On Cover Edge Pebbling Number of Helm Graph, Crown Graph and Pan Graph Section A-Research paper

On Cover Edge Pebbling Number of Helm Graph, Crown Graph and

E B Pan Graph

A. Priscilla Paul*

Research Scholar, Reg. No. 18131282092016, Department of Mathematics,
Sadakathullah Appa College (Autonomous), Rahmath Nagar, Tirunelveli - 627011,
Affiliated to ManonmaniamSundaranar University, Abishekapatti, Tirunelveli - 627012
(Assistant Professor, Department of Mathematics, Lady Doak College (Autonomous), Madurai)
S. Syed Ali Fathima®
Assistant Professor of Mathematics, Sadakathullah Appa College (Autonomous), Rahmath Nagar, Tirunelveli -
627011
ABSTRACT

Let G be a connected graph. An edge pebbling move on G is the process of removing two
pebbles from one edge and placing one pebble on the adjacent edge. The cover edge pebbling number of
G, denoted by CPg(G) is the minimum number of pebbles required to place a pebble on all the edges of
G, however might be the initial configuration is. In this paper, we compute the cover edge pebbling

number for Helm graph, Crown graph and Pan graph.
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1 INTRODUCTION

Lagarias and Saks first suggested the game of pebbling. Later by Chung [1], it was introduced
into the literature. Removal of two pebbles from one vertex and placement of one pebble on the adjacent
vertex is called pebbling move. Given a connected graph G. The pebbling number P(G) of G is the least
number of pebbles needed in a graph G so that we can move a pebble to any arbitrary target vertex by a

sequence of pebbling move whatever might be the initial configuration is.

The concept of cover pebbling was first introduced by Crull [2]. The cover pebbling number
CP(G) is the least number of pebbles needed in a graph G so that we can move one pebble to all the
vertices of the graph G.

In [6] a new concept namely edge pebbling number and cover edge pebbling number has been
introduced and cover edge pebbling number for certain standard graphs namely path, complete graph,

friendship graph and star graph have been determined.
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In edge pebbling, pebbles will be distributed on the edges of the graph instead of the vertices. An edge
pebbling move is the process of removing two pebbles from one edge and placing one pebble on the
adjacent edge. Edge pebbling number Pg(G) is the minimum number of pebbles needed in a graph G to
reach any arbitrary target edge by a sequence of edge pebbling move regardless of initial configuration of
pebbles. The cover edge pebbling number CPg(G) is the least number of pebbles needed in a graph G so
that we can move one pebble to all the edges of the graph G. In this paper we establish the cover edge
pebbling number for Helm graph, Crown graph and Pan graph and the theorems are proved by applying
the recommendations given in [3].

DEFINITION 1.1: The Helm graph H, is the graph obtained from an n-wheel graph by adjoining a

pendant edge at each node of the cycle.

Example:

DEFINI

TION

1.2: The

crown

graph

Hs H, Hon S

the graph obtained from an complete bipartitite graph K, , with the removal of the edges, in the perfect
matching of K p.

Example:

Hs 3
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Ha, 4

DEFINITION 1.3:The n-pan graph P, 1 is the graph obtained by joining a cycle C, to a singleton
graph K; with a bridge.

Example:

P
P31 41

2 COVER EDGE PEBBLING NUMBER

DEFINITION 2.1 [6] A cover edge pebbling number CPg(G) of a graph G is defined as, however the
pebbles are initially placed in the edges, the minimum number of pebbles required to place a pebble in all

the edges.

DEFINITION 2.2 [6] The distance between two edges x and y is defined as, d(x,y)=d(vi, v;)—2 where

X=ViVi+1, Y=Vj.1Vj and d(v;, vj) is the length of the shortest path between v;and v;

DEFINITION 2.3 [6]The distance d(x) of an edge x in a graph G is the sum of the distances from x to
each other edge of E(G), where E(G) is the edge set of G.

(i.e.) d(X)=2xe r(c) d (¥, X) VYEE(G), x#y

DEFINITION 2.4[6]Let xeE(G), then x is called a key edge if d(x) is @ maximum.

THEOREM 2.5:
The cover edge pebbling number of the Helm graph Hs is 27.
i.e.,CPE(Hg) = 27.

Proof:
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In this graph pendant edges are key edges.
Choose any one of the key edges from Hs.
Let it be e*. Each of the key edges are adjacent with 3 edges.
To place one pebble on each of those 3 edges, 3.2=6 pebbles are to be placed on e*. To pebble the five
remaining edges,on finding the shortest path exactly one edge is to be crossed.
= Minimum number of pebbles to be placed one* to place one pebble on those 5 edges is 22.5 pebbles.
Altogether 6+ 22.5 pebbles are required for the above considered cases.
After covering all the edges with one pebble, a pebble has to be placed on e* to cover e*.
= The cover edge pebbling of H3=6+2%5 + 1 = 27

THEOREM 2.6:
The cover edge pebbling number of the Helm graphH,, is 20n — 37, n>3.
i.e., CPg(H,) =20n-37,n>3.
Proof

In this graph pendant edges are key edges.Choose any one of the key edges from H,.
Let it be e*. e* is exactly adjacent with 3 edges. Among those edges, two edges are on the cycle C, and
the remaining one the edge incident with the universal vertex.

To place one pebble on each of those 3 edges, 3.2=6 pebbles are needed on e*.
Now, the n — 2 edges on the cycleC,, n — 1 pendant edges and n — 1 edges that are incident with the
universal vertex are to be pebbled.

Among those n — 2 edges from the cycleC,, 2 edges can be reached by crossing exactly one edge
and remaining n — 4 edges can be reached by crossing 2 edges.
= 2.2% + (n— 4) 2° pebbles are to be placed on e*.

Among those n — 1 pendant edges, two edges can be reached by crossing exactly one edge and the
remaining n — 3 edges can be reached by crossing 2 edges.
= 2.2% + (n— 3) 2%pebbles are to be placed on e*.
All n — 1 edges which are incident with the universal vertex can be reached by crossing exactly one edge.
~ 22.(n—1) pebbles are needed on e*.
Altogether 6 + 2.2% + (n — 4) 2° + 2.2% + (n — 3) 2°+ 2% (n — 1) pebbles are needed for the above
considered cases.
After covering all the edges with one pebble, a pebble has to be placed on e*to cover e*.
= The cover edge pebbling CPg(H,) =6 + 2.2° + (n—4) 2° + 2.2° + (n—3) 2°+ 2°. (n— 1)

=6+2(4)+(n-4)8+2(4)+(n-3)8+4(n-1)+1
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=6+8+8n-32+8+8n-24+4n-4+1
=23-60 + 20n

=20n-37

~The cover edge pebbling CPg(H,)=20n-37,n>3

THEOREMZ2.7:Thecoveredgepebblingnumberforcrown graph Hs 3 is 21. i.e., CPE(H3,3) =21.

Proof:

In crown graph Hj 3, all the edges are key edges.
Choose any one of the edgesfromHs; 3 . Let it be e*.

e* is exactly adjacent with 2 edges. To place one pebble on each of these edges, 2. 2 = 4 pebbles
are needed on e*.

And exactly one edge say e’ is at the distance two from e*. To reach those edges from e* two
edges are to be crossed.
~ to pebble ¢’, 2° pebbles are needed on e*.

Remaining 2 edges which are at distance one from e* are to be pebbled. To reach those edges
from e* exactly one edge is to be crossed.
= 22.2 pebblesare to be placed on e*.
After covering all the edges with one pebble, a pebble has to be placed on e* to cover e*.
«. The cover edge pebbling CPg(H3z3) =2.2 +2%.2+ 2% +1

=21

«. The cover edge pebbling CPg(H33) = 21.

THEOREMZ2.8:Thecoveredgepebblingnumberforcrown graphH,, ,is 4n(n — 2)+ 9i.e., CPE(H,,,,,)
=4n(n — 2) + 9wheren> 3.

Proof:

In crown graph, all the edges are key edges.
Choose any one of the edgesfromH,, . Let it be e*.

e* is exactly adjacent with 2n — 4 edges. To place one pebble on each of these edges, 2. 2n — 4
pebbles are needed on e*.

And exactly one edge say e’ is at the distance two from e*. To pebble e’, 2% pebbles are needed on
e*.

Remaining n>- 3n + 2 edges are to be pebbled. To reach those edges from e* exactly one edge is
to be crossed.
~ we need 22 (n*- 3n + 2) pebbles to be placed on e*.

After covering all the edges with one pebble, a pebble has to be placed on e* to cover e*.
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«. The cover edge pebbling CPg(H,,) =2. (2n—4) + 2°.(n*-3n +2)+ 2° + 1
=4n(n-2)+9
= The cover edge pebbling CPg(H,,,) = 4n (n—2) + 9, n> 3.

THEOREMZ2.9: Thecoveredgepebblingnumberfor pan graph Py,.q4 is 3(2"*1) — 3. CPE(P2n+1,1) =
3(2"*1) — 3wheren > 1.
Proof:

In this graph pendant edge and the edge which is on the cycle C,n+1 and at maximum distance
from the pendant edge are key edges.Choose any one of those key edges.
Let it be e*. e* is exactly adjacent with 2 edges on Con+1.

To place one pebble on each of these 2 edges, 2.2= 4 pebbles are needed on e*.
Then exactly two edges from the cycleC,n.1, are at distance 1 from e*. To pebble those edges 2.2% = 8
pebbles are needed on e*. Also, exactly two edges from the cycle Cyn.1, are at distance 2 from e*.To
pebble those edges 2.2° =16 pebbles are needed on e*. By the property of cycle, and proceeding as above
exactly two edges from the cycle C,ni1, are at distance n — 1 from e*.To pebble those edges 2. 2"= 2"
pebbles are needed on e*. Remaining one edge is at distance n from e* and to pebble that edge 2"
pebbles are needed on e*.
Altogether we need 2% + 2(2°%) + 2(2°) +...+2.(2") + 2" pebbles for the above considered cases.
After covering all the edges with one pebble, a pebble has to be placed on e* to cover e*.
«. The cover edge pebblingCPg(Papi11) = 22 +2(2%) +2(2%) +..+2(2") + 2" + 1

=2" 41 4+ 202"+ 2" 4 4 2)
=2"1 4+ 1 + 2(2(2" - 1))
= 3(2"*) — 3

= The cover edge pebbling CPg(P2,411)=3(2"1) — 3,n> 1.

THEOREMZ2.10: Thecoveredgepebblingnumberfor pan graph Py, 1 is2"2 — 3.

i.e., CPg(Pypq) = 2"*% — 3 wheren > 2.
Proof:
In this graph pendant edge and the two edges which is on the cycle Cyn1 and at maximum
distance from the pendant edge are key edges.Choose any one of those key edges.
Let it be e*. e* is exactly adjacent with 2 edges on Ca.

To place one pebble on each of these 2 edges, 2.2= 4 pebbles are needed on e*.
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Then exactly two edges from the cycleC,,, are at distance 1 from e*. To pebble those edges 2.2* = 8
pebbles are needed on e*. Also, exactly two edges from the cycle C,n41, are at distance 2 from e*.To
pebble those edges 2.2° = 16 pebbles are needed on e*. By the property of cycle, and proceeding as above
exactly two edges from the cycle Caqs1, are at distance n — 1 from e*.To pebble those edges 2. 2" = 2™*
pebbles are needed on e*.
Altogether we need 2% + 2(22) + 2(2°) +...+ 2(2") + 2(2") pebbles for the above considered cases.
After covering all the edges with one pebble, a pebble has to be placed on e* to cover e*.
«. The cover edge pebblingCPg(Pyy 1) = 2° +2(2%) +2(2°%) +..+ 2(2") + 2(2")+ 1

=22"+ 2" 1+ +2)+1

=2(2(2" - 1)) +1

— 2n+2 -3

= The cover edge pebbling CPg(P2,1)=2"" — 3 where n > 2.
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