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Abstract:

Divergence measure is the tool and solve the problem which can be use in the filed information theoretic
problems. The reason of this paper is to discover a few time scale disparities for distinctive divergence
measure by use of weighted Jensen’s inequality. These comes about gives unused disparities in h-discrete
calculus and quantum calculus and also gives the lower bounds of divergence measure.
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1. Introduction

Divergence measures have important role in the information theory and statistics. Basically divergence
measure is the distance between two probability distributions. Jain et al. (2012 and 2013) presented new-f-
divergence measure and its properties which is given as takes after.

Definition1.1 [8]: Let f:R, —(0.5,%) is a convex function and also let U ={u1,u2,u3 ........ un} and

n n

V= {Vl,Vz,Vg, ............ Vn} be such that Zui =1 and Zvi =1then the divergence measure known as new-
i=1 i=1

f-divergence measure.

)-S5

The requirements of the function f is.

FO)=" . f(n); 0F(0=007 & azim s 2
0 \ | A

By the use of new f-divergence we can derive other well-known divergence measure which is discussed in

[6].

Definition 1.2 [2]: let T°be a time scale and & e T° at that point
a(e)=inf{qeT’:q>¢} and B(s)=sup{qeT’:q<e]

Definition 1.3 [2]: Consider the set T °as follows:

. 0 0~ 0
TOI _ T \ﬁ(supT )' supT if supTO<on
T if supT%=c0

Where
T = time scale,
X :T° — R is a function,

Definition 1.4 [2]: consider a function X :T°——>R and £ e T then defined XA (8) to the number with
g >0, there is a neighbour N of ¢such that

‘X(oz(g))—xA (8)(&(8)—(})‘ < n‘ﬂ(s)—q‘ vgeN

For T° = R (set of real number) then x* becomes ordinary derivatives, and if T° = Z (set of integer) then x*
turns into the forward difference operator AX(&)=X(e+1)=x(¢), if T® = p* = { p'ine Z}U{O} is
called q difference operator with p >1then

. Xlpe|—xl&] . X(p)—x(0]

el T A 0) =S
(p—1l)e F r

Theorem 1.1 [2]: if X, GTOY then rd-continuous function has an rd- triderivative. The function J defined by
X

J(e)= J' j(e)Ae for X, eT” is an anti-derivative of J.
Xo

Case-1: for the condition T° =R (set of real number), then
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f

Ij(e)d ez'ij(e)Ae

e

Case-2: for the condition T® = N (set of natural number), then

f-1
ji(€)de=Y () ,where & f €T" with the condition e< f.

® —\ —

f
Theorem 1.2 [2]: let | cR and veC) ([e, fl.. R) is a positive function with Iv(e)A e>0, where

e

e, feT’ if J eC(I,R) isconvexand g =C, ([e, f]To,I),then

- jv(e)g(e)Ae Jtv(e)J(g(e))Ae
I = SE—

j-v(e)Ae J.V(E)AE

e

(1.1)

Where J is the strictly convex function.

2. New f-divergence on the time scale
Let on the time scale T° the following set is rd-continuous

Q:-! recy (e fl..(0.)).r(g)> D:]F'I,E'IAES:* Gl

|._
f

Within the continuation, we expect that I, I’(e) € Q and exist the taking after integrand R° = _[ r(e)Ae

e
f

and S° =_[s(e)Ae

e

i. New f- divergence measure
Here we can define the New f-divergence with the time scale which is characterized as follows:

g fuls|+vie) |

-S'.rl_t_.-};'l=‘|“l'|_E'|fl ﬁ |—1"-E
: . 2v|e !
: ' (2.1)

When f is convex function on R™.

Theorem 2.1: Let us consider | = R , the convex function f € C° (I , R) then

(u+v)
v =S, (wv)
| o, J

Ly 2.2)
Where S, (U,V) is given by the equation (2.2).

Example 2.1 for the condition T° =R, theorem (2.1) becomes.

Example 2.2 Take T° =h°z,h° >0 using theorem (2.1), we can obtain a lower bound of the new f-
divergence with h° -discrete calculus
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%20—1 (1,h*)h° %f (1,h°)h°
o B " " Vo O\KO 4 0\ 0
S sy T -5 v<|0h°>hof(u<'oh ) (i >h}

f 2v(Iph*)h°

e Zélv(loho)ho o
|o:%o

Remark 2.1 Now take h° =1in the previous example and also put e=0, f =n , V(i) =V; and U(i) =U,
to get f-divergence measure.

| :.Tff._.+‘}.—'rl_. |
> ; =S5 (w,v)

-1 1N
X

(2.3)

Example 2.3 Take T° = pNo ( p > 1) in the theorem (2.1) have a new lower bounds of the divergence

. nz_l plo+1u( plo )+ nz—l plo+1v( pIO ) . . .

z p|0+1r(p|0) f lo=0 _ ly=0 SZ plo+lr(plo) f U(p )+V(p ) (24)
- n-1 | | - 2V( p|0)

lo=1 ZZ po+lv(po) lo=0

ii. Continuous entropy for new f-divergence measure
Let r is a positive density function which is defined T° and continuous arbitrary Y then we get

f
Iv(e)A e=1 whenever the integrals exists by Ansari [3]

h ()= jv(e)logﬁA c (25)

Where f >1 becomes is the base log. The base of log >1.

Theorem 2.2: Let (U,veCy e, f]
with

o R) be A - integrable and u is a positive PF (“probability function™)

Uy=|Uy(e)ae>0if f eC”(1,R) and f>1,

© t—, —

f
1
h? (Y) < !V(E)IOQ@A(E)-F log (u,) (2.6)
Where h2 (Y) is defined in the equation (6) and €, f €T"

Remark 2.2: when the base of log less than 1 then the inequality (2.6) holds in the opposite direction for.
Example 2.4: take T° = h°z,h° > 0 in the theorem (2.2) to get an upper bound for entropy in h° -discrete
calculus.
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Vi u(1h) R v ()R ) et (1) v (1he)ne) [ e
0\ L0 0 0 0\ .0 0 0 0\RLo
IO%ﬂv(loh )h Iog{ () Jslo%ov(loh )h Iog{ A () J+ lo%gu(loh )h
2.7)

Example 2.5: take T° = p'° ( p >1) in the theorem (2.2) then we have

nle|0'°”v(|0)log[MJ<zp'o+lv Iog[%}rlog(pw (p"))

2v(ly)

lo= =0
(2.8)
Remark 2.3: above equation contains Shannon entropy.
iii. The symmetric chi-square divergence measure
i(i-)°
If f —=V)> , then the divergence measure is given b
(i)= (2-1) J % 9 given by
2
(U +v)(u-v) | 1
S (UV)== ==Y, UV
(V) 8{2 ¥, (UY)
The 42 — divergence measure is defined on the time scale as follows
L (=) =v(2)) (=) -v(=))
U I’I——l Ae
8 ulelvie) |
- - (2.9)

Theorem 2.3: Using the theorem (2.1) then
l_?t ~ri sy (UF)
L - (2.10)

Where (U,V) is defined in the equation (2.8)

Proof: now suppose f (e) =? -1,

v 1 @@=,
|

L F i wlelvle]l

Simplify the above equation, then we get

B . Lu(e)=vie)ule)—v(e)) |
U =7 =7 | Ae
| ulelvie) |

This is the required result

Example 2.6: if T® = R (set of real number) then the equatlon (2.9) is

1 (£ R ) i :r|—|—1|—|||:r|—|—1|—||
I.:.fIEI-'_“."E - |1'|£|c:f- | A
) Hie|vie]

lll_ln,__é } \ & ._ &

€

Example 2.7: Putting T® = h°Z,h° > 0in theorem (2.3) then
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1 IS R A w1V v (L Wl L =y (1) Y
e | > oulih K | IR ST R e
| [ | - [ 4m A v T |
S vy a L # J J 7

2.12)
Remark 2.4: now take h® =1in the above equation, let =0, f =n,v(i)=V, and u(i)=u,to get 42—
divergence

e ‘o 2

— E;, - Ea ‘_L! (L)
Sy L =

=)

Where V. (U,V): . [(Uﬁvj)(ui_vi)} (2.12)

Remark 2.5: now take T° = pNO ( p >1) for 42 — divergence

1 | i »l1

a1 VY rm VD (u(pY )= PO ) e 20 ) v (20
| 22 u(p) | - () <X P ———
> o (ph) L3 ) = J | u( o (")

(2.13)

n-l Y

iv. Jensen-Shannon divergence measure

f(i)

—log ( J) this is known as Jensen-Shannon divergence measure

V):gv‘ |og(ui2jr’i\/ij= F(UV)

Jensen-Shannon divergence on time scale is characterized as

F(U,V):j‘v(e)IOQLELG)')]Ae

u(e)+v(e
Theorem 2.4: apply the condltlons in theorem (2.1),

(2.14)

vt L)< rwp)
7

Where F (U ,V) defined as follows in this equation

(2.15)
Proof: let f(e) =€

log (e) in the equation (2.2) now get

U.o(UYy 14 [ 2ule)
—in| = <= [v(g)n |—|_~..:
v\ oud Lule)+v(=)
and

-

,[ Iln. 2E) e
C =
: |’|'|-:|+‘L|':||

E'

This is the required result

Example 2.8: for T° = R (set of real number) then the equation (2.14) becomes
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. l|ulelde | - _
i ; : ot v(e) |
|viE)d €ln’ : - [Z|viE)ln] ———— |A€
p ‘. i “ o LuleE)+v|e]
|ulelde+|viE)dE |
b & &

Example 2.9: take T° =h°Z,h° >0 in theorem (2.4) to get a lower bounds in h® —discrete calculus.

Vet
2 u(l,n°)h°

ot ,Z/ (1) Tt 2u(Iph®)h°

> v(lh®)hIn| - " < Y v(Ih®)hCIn —— ——

g o b u(loh®)h° +v(loh*)h

|0_%0
> u(lh?)h°+ Y v(lh®)h°
|o:%o |o:%o

(2.16)
Remark 2.6: now take h® =1in the above equation, let €=0, f = n,v(i) =V; and u(i) =U; to get Jensen-
Shannon divergence.

T,.-T v,
Sv.n = <F(U.TV)
-l TE;|.-+,T1
-1 J=1 )
Where
" ([ 2w,
F(UV)=> vl —|
a0 lut+v

%,

v
Remark 2.7: For the lower bound of quantum calculus, putting T= pN° ( p >1) in the theorem (2.4) to get
f -l . , )
23 p"v(p")
n=1 . .-L_ n-1 e
2P u(pt )+ 2 p7v(p") |

2v( p" )

::_1 g r g
12> p v p" |log

n=1
S oy pt o . :
b ' ~ Lulp" ) +vlp )

v. Hellinger discrimination
If f(j)= (1_\/T) , this is known as Hellinger discrimination

sf(u,v)zh(U ;V,Uj

Hellinger discrimination on time scale

r ]

H:[E_._V|=:I.1'[E|[\/31'[E|—JEF[E|—1'[E|]‘ Ae

(2.18)

Theorem2.5: apply the conditions of theorem (2.1) to obtain

V| \E—a.l'swr]: < H* (u,v)

(2.19)
where H? (u,v) is defined as above.
Proof: let f (€)= %(\/;_1)2 in the equation (2.2) to get
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rl
7

1! i \ 17 '.
— I P —_ ' =
2_“[ - 1. 52_!1[_|.

(2.20)
After simplification we obtain

[«J@T—\-‘u—r |: E:”JEV[E I —\fer[e I—1'[£I:|‘ Ae

This is the required result.

Example 2.10: for T° = R (set of real number) the equation (2.19) becomes.

. [in(e)d e]%—(j(v(e)+u(e))d ET/Z 2<%i(\/2v(e)\/v(e)+u(e))2d e

e

Example 2.11: take T° =h°Z,h® >0 in(2.4)

s s /L VS ;
—12% wilhh - % w{lhVh+ Y vl R | == % I.qlr}r:.-' Y —,J.'.f:.-' Ve +v(lh i
R A I P Z g,

(2.21)
Remark 2.9: now take h® =1in the above equation, let €=0, f = n,v(i) =V, and u(i) =U; to get Hellinger
- discriminate.
1 n % n n % ?
SHD2v | = Du Dy, <H?(U,V) (2.22)
2| \'= =1 j=1

Remark 2.10: For the lower bound of Hellinger discrimination, putting TO= pNO ( p >1) and using theorem
(2.5) to get a lower bound of.

n1 Y% (o i 5T s 2
[(z ()| [ Sl S (o) ]S%,;,p‘°“(¢2v<p'°>—¢u<p'°>+v<p'°>)

(2.23)

vi. Variational distance
f (j) :|j —1,| for j >0 this is known as Variational distance

S AUV =%i|x.{_ —rl_|=él“'[s.'__ V)

- s

and

1 1%
—Tluwvli=—=|luls)—-vislh =
2I[;_H 2_||r[ |— v IIA

‘ (2.24)
Theorem 2.6: apply the conditions of theorem (2.1) to get

%|H[E |— 1'[£I| <V {w.v)
where V (U,V) is defined above
Proof : let f (e) = |€ —1| in the equation (2.2) to get

il

e
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and
—|.:.f[—|—1[ | ||er[ |—v(= I|_‘u—
This is the required result

Example 2.12: for T° =R (set of real number) takes the form

f
< _ﬂu (e) -

e
Example 2.13: For the lower bound of variational distance, T° = h°z,h° > 0 in theorem (2.5)

| :/ a :/ 41 ;/ a1

3 Ef/ w( 1y ) hy — Ey( v(lghy ) hy| < E;/ |er| Ity iy — v (1h, |I.'-:|
(2.25)

Remark 2.11: now take h°=1in the above equation, let €=0,f =n,v(i)=v, and u(i)=u;to get
Variational distance.

% j;u(e)d e—J:V(e)d €

SV (U V)

|". " " 1
| 'Ym g)=->v(g)
= =

A

[

Remark 2.12: now take T® = p'° ( p >1) in the theorem (2.6) to get a lower bound for Variational-distance.
1 < S ly+1 ly I
: S 8o (o) (8

vii. Triangular discrimination :

n-1

I:Zj,) |O+1( ) p|0+1u(p|0)

=0

(2.26)

. 2
if f (J) = ﬂ for j >0 , triangular discrimination known as follows
]

S, (U,V)= Z(u 2 A(UV)

= UtV
Triangular discrimination on the scale is characterlzed as
o !.'[EI—‘L‘[EI:I_
AU F) == Ae

2" ulel+viel
¢ (2.27)
Theorem 2.7:

1[u-v] _
Apply the conditions forobtam - S ( ) using theorem (2.5), where A(U,V) defined as above.
2[U+V]

(e-1)° .
Proof: f (€)= in the equation (2.2) to get

S
((U+V lx.:l ) [ule)+vig) . ]
o )L L 2v(e) )
};'+'£|1'|_E|. - - de
_ U+T . ule)+vie)
" J 2v(g)

Or

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4234 — 4244 4242



Estimation Of Measures Generated By New F-Divergence Measure Via Jensen’s
Inequality On Time Scale Section A-Research Paper

Uy e
TR ETCETER,

Example 2.14: for T =R (set of real number) takes the form
f 2
u(e)d e—|v(e)d e} )
D f BCRIC)
I €)d E+IV . u(e)+v(e)

e

e (2.28)

Example 2.15: For the lower bound of Triangular discrimination, T° = h°z,h° > 0 in theorem (2.5)
[ -;’/__-1 -'%—1 :
E el Ik )y — E vl 0y )
-%—1 -%—1 =
> ullohy ) g+ 20 wllhy )b

1 w
Ll u(lhy ) —v(lhy))

M“’C

(Il ) v

(2.29)

Remark 2.13: now take h®=1in the above equation let €=0, f = n,v(lo):vj and u(lo)zujto get
Triangular discrimination.

Effﬂ._z v; |
L < A(ULT)
EE.’.'FEE.’.
[ T
Where
. s (u—w )
AMUF)=% — =
=T

Remark 2.14: now take T°= pN°(p>1) in the theorem (2.6) to get a lower bound for Tringular
discrimination.

Bt 0] o]

— <P

Zp|o+1u( |0) pr"( |0) o U(p'°)+v(p'°) (2.30)

=0

3. Conclusion

Established new f-divergence on the time scale and also discussed the particular cases. The particular cases
may be useful in the literature of information theory, inequalities and special function. The integral
inequalities and discrete inequalities can be used the attractive results of information theory.
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