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ABSTRACT

The purpose of this article is to introduce and study the concept of intuitionistic W-continuous functions in
intuitionistic topological spaces. We investigate the fundamental properties of these functions and examine
their relationships with other existing types of intuitionistic continuous functions. Our findings provide new
insights into the structure and behavior of intuitionistic continuity, contributing to a broader understanding of
intuitionistic topological spaces.
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INTRODUCTION

The concept of intuitionistic sets in topological spaces was first introduced by Coker [2] in 1996. He also
introduced the concept of intuitionistic points and investigated some fundamental properties of closed sets in
intuitionistic topological spaces. The concept of intuitionistic continuity plays a major role in Intuitionistic
Topology. In 2009, Younis Yaseen, J. and Asmaa Raouf, G.[5] introduced the concepts of Generalization Closed
Sets and Generalized Continuity on Intuitionistic Topological Spaces. In 2012, Duraisamy, C. and
Dhavamani, M. [9] introduced the notion of intuitionistic non-continuous functions in Intuitionistic Topological
Spaces.

In this article, we define a new function, namely intuitionistic W- continuous in intuitionistic topological spaces
and discuss its properties. The following definitions and results are essential to proceed further.

2 PRELIMINARIES
Definition 2.1 [2]: Let M be a non-empty set. An intuitionistic set ( shortly TS ) A is an object having the
form A = < M, A4, A,> Where A4, A, are subsets of M satisfying A, N A, = ¢@. The set

A, called the set of members of A, while A, is called set of nonmembers of A.
Definition 2.2 [2]: An intuitionistic topology (shortly 7 ) on a non-empty set M is a family Tt of IS in M
satisfying following axioms.
1)@ M € It
2) GyNG, € I, forany G;,G, € It
C. U G; € Tt for any arbitrary family {G; : i €]} € T7.
Here the pair (M, T7) is called an Intuitionistic Topological Space ( shortly LTS (M, TT) ) and any IS is
called an Intuitionistic Open Set (shortly T0OS) in M. The complement A€ of TOS is called an Intuitionistic
Closed Set ( shortly TCS) in M.
Definition 2.3 [2]: Let (M, Z1y), (Y, T1,) be two nonempty sets and §F : (M, Try) = (Y, T1,) be a
function.
(a) If=<Y, B,,B, >isaISinY, then the preimage of B under §, denoted by F~1(B) is the TS
in M definedby F1(B) =< M, F1(B), F 1B, >.
(b) If A =<M,A,, A, >is ITSin M, then the image of A under §, denoted by F(A), is the IS
in'Y defined by F(A) = <Y, F(A,), § — (Az) > where F — (A;) = (F ((A)))°.
Corollary 2.4 [2]: Let A, A;(i €])be TSin M and B, B; (j € K)be TSinYand §: (M, I1y) -
(Y, T7,) be a function. Then

Ay € Ay = F(Aq) € F(AL)
B, € B, >F (B E F (B

A S FHF(A)) andif § is injective, then A = FL(F (A)).

F(FL(B) B andif § is surjective, then F (F~ 1 (B)) = B.

F1UB)=UF (B

FUNB) =n F(B))

FUA) =V F(A)

F(NA;) S N F(A;), and if § is injective, then F(N A;) =N F(A;)

1§ =M

FUP =

‘5‘(]\7[) = Y, if & isonto

@)= ¢

If & is onto, then F(A) S F(A) and if, furthermore, F is 1-1, we have F(A) = F(A).

F'(B)=F(B)
0. B, CB, = FH(B)CF (By).
Definition 2.5[2]: Let (M, Tt;) and (Y, T1,) betwo ITS andlet  F : (M, ZT11) = (Y, T1,) be a function.
Then § is said to be an intuitionistic continuous shortly T- continuous ) if the inverse image of every
intuitionistic set of Y is intuitionistic set of M.
Definition 2.6 [8]: Let (M, T7;1) and (Y, T1,) be two ITS andlet  F: (M, T1y) = (Y, T1,) be called an
intuitionistic semi closed continuous ( shortly Ts -CS continuous ) if for every intuitionistic closed set V of
Y, §1(V) is T-semi closed in M. Definition 2.7 [5]: Let (M, T1;) and (Y, T1,) be two ITS and let
T (M, ZTrq) = (Y, T1y,) be called an intuitionistic g- continuous (shortly T g- continuous ) if for every
intuitionistic closed set V of Y, § (V) is T g- closed in M .
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Definition 2.8[5]: Let (M, T1;) and (Y, T1,) be two TTS and let F : (M, Try) = (Y, T1,) be called an
intuitionistic sg- continuous (shortly Tsg- continuous ) if for every intuitionistic closed set V of Y, ¥~ 1(V)
is Tsg- closed in M.

Definition 2.9[6]: Let (M, T7;) and (Y, T1,) be two TTS and let  &F: (M, ZT1y) = (Y, T1,) be called an
intuitionistic a- continuous ( shortly Ta- continuous ) if for every intuitionistic closed set V of Y, ¥~ (V)
is Ta- closed in M.

Definition 2.10[5]: Let (M, Tty) and (Y, T7,) betwo ITS and let  §F : (M, Tty) — (Y, T1,) be called an
intuitionistic gp- continuous if for every intuitionistic closed set V of Y, ¥ (V) is Tgp- closed in M

Definition 2.11[5]: Let (M, T7,) and (Y, T1,) be two TTS and let F : (M, Tt1) = (Y, T1,) be called an
intuitionistic w- continuous (shortly Tw- continuous) if for every intuitionistic closed set V of Y, ¥ (V)
is Tw- closed in M.

3. INTUITIONISTIC w-CONTINUOUS FUNCTIONS

Definition 3.1: Let (M, T14), (Y, T1,) be two TTS. Let F : (M, T11) = (Y, T1,) be a function. Then § is
said to be an intuitionistic w-continuous function (shortly ITw-continuous), if the inverse image of every
intuitionistic closed set in Y is Tw-closed in M.

Example 3.2:Let M = {k,g} with the family Ir; = (@, M,< M, {k}, ¢ > < M,{k},{g} >}.Tv-
€S (M,Tty) = (@, M, <M,9,{g}> <M/{glo> <M(Ik}{g}> <
M,p,{k} > <M,p,¢>}Let Y = {a,b} with T, = {@, Y, <Y, {b},0 >, <Y, ¢, {a} >}.Define § :
(M, Z1y) = (Y, Trp) as Fk) = a, F(g) = b.Then FU<LY, (b} >) = <M, {g}o >
, ¥ <Y, p,{a}>) = <M,p,{k} > and F1(Y) = M. Hence inverse image of every intuitionistic
closed set in Y is TW-closed in M. Hence § is Tw- continuous function.

Theorem 3.3: Every T- continuous function is TWw- continuous but not conversely.

Proof: Let & : (M,%1;) = (Y, I1,) be I- continuous. Let A be a I-closed setin Y. Then F1(A) is
I- closed in M. But every I- closed set is TW-closed set. Therefore, F1(A) is Iw-closed in M.
Hence § is Tw- continuous.

Example 3.4: Let M = {k,1} with Tt; = {@,M,A;,A,} where A; =< M,p,{k}>, A, =<
M, {1}, @ >.Iw- CS (M, Z1)) = {@, M, <M, {I}, ¢ > < M,p,{1} > < M,{1},{k} >).ITw-

CS (M, X1) = {p, M,<M,0,0 ><M,@,{I1} > <M, {1},p >} LetY = {a,b} with T1,={3,§, <
Y, {b},{a} >,<Y,p,{a} >} I-CS (Y, I1,) = {@ Y, <Y,{a},¢ > <Y, {a},{b}>}. Define F:
(M, Z1,) = (Y, I15) as F(k) = b, F() = a. Here § is not I- continuous, since F~* (<Y, {a}, {b}>)
=< M, {1}, {k} > is not T-closed in (M, T1,).

Theorem 3.5: Every Tg- continuous function is Tw-continuous but not conversely. Proof: Let &:
(M, Zt;) - (Y, Tr,) be T g- continuous. Let A be T- closed set of Y. Then F~1(A) is Tg- closed in
M. But every Tg- closed set is TWw-closed set. Therefore, F 1(A) is Tw-closed in M. Hence § is ITw-
continuous.

Example 3.6: Let M = {a, b, ¢} with T1; = {@, M, Ay, Ay, Az, Ay, As, Ag} Where A, =<
M,p,0 >, A, =< M,p,{a} >, A; =< M,p,{c} >, Ay =<M,{b},p > As =< M,¢p,{a,c}>,
Ag =< M, {b},{a} >.TW-CS (M,Z1)) = {B, M, <M,p,p >, <M, p,{a}> <M, p,{c}>
, <M, {b}, ¢ >, <M, {b},{c} > <M, {b}{a}> <M, {ab}{c}> <M,{bc}{a}><
M, {b},{a,c} >, < M,{a,b},¢><M,{bc}o> <Me/iact>}.Tg-CSM,It;)={P, M ,<
M, 0,0 ><M,p,{a}><M,p,{c}> <M, {bLo> <M{b}{c}> <M {b}{a}> <
M,p,{a,c}> <M, {a,b},o>}. Let Y={p,y,u} with T1, = { @, ¥, <Y, 0,{y,u} > <Y, {pu} e >}
I-CS(Y, )= {@, Y, <Y, {y,u}, o> <V, 0,{pu}>} DefineF: (M,ZIr;) = (Y, T1,) as F(a)
=p,Fb) =y,F() = u.HereF 1 (<Y, {y,u}, ¢ >) =< M,{b,c},p > isnot Tg-closed in (M, Z1,).

Theorem 3.7: Every Ts- continuous function is Tw-continuous but not conversely.

Proof: Let & : (M,Z1;) = (Y, I1,) be Ts- continuous. Let A be I- closed set in Y. Then F 1(A) is
¥s- closed in M. Since every Ts- closed set is Tw-closed set, F1(A) is TW-closed in M. Hence § is Tw-
continuous.

Example 3.8: Let M ={fq} with T7; ={@ M, Ly, L, L3, Ly} where L =<M,p,¢ > L, =<
M:{f}:(/’ >'L3 =< M:‘P:{q} >, L4- =< M;{f},{C{} >. IW-CS (Mrzrl) f {(ﬁ' ]V[!< M,(p,(p >, <
M, (e > <M {a} e > <M {a}{f} >} Ts- CS(M,Tr) = {§, M, <M, 9,9 >} Let Y = {f,q}
with I1, = {3, Y, <Y, 0,0 ><Y,0,{q} >}.T-CS (Y, Ir,) = {@, Y, <V, 0,0> <VY,{q}o >}
Define & : (M, Try) = (Y, Trp) as F(F) = ¢,F(@) =f HereF ' (<Y, {a}o>) = < M, {flo > is
not ¥s-closed in (M, Tty).
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Theorem 3.9: Every Tsg- continuous function is Ti-continuous but not  conversely.

Proof: Let & : (M, Z1,) = (Y, T1,) be Tsg- continuous. Let A be I- closed setin Y. Then F1(A) is
¥sg- closed in M. Since every Isg- closed set is TWw-closed set, F~1(A) is Iw-closed in M. Hence
% is TW- continuous.

Example 3.10: Let M = {4, 7, £} with T1; = {¢, M, C;,C;,C3,Cy, Cs} where C; =< M, 9,9 >,C, =<
M,p,{i} >,C3 =< M, @, {#£} > C, =< M, {}, 0 >, Cs =< M, o, {i,#£} > IW-CS(M,I11) =
{@, M, <M, 0,0 > <M, {i}><Me{k}> <M{jLe> <MLk} > <M {73{i}>,
<M, {4,3},{#}> <M, {j£}L{i}> <ML RS, <M {4,5Le > <M {jLLe > <
M, @, {i, £} >}.Tsg-CS (M, Z1y) = { G, M, <M, 0,0 ><M,,{i} > < M,p,{£} > <

M, {7} > <M, {3}, {£}> <M, {4 > <M, o4, £} >, <M, {4,440 >} Let Y ={£,m,n}
with T1, ={@, Y, <Y, 0, {m,n}> <Y, {{,n}, ¢ >}. I-CS(Y, Tr,) ={@, Y, <
Y, {m,n}, o > <Y,@,{¢,n} >} Define F: (M,Tty) = (Y, IT1,) as F(©) =4, F(F) =m,Fk) = n.
Here ¥ 1 (<Y, {m,n}, ¢ >) = < M,{j, £}, ¢ > is not Tsg-closed in (M, Z1;).

Theorem 3.11: Every Sa- continuous function is Tw-continuous but not conversely.

Proof: Let & : (M,T1;) — (Y, T1,) be Za- continuous. Let A be I- closed set in Y. Then F1(A) is
Ta- closed in M. Since every Ta- closed set is Tw-closed set, F~1(A) is Iw-closed in M. Hence
& is TW- continuous.

Example 3.12: Let M = {x,w,p} with the family I, = {¢, M, < M, ¢, {x} >, <M, {w}, {z} >, <
M,0,¢ > <M, {v}> <M, {w}e> <M, {xy}>)IWCS(M,I1) ={p, M,<M,p,¢ >, <
M, {x}> <M, 0 {v}> <M, {w}o> <M {w}h{n}> <M {w}{z}> <M{{Ew}><
M, {w,},{x,n} > <M, {x,w}e > <M, {wyhe>< Mo {xy)>. Ta-CSM,It))={p, M, <
M,p,0 >  <M,p{x}> <M e{n}> <M {w}e> <M {w}{y}> <M, {w}{x}><
M, {n},{x} > < M, {x,w},{n} > <M, {w,},{x,9} > < M, {w,},{zx} > <M, {xw},p > <M, e, {x1v}>
, <M, {xw}> <M {wy}e> <M {wy}>}. Let Y={st,u}with Tr, = {@, Y, <
Y, {£,u}, {8} > <Y, {u}, {5t} > <Y {£},{5u}>} Define &:(M,ITr;) > (Y, I1,) as F(x) = s,
¥ (w)=tandF (v) = w.Then F LY, {u}, {81t} >) = <M, {v},{x,w} > whichis not Ta- closed set
in (M, Tt).Therefore, § is not Ta- continuous.

Theorem 3.13: Every Tw- continuous function is Tiw-continuous but not conversely.

Proof: Let §: (M,Z1;) — (Y, Tr,) be Iw- continuous. Let A be I- closed setin Y. Then F1(A) is
Iw- closed in M. Since every Iw- closed set is TW-closed set, F1(A) is TW-closed in M. Hence §F is Tiv-
continuous.

Example 3.14: Let M = {q,b, ¢} with I, = {¢, M, By, B, B3, By, Bs, Bg} where B; =< M, ¢,¢ >,B, =
<M, qp,{a} >, Bz = < M, {b},{a} >, B, =< M, p,{c >, Bs =< M, {b},¢ >Bs =<
M, ¢, {a,c}>.IW-CS (M,31,) = { P, M, <M, {i,7},{£} > <M, ¢,{a} > <M, ¢,{}><M,{b},p >
, <M, {b},{c} > <M, {b},{a} > <M, {c}{a} > <M, {ab}{c} > <M {c}{ab}> <M, {b}{ac}>
, <M, {b,c},{a} > <M, {a,b},0><M,,{a,b}> <M, {bc}><M,p{ac}><M{bc}e>
Iw-CS (M, Z1y) = (P, M, <M,0,0 >,<M,p,{a}> <M, p,{}> <M,{bl,o > <
M, {b},{c} > <M, {b}{a} > <M, {ab},{c}><M,{bc}{a} > <M, {b}{ac}>, <
M, {a,b},0 >, < M,p,{a,c} > < M,p,{a,b} > M,{b,c}, o >}.LetY = {£,m,n}with Ir,={@, Y,
<Y, {#,{mn}> <Y, {&m}{n}><Y,{£n},{m}}.ICS (Y, I1,) ={@, YV, <Y, {m,n},{£} >
Y, {n}, {€,m} >, <Y, {m},{£,n} >}. Define & : (M, ZT1;) = (Y, T1,) as F(a) = £, Fd) =m,F() =
n.Here § is not Iw- continuous since F~! (<Y, {n},{£,m}>)= <M, {c},{a,b} > isnot Tw-closed
in (M, T1q).

Remark 3.15: The following diagram shows the relationships of - continuous with other existing
intuitionistic continuous functions.
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T s-continuous

Tw-continuous T g-continuous
\ . /
TW-continuou
T —continuous / \ T -continuouns

Fig. 1

Theorem 3.16: A function & : (M, Tty) — (Y, T1,) is a TW-continuous iff the inverse image of every -
open set in Y is TW- open in M.

Proof: Let X be a T- open setin Y. Then Y — K is T- closed set in Y. Since & is I w-continuous, F~1 (Y —
K ) is Tw-closed in M. Thatis, F L (Y—-K )= M — F 1(K) is Tw-closed in M. Hence F~1(XK) is Tw-
open in (M,Z7q). Conversely, let L be a T- closed set in Y. Then Y — L is T- open in Y. Hence
FI(Y-L)= M- F L) is TW- open in M. Hence F1(L) is IW- closed in M and F is Tw-
continuous.

Theorem 3.17: A function & : (M,T1;) — (Y, T1,) is a ITw-continuous iff & 1(Zint (B)) <
I int (F~1(B)) for every subset B of (Y, TT,).

Proof: By the given hypothesis B € Y. Then Tint (B) is T- open in Y. Since F is  TWw- continuous,
& 1(Zint (B)) is TW- open in M. Hence it follows that T int F1(Zint (B)) = §1(Zint (B)).
Also Tint (B) € B. Then FHTint (B)) € § (V) which implies Iw int(F~*(ITint (B))) <
Iw int (F~1(B)). Hence F*(Tint (B)) c Iwint (F1(B)). Conversely, let F(Tint (B)) <
Iw int (‘{3_1(58)) for every subset B of Y. Let B be I- open in Y . Hence Tint (B) = B. Given
F1(Zint (B)) < Iwint (F1(B)), that is F™1B) € Iwint (F1(B)). Also Iwint (F1(B)) <
& 1(B). Hence it follows that 1 (B) = Iw int (F(B)) which implies that F~1(B) is TW- open in M for
every subset B of Y. Hence & : (M, T11) = (Y, T1,) is Tiw-continuous.

Theorem 3.18: A function &: (M, ZTt;) = (Y, T1y) is a Tw-continuous iff Iw cl (%‘1(58)) c
FH(Tcl(B)) for every subset B of (Y, TT,).

Proof: Let B € Y and Tcl(B) be - closed in Y . Hence ‘&'%Icl(%)) is Tw- closed in M. Therefore,
Iw cl({f;‘l(zcl(%)) = F H(Zcl(B)). Since B S Tcl(B), F1(B) € FHTcl(B)), Iwcl (F1(B) <
Iw cl(‘&_l(%cl(%)) = %_1(3:61(%)). Hence Iw cl (%'1(58)) c 3_1(‘16[(58)). Conversely, let
Iwcl (?}‘1(23)) c {9"1($cl(58)) for every subset B € Y. Let B be - closed in Y, then Tcl(B) = B.
Therefore, the given hypothesis becomes T ¢l (F1(B)) € F (V). But F1(B) € Iwcl (F1(B)).
Hence IW ¢l (F1(B)) = F (V). Thus F~1(B) is TW- closed in M for every I- closed B in Y. Hence F :
(M, Z1y) = (Y, T1y) is TW-continuous.
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