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Abstract

In this paper, we discuss lattice valued bipolar fuzzy finite state machines, homomorphisms,
and weak coverings. In addition, two lattice-valued bipolar fuzzy finite state machines are
examined in terms of their covering relations. It is discussed how direct products, cascade
products, and wreath products are covered. Product machines exhibit a few transitive
properties of covering relations. As a result, studying lattice-valued bipolar fuzzy finite state
machines is an important step.

Keywords: Wreath product , Homomorphism , Cascade product ,Covering.

1Scholar in Presidency University, Itagalpura, Rajanukunte, Yelahanka, Bengaluru, India
IAssistant Professor, A.E.S. National Degree College, Gauribidanur, India

2Assistant Professor, Presidency University, Itagalpura, Rajanukunte, Yelahanka, Bengaluru,
India

3Department of Mathematics, Vel Tech Rangarajan Dr. Sagunthala R & D Institute of
Science and Technology, Avadi, Chennai, Tamil Nadu, India

Email: gae3ks@gmail.com, rajeakila@gmail.com, kavitamilm@gmail.com

DOI: 10.31838/ech/2023.12.5s1-B.151

Eur. Chem. Bull. 2023,12(Special Issue 1, Part-B), 1447-1454 1447


mailto:gae3ks@gmail.com
mailto:rajeakila@gmail.com
mailto:rajeakila@gmail.com
mailto:kavitamilm@gmail.com
mailto:kavitamilm@gmail.com

Products of Wreaths and Cascades in Finite State Machines with Lattice-Valued Bipolar Section A-Research paper
Fuzzy Coverings

1.Introduction

In [1], Zadeh proposed a fuzzy set theory. Fuzzy automatons were first conceptualized
mathematically by Wee in [2]. Afterward, Atanassov introduced intuitionistic fuzzy sets [3, 4]
that are highly useful for dealing with vagueness in a variety of higher order fuzzy sets. As a
generalization of fuzzy finite state machines, Jun introduced intuitionistic fuzzy finite state
machines [5-7] based on intuitionistic fuzzy sets. They also introduced intuitionistic
successors, intuitionistic subsystems, intuitionistic submachines, and intuitionistic g-twins.
According to Zhang and Li [8], intuitive fuzzy recognizers are based on intuition. Among the
most important contributions of Atanassov to fuzzy sets was the lattice-valued intuitionistic
fuzzy set theory. The theory of bipolar fuzzy finite State Machines was presented by [9]
Young Bae Jun and Jacob Kavikumar. Followed by Bae Bipolar-valued Fuzzy Finite
Switchboard State Machines was introduced by J. Kavikumar [10] .A lattice-valued bipolar
fuzzy finite state machine has been shown to contain cascade products, homomorphisms,
wreath products and weak coverings.

2 Preliminaries

Definition 2.1.A bipolar-valued fuzzy set ¢ in X is an object having the form ¢ =
{(x, ", @")| xeX} where @V: X — [—1,0] and ¢f:X — [0, 1] are mappings, where ¢f(x)
denotes the positive membership degree and ¢ (x) denotes the Negative membership degree.
We shall use the notation (@", ¢?) instead of ¢ = {(x, @V, p*)| xeX}

Definition 2.2. Let W = (R,Y,B) is a lattice-valued bipolar fuzzy finite state
machine(LBrgy), Where R and Y are finite nonempty sets, called the set of states and the set
of input symbols, respectively, and ¢ = (", ) is a bipolar fuzzy setinR x Y x R.

Let Y™ denote the set of all words of elements of Y of finite length. Let A denote the empty
word in Y* and |y| denote the length of y for everyy € Y.

Definition 2.3. Suppose W; = (R;,Y}, B;) is a LBggy, where j =1,2,... The complete direct
product of W; and W, is denoted by (R; X R,,Y; X Y,, B; X B, )where the Cartesian product
of their states, input symbols are taken

‘PgleZ ((r1,72), 1, ¥2), (51,52)) = (Pgl (ru Y1 51)/\(sz (12, Y2, 52),
‘Pglez((TpTz); 1 y2), (51:52)) = (Pgl (ru Y1 51)V§01]3y2 (12, Y2, 52),
WheI‘E(p§1XBZ: (Ry X Ry) x (Y1 X Y3) X (By X By) - (0,1], QagleZ: (Ry X Ry) x (Y1 X Y) X

(By X By) = [—1,0),V (7r1,13),(51,52) € Ry X Ry, (y1,¥2) €Yy X Vs

Definition 2.4. Suppose W; = (R;,Y;, Bj) is a LBgsy, Where j =1,2. The restricted direct
product of W; and W, is denoted by W, AW, = (R; X R,,Y,B; X B, ), and

<P§1/\32 ((r1,72), b, (51,52)) = ‘Pgl (r, b, 51)/\‘,052 (r2,b,52),

‘Pgl/\Bz ((7’1» 12),b, (51, 52)) = ‘Pgl (ry, b, 51)V<Pg2 (r2, b, 53),
where @f a1 (Ry X Rz) XY X (Ry X Ry) = (0,1] , @F ap,: (R1 X R) XY X (Ry X Ry) =
[-1,0),V (ry,1),(s1,52) ER; XR,, Vb EY.

Theorem 2.1. Suppose W; = (R;,Y;,B;) is a LBgsy , Where j =1,2. The subsequent

statements are true.
1) W; X W, be a LBrgy.
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“) Wl/\WZ be a LBFSM’ Where Yl = YZ = Y

Definition 2.5. If W; = (R}, Y}, B;) is a LBrgy, Where j =1,2. A surjective partial function
v: Ry = R, and a function 3: Y, — Y, together form an ordered pair (y, ) which is referred
to as a covering of W, by W, denoted as W; < W, if

o5 (¥(9),y,7v(M) < 9f (5, B(1),7).08, (¥(s),y,¥y()) < ¢F, (s, By1), 1),
Vy,eYandr,s€ey.

Theorem 2.2. If W; = (R;,Y;,B;) is a LBpsy, Where j =1,23.1f W, < W,and W, < W;
then W, < Ws.

Theorem 2.3.1f W; = (R}, Y}, B;) is a LBggy, Where j = 1,2,3. Then W AW, < W, X W,.

Theorem 2.4.1f W; = (R;,Y}, Bj) isa LBggy, Where j =1,2,3.1f W; < W,, then
1) Wy x Wy <W,x Wyand Wy x W, < W5 x W,
2) WiAWs < Wo,AW5and WA W, < WA W,

Where Y; =Y, =Y; =Y.

Corollary 2.1.1f W; = (R;,Y}, B;) isa LBggsy, Where j = 1,2,3. If Wy < W,, then
1) WAW; < W, x WywhereY, =Y; =Y
2) WaAW; < W53 x W, whereY;, =Y; =Y

Corollary 2.2.1f W; = (R;,Y;,B;) is a LBrgy, Where j=1,23,4.If W, < W, and W; <
W, then The subsequent statements are true.

1) Wyx W, W, x W,,

2) WiANW; < W,AW, whereY; =Y, =Y; =Y, =Y

3) WiAW; < W, x W, whereY; =Y; =Y.

3. LBpggy for wreath products and cascades
Definition 3.1.Let W; = (R}, Y}, B;) is a LBrgy, Where j=1,2. The cascade product of

W,and W, is denoted by W, wW, = (R X R,,Y,, BywB,) and
<p§1w32((7”1, 12),a,(51,52)) = (Pgl (ry, w (1, a)'sl)/\(pgz (r2,a,83),
‘Pglez((Tp 12),a, (s1, 52)) = Qagl (1, w (13, @), 51)V(P1]3y2 (r2,a,52),
Where @5 ,p,: (R1 X Ry) X Y, X (Ry X Ry) = (0,1], @F, op,: (Ry X Rp) X Y, X (Ry X
R,) » [-1,0), w: R, X Y, = Y; be a function, V (ry,1,),(s1,52) E Ry X R,,Va €Y,.

Definition 3.2. Let W; = (R;,Y},B;) is a LBggy, Where j=1,2. The wreath product of
Wiand W, is denoted by
WeW, = (R, X Ry, Y,"* x Y,, BgB,) and
<P§1032 ((r,12),(d, @), (51,82)) = ‘Pgl (r, d(12), 51)/\‘/’52 (r2,a,8;),
‘Pglosz ((7”1' 12),(d,a), (s1, 52)) = ‘Pgl (ry, d(ry), 51)V‘Pg2 (12, a,57),
where Phos,: (R X Ry) X (172 x ¥,) x (Ry X Ry) - (0,1],
oN 5,1 (R X Ry) X (Y;"2 X ¥3) X (Ry X R,) = [—1,0),
Y2 = {d |d:R, - Y1},
V ((r1,72),(d, @), (51,52) € (Ry X Rp) X (12 X V) X (Ry X Ry).
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Theorem 3.1. Let W; = (R}, Y, Bj) is a LBggy, Where j = 1,2. Then
l) Wl(l)Wz be a LBFSM1
2) W1°W2 be a LBFSM'

Proof: Using the identical approach as Theorem 3.1. in the reference [10], it is simple to
demonstrate the validity of the result.

4. Property of coverings

Definition 4.1.1f W; = (R, Yy, B;) and W, = (R,,Y,, B,) are two LBgs,. An ordered pair
(v, B) is said to be a weak covering of W, by W, denoted by W; <, W5, if y is a surjective
partial function from R, to R, and g is a partial function from Y;to Y,.

95, (¥(8),y.B() < of (s, (1), 1),

o8, (v(), ¥, B(r) = @}, (s, B(y:),7),
Vy,eYand r,s €y.
Only the fact that in Definition 4.1. is a partial function and in a Definition 2.5. is a function
that separates a weak covering from a covering. As a result, every covering is inadequate.

Definition 4.2. If W; = (Ry,Yy, B;) and W, = (R,,Y,, B,) are two LBgg, . An ordered pair
(6, 0) is said to be a homomorphism where 6: R, - R, and Y, - Y,

9, (r,b,5) < @F,(8(r),0(b), 8(s)),
g, (r,b,5) < f,(8(r),a(b), 8(s)),
Vr,s ER,andVDbEeY;.

The ordered pair (8, o) is said to be strong homomorphism, if
<p§2(6(r),a(b),6(s)) =V {(pgl(r, b,w)|u € Ry, 8(w) = 5(s)}
o3, (8(r),0(b),8(s)) =A{pp, (r,b,u)|u € Ry, §(w) = §(s)}
Vr,s ERj,andV b €Y.

An isomorphism (also known as strong isomorphism) (8, a) between W, and W, is referred
to as a homomorphism(also known as strong homomorphism) if both § and o are bijective.

Theorem 4.1. Suppose W; = (Ry,Y;,B;) and W, = (R,,Y,,B,) are LBggy . Consider a
homomorphism (6, 0): W, — W,. If (§,0) is a one-to-one strong homomorphism, then

05, (6(r),0(¥1),8(s)) = @5 (1, y1.5),

o8 (6(r),0(y1),8(5)) = @B, (T, y1,5)
Vr,s ERj,andVbeY;.

Proof:
As (6, o) are strong homomorphism, it follows that

9, (8(1), 0(y1),8()) =V {@F, (r, y1, W)|u € Ry, (W) = 8(s)}

o3, (8(r), 0(y1),8()) =A{@f, (r, y1, W|u € Ry, §(w) = 8(s)}
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As § is an injective function and §(u) = §(s), it follows that u = s. Therefore,
95, (6(r),0(1),8(s)) = 9f, (r,y,w)

o8, (6(r), a(y1),8(s)) = @g, (r,y,0).

Theorem 4.2. Suppose W; = (Ry,Y;,B;) and W, = (R,,Y,,B,) are LBggy . Consider a
homomorphism (8,a): W; - W,.

1) If (6, 0) is a surjective strong homomorphism and § is a injective, then W, < W,
2) If §isinjective, then W, < W,.

Proof:
1) As (6,0) are surjective strong homomorphism we can conclude that there are

surjective functions §:R; - R, and o:Y; - Y,. We can define y: R, - R, and
B:Y; = Y,. Since o is a surjective function, there must be at least one original image a
in R, such that o(b) = b’ for some b’ in R,. We can then define g(b") = b. If (§,0)
is a strong homomorphism with § being one to one, then

95,(8(r), a(b),8(s)) = @p,(r,b,s)

03, (8(),0(b),5(s)) = @§, (1, b, s)

Vr,s ERj,andV b’ €Y,.

If 5(b") = b, then

08, (r(), 0", y(s)) = 9§, (8(r), a(b),5(s))
@5, (r,b,5) = @5, (r,B(b"),s)
o5, (r(), 0", y(s)) = @g,(8(r), a(b),5(s))
@5, (r,b,s) = @f, (r,f(D"),s).
Therefore (y, B) is a covering of W, by W, W, < W;.
2) Since (6,0): W, —» W, be a homomorphism, there exists a mapping 6: R, = R, and
o:Y; = Y,, such that

@p, (11,b1,51) < @5, (8(r1), 0(by),8(s1))
401];’1 (ri,by,51) < <,0g2 (6(r1),0(by),6(s1))
Vr,s; ER,andV by €Y.
Suppose y: R, = R,. If 6(r;) = r, then y(r,) = ;. As § is one-to-one function, we
can infer the r; is uniquely determined. Therefore, y is surjective partial function. Let
B:Y, - Y, B =o,then
@5, ¥ (12),b1,¥(52)) < @5, (12, 8(b1),52)

@5, (¥ (12), b1, v(52)) = @8, (2, B(b1), 52)
Therefore (y, B) is a covering of W; by W,, W, < W,.

Corollary 4.1. Suppose W; = (R, Y;,B1) and W, = (R,,Y,, B,) are LBggy . Consider a
homomorphism (6, 0): W; — W,. Then
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1) If (6, 0) is a strong homomorphism and § is a bijective, then W, <, W;,
2) If §isinjective, then W, <, W.

Proof:
1) The evidence corresponds to that of theorem 4.2(1).

2) By utilizing theorem 4.2(2), we can determine W; < W,. As all covering are weak
coverings, it follows that W, <, W,.

Theorem 4.3. Suppose W; = (R;,Y;, Bj) is a LBpgy, Where j=1,2,3. If W; <, W, and
W, <, W5 then W; <, Ws.

Proof:

Given W, <, W,, we can conclude that there is a partial surjective function y: R, = R, and
partial function 8:Y; — Y, which satisfy the following condition.

@5, ¥ (51),y1,¥1(11)) < 95, (51, f1 (1), 1),
o5, (¥ (51), y1,¥1 (1)) = @5, (51, B1(y1), 1),

for every y, there is a member of the domain f;, and every s; and r; that are members of the
domain of y;.

If W, <, W5, we can conclude that there is a partial surjective function y,: R; = R, and a
partial function B,:Y, — Y5, which satisfies the following condition

05, V2(52), Y2, ¥2(12)) < @5, (52, B (72),72),
05, V2(52), Y2, V2(12)) = @F, (52, B2(2),72),

for every y, there is a member of the domain S, and every s, and r, that are members of the
domain of y,.

Lety =y, ° ¥2:R3 = Ry, B =L, ° B1:Y; = Ys. Itis evident that y is a partial function with
surjective properties and g is also partial function. If there exists Y;such that it belongs to the

domain of g and B, and there exist s and r which belong to the domain of y and y,
respectively, then

05, (¥($),yL,Y(™) = 0h (r1 ° ¥2(),y1,¥1 ° ¥2(5))
= @5, 1(¥2(8), y1, v1(y2(1))
= <P§2 (¥2(5), B1(¥1), ¥2 (1)

< @5, (5, B2(B1 (YD), )
= <P§3(5'.32 ° B1(¥1), 1)
= (pgg (S' .B(yl)'r)'

Alike, we can demonstrate that @3, (¥ (s), y1,y(r)) is not less than @}, (s, B(y1), 7). It

is evident that (y, 8) confirms to the necessary conditions for a weak covering of W;
by Ws.
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Theorem 4.4. Let W; = (R}, Y}, Bj) is a LBggy, Where j =1,2. Then

1) WlwWZ < Wl ° Wz
2) W1°W2SW1XW2
3) WiwW, < W; x W,

Proof:
Define the function w,: R, — Y; as follows w.(s;) = w(s,,¢),Vs, E R, and c € Y,.

1)

2)

3)

Let B:Y, - YlR2 x Y, be defined as B(c) = (w., c) and let y be the identity map
on R; X R,.

Let B: Y, X Y, = Y; x Y,, by B(d,c) = (d(s3),c), while y denotes the identity
map on R; X R,

Given that WywW, < W, - W, and W; - W, < W; x W, , it follows from
Theorem 2.2. that W, wW, < W, X W,.

Theorem 4.5. If W; = (R;,Y;, B;) 1S a LBpgy, Where i = 1,2,3. If W, x W,, then

1) If w:R3xY;—>Y;, is provided, there is a w,:R; XY; - Y, that satisfies
WiwWs < Wow,Ws. If (y,pB) is a cover of W;by W, and B is onto, then for
every wq:Ry XY, =Yy, there exist w,:R, XY, = Y; such that Wy, W; <
Wiw,W,.

2) Wy e Wo<W, - Weand Wy = Wy, < Wy © W,.

Proof:

Given W; = W, we can conclude the existence of a partial function y: R, —» R; which is
surjective, and a function g:Y; - Y,,

@5, (V1(52), Y1, ¥1(12)) < @5, (52, (1), 72),
05, (V1(52), ¥1,¥1(12)) 2 @8, (52, By1), 1),

for every y, there is a member of the domain y,, and every s, and r, that are members of the
domain of y;

1)

2)

Let w:R3; X Y; =Y, set w, =f; ° wiand B, as an identity mapping on Y.
Define y,: R, X R3 = Ry X R3 by y,((1y,13)) =(y2(r2),73). It is evident that
(v2, B2) satisfies the condition for covering, W w,W, < W,w,W5;. Now, let
wiiRy XYy oYy, set wyiRy XYy, oYy such that w,(ry,Bi(yy)) =
w1 (y1(r3), y1). Since B, is onto and y;, is finite, such a w, exists. However it is not
unique. Define y:R3 X R, » R3 X Ry by y,((r3,13)) = ( 13,71(rz) ) and set
B, = B,. It is obvious that (y,,fS,) satisfies the conditional for a covering,
Wiw, Wy < Waw,W,.

The function y,: R, X R; = R; X R can be defined as y,((r,,713)) =(y1(12),13)
and the function B,:Y,® xY; » Y,® x Y, can be defined as B,(d,ys) =
(B1 ° d,y3). Itis evident that y, is a partial function that covers all values and S,
is a complete function. Another function y,: R; X R, = R3 X R, can be defined as

V2 ((r3, 1)) = ( 13,y:(r,) ) and the function fB,: Y3R1 XY - Y3R2 xY, by
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B2(d,y1) = (d ° v, B1(y1)). It is apparent that y, is a partial function that
covers all the values and f3, is also a partial function.

Corollary 4.2. If W; = (R;,Y;, B;) is a LBpgy, Where i =1,2,3,4. If W, < W, and W5 < W,,
then

1) Wy e W<, W, ° W,
2) WowWs <, W, = W,
3) Wy - W, < W, xW,
4) WioW; < W, x W,.

Proof:
Using Theorem 4.5. and 4.3., we are able to demonstrate that

Wy - Wy <, W, - W,. Equally, we can establish the validity of (2), (3) and (4).
5.Conclusion

In automata theory, product is one of the most fundamental operations. The present study
delves into the multiplication of finite state machines and coverings that are equipped with
lattice-valued bipolar fuzzy attributes.
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