample at temperatures 30°C and
40°C. Time of observation since the start of injection of ions is z. The adjacent calibration bar shows the
concentration of ions associated with the grey shade.

4 Conclusion

The role of Pe and temperature in electrical
conductivity of fluid filled straight channels in 3-d
have been investigated via simulation.

Pore throats of different sizes and equal lengths
have been considered which is mode of varying

porosity ¢.

» Conductance (G) increases quadratically
with porosity (¢) in steady state for all ranges
of Peclet number (Pe) considered.

e Conductivity (o) remains constant with
porosity for each Pe, but increases with Pe.
The rate of increase in o decreases with Pe.

e Conductance (G) and thereby conductivity
(o) increase non-linearly with temperature in
the transient case.

« A threshold temperature exists corresponding
to the time elapsed since the start of injection
beyond which the sample starts conducting. ¢
Given any temperature, conductivity
increases with the time of observation.

* In the linear regime, conductivity increases
steadily with temperature, however, the rate
of increase declines with the time elapsed.
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