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1. Introduction

Grossman and Katz devise a multiplicative (Non-newtonian) calculus by surrogate division and multiplication for
subtraction and addition, respectively. Bashirov et al. exemplify multiplicative metric by utilizing the theories of
Grossman and Katz. Ozavsar and Cevikel studied multiplicative metric spaces and established certain fixed point
theorems for multiplicative metric spaces contraction mappings. Abbas et al. made a significant contribution in
this field with their investigation of common fixed point results of generalized rational type cyclic mappings.
Czerwik coined the term "b-metric space,” which is a generalization of the term "metric space". The interesting
concept of b-multiplicative metric space was instigate by Muhammad Usman Ali.

1. Preliminaries

Definition 2.1

Let X be a non-empty set and s > 1 be a real number. A function u: X x X - R* is a b —multiplicative metric if
i)u(u,o0) >1forallu,veRr

ii)o(u,) =1iffu=ro

iii) u(u,0) = u(v,u) forallu,» €N

iv) u(u,3) < [u(u,0).u(p,3)]° forall u,v,3 €N

The triplet (¥, u, 5) is called b-multiplicative metric space.

Example 2.1

Let X = [0, ). Define a mapping u: X X X — [1, o)

o(,0) = a®* forallu,p € R

where a > 1 is any fixed real number. Then for each a, u is b —multiplicative metric on X with s = 2. Note that
u is not multiplicative metric on K.

Definition 2.2

Let (R, u,s) be a b —multiplicative metric space.

(i) A sequence {u,} is convergent iff there exist u € X such that

u(u,,u) > lasn - +oo,

(ii) A sequence {u, } is called b —multiplicative Cauchy iff

u(uy,,u,) > lasn,m — oo,

iii) A b —multiplicative metric space (X, uv) is said to be complete if every multiplicative Cauchy sequence in X
is convergent to some v € K.

2. Main results

Lemma 3.1

Let (X, u,s) be a & — mm.s with coefficient s > 1 and A: X — X be a mapping. Suppose that {11} is a sequence
in X induced by u,,,; = Au, such that

(U, tyyq) < 0(uy,_p,u,)?4,  foralln €N ()
where 1 € [0,1) is a constant. Then {u,,} is a Cauchy sequence.
Theorem 3.1:

Let (X,u,5) be a complete & — mm.s with a coefficient s > 1, and A, B : X - X be mappings on X
satisfying the condition
as oA u(,Bo)u(v,Bo)u(v,Au); o
U(Au, Br) < [U(u, 0)*. | o (0.B) £ o(os) ] 2] (D)
forall u,vin X and a;, @, = 0, u(u, Bo) + uv(v, Au) # 0 with a; + @, < 1. Then A and B has a unique CFP.
Proof:

Fix u, € X. Define a sequence {u,,} in X such that
Uppsq = Alyy, Upnys = Bu,, 4, foralln € N, ...(2)
Suppose that there is some n € N such that u, = u, 4. If n = 2i, then u,; = u,;,, and
From (1) with u = u,; and v = u,;,4,

U241, Upi42) = U(AUy;, Bulyiyq)
U(uzi'"quzi)o(uzi'Bu2i+1)0(u2i+1'Bu2i+1)U(u2i+1:Bu2i)]az]

<
0(uz;, Butgiyg) + 0(Up4q, Buly;)

U(Upq Upi41) % [

a
U(uziru2i+1)U(u2i;u2i+2)U(u2i+1'u2i+2)0(u2i+1,u2i+1)] 2]
U(uz, Upih2) + U(Upi41, Upis1)

= [U(uzi,uziﬂ)“l. [

=1.
Therefore u(u1,;41, Uz;42) = 1 which implies 1,41, = Uy;45.
Thus Uz = Uzjy1 = Uiy
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By (2), Auy; = uy; = Buy;, uy; isa CFP of A and B.
If n = 2i + 1, then using the same argument as in the case u,; = u,;,4, it can be shown that u,;,, isa CFP of
A and B.
Suppose, u,, # u,,, foralln € N.
Step 1:
Caselin=2i+1,ieN
Use the equation (1), withu = u,; and v = uy;,4
U(Upi41, Upis2) = U(Aly;, Buyiyy)
U(uzi'dquzi)U(uzi'Bu2i+1)0(u2i+1'Bu2i+1)0(u2i+1:Bu2i)]a2]
Uy, Bugiyg) + 0(ugi4, Buyy)
(U, Uzi41)0 Uy, u21’+2)U(112i+1’112i+2)0(uzi+1'uzi+1)rz]
U(Uz; Upipz) + 0(Upi41, Upig1)
U(uzi'u2i+1)0(u2ivu2i+2)U(u2i+1'u2i+2)]a2]
Uiy upi42) +1

<

U(Upg Upi41) % [

IA

[U(uzi'uziﬂ)al- [

[U(uzi'uziu)al- [

= Uy Upi41) 12,

In general,

(i, ) S 06Uy, u)* Y%, n=2i+1,i€N (3
Case2: n = 2i,i € N.
Likewise, For n = 2i

Uiy, Uppg) S 0(Up_q, up)* %%, n=2i,i €N ()

Utilizing the equation (3) and (4),
Uiy, ) < 0(Uy_q,u,)*11%2 forall n € N. ...(5
v ta, <1
By Lemma (3.1), Thus {u,} is a Cauchy sequence in (X,u,s). Since (X,u,s) is a complete & — mms, {u,}
converges to some z € X asn — +oo.
Step 2:
To prove that Az = Bz = z.
Using the triangular inequality and (1), u(z, Az) < [0(z, Uzn42). U(Uspia, AZ)]*
= 0(2,42n42)° U(AZ, Buzp11)°

< 0(z,uzn42)". [U(Z' Uppi2)* [

0(z, Buzne1) + 0(Uppngq, A2)
=u(zu )e. [U(Z u Yo, [U(Z; Az)0(Z,Uzn42)0(Uzp 11, Uz 12)V(M2n41, cﬂz)]wz]
e e U(z, Uzn42) + 0(Uzpeq, A2)
Taking the limit as n — oo, obtain v(z,Az) < 1, Hence u(z, Az) = 1 which implies Az = z.
Similarly, we obtain Bz = z, Thus z is a CFP of A and B.
Step 3:
To determine, A and B have a unique common fixed point.
Assume z and w are different CFP of A and B,
By the equation (1),
u(z,w) = u(Az, Bw)
u(z, Az).v(z, Bw)v(w, Bw)u(w, Bw)]“?
u(z, Bw) + u(w, Az)

0(z, Az)v(z, Buzn+1)0(Uzn41, Bizp1)0(Mzp 41, CAZ)]MZ]

< u(z,w)*.

=u(z,w)*
Since a; < 1, we have u(z,w) = 1.
Thus, A and B have a unique common fixed point in X.

Theorem 3.2:
Let (R, u,s) be a complete & — mm.s with coefficient s = 1, and A, B: X — X be mappings on &, The following

conditions are fulfilled
a, [v(0,Bo)[1+0(u,Au)] @2 Iy(0,Bo)+0(n,Au) |*3
U(dqu' BD) s [U(u' D) . [ 1+u(u,v) ] ' [1+u(n,Bn)U(n,Bu) ]’ (6)

Forall u,»p € X where a;, a,, @3 = 0, s(a; + a, + @3) < 1. Then A and B have a unique common fixed point.

Proof:
Any u, in &, A sequence {u, } in X such that
Uppyq = Allyy, Uspes = Bly,yq, foralln € N. )]
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Suppose that there is some n € N such that u,, = u,, .

If n = 2i, then uy; = uy;,4,

Use the equation (6) with u = u,; and v = uy;,4,

U(uzi+1,u2i+z) = U(Auzy, Bliggs1)

< (i tpie )" [U(u2i+1' Bugiq)[1 + U(uzivchuzi)]]az ' [U(u2i+1:Bu2i+1) + U(u2i+1,<ﬂu2i)]a3
1+ u(ugg, Uzi41) 1+ 0(ugipq, Bugiy1)u(izi41, Buy)

U(Uzi41, Upip2)[1 + Uy, u2i+1)]r2 0(Uzi41, Upi42) + OQpp41, pi41) |

1+ v(ugg vzi41) 1+ 0(uzi41s Ui 2) U (041, Y2is1)

= 0(Up; Upi41) ™ [

0(Uzi41, Upi42) T S 1L

Since 0 < a3 < 1, U(Uyi41, Ugirz) = 1. HeNCe uy;4 4 = Uyjpp. TUS, Uy = Uyjpq = Ugysp.

We find by the equation (7), u,; = Au,; = Buy;, i.e., uy; isa CFP of A and B.

If n = 2i + 1, then using the same arguments as in the case u,; = u,;,4, it can be shown that u,;,, isa CFP of

A and B.

Assume that u,, # u,,, foralln € N.

Step 1:

Case l:If n=2i+1,i € N.

Use the equation (6), u = u,; and v = uy;,4

U(Uzi41, Ugirz) = U(Auy;, Bitgiyq)

< (g Uppeq) . [U(u2i+1' Buyiy1)[1+ U(uzirdquzi)]]az ' [U(u2i+1:Bu2i+1) + 0(Upi49, Ally;) ]a3

B 2w T 1+ 0(uy;, uzi41) 14 0(ugi41, Bugi)Ju(izi41, Buy;)

0(Uzi41, Upig2)[1 + U(uziru2i+1)]r2 [ U(Uzi1, Ugirz) + 0(Ugi41, Upi41) “
1+ 0(uy;, uzi41) 1+ 0(upipg, Upi2)U(Upi01, Upigr)

= 0(uy;, Upi41) " [

a

1
= 0(Ugy Upy4q) 17 (@1 +3)
ai
Thus Uy, upyq) S (U qup)t-(@tas), n=2i+1,i N ...(8)

Case 2: If n = 2i,i € N,
Likewise, For n = 2i,

451
Uiy, Upyq) < U(U,_q,uy)t-@ta3), n=2i,i EN ...(9)
Utilizing (8) and (9),
ay
Uiy, Upyq) < U(U,_q,uy)t"@tas), forall n € N, ...(10)
Where h = — —withh <2< 1, s5(a; + ay + a3) < 1.
1-(ai+asz) s

The Lemma (3.1), we say that {u, } is a Cauchy sequence in (X, v). Since (X, v) is a complete 4 — mm.s, {u,}
converges to some z € X asn — +oo.

Step 2:

To demonstrate Az = Bz = z.

By using the triangular inequality and (6),

u(z, Az) < [U(z,uzn42)- V(Uzny2 AZ)]°

= U(2,U3n+2)" U(AZ, Biigpy1)°

1+ U(Z, u2n+1)
sa3

< 0(2,U242)% (2, g 1) %2 [U(u2n+1rBu2n+1)[1 +u(z, c/‘lZ)]rxz
- )y ¥2n+2) - »R2n+1 . .

[ U(Uzn4+1, Biuzpyq) + 0(zp41, AZ)
1+ v(uzp 41, Biigns1)0(Uzn 41, AZ)
Taking the limitas n —» +o0, u(z, Az) < u(z, Az)**s
Since sa; < 1, hence u(z,Az)=1, Thus Az = z.
Likewise, we obtain u(z, Bz) < u(z, Bz)*(@2+®3),
vsla, +a3) < 1,u(z,Bz) =1, Thus Bz = z
Thus z isa CFP of A and B.
Step 3:
To determine A and B have a unique common fixed point.
Say z and w are different common fixed points of A and B,
As aresult (6), u(z,w) = u(Az, Bw)
2wy o(w, Bw)[1 + u(z, Az) %2 s(w, Bw)u(w, Az) |*
R&W) 1+ u(z,w) |1+ u(w, Bw)u(w, Bz)
= u(z, W)(a1+013)

Since 0 < (a; +a3) < 1,u(z,w) =1

<
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Thus, we prove that A4 and B have a unique common fixed point in X.

Theorem 3.3:
Let (X,u,5) be a complete & — mm.s with a coefficient s > 1, f: X — X be a mapping on X. Suppose that
ay, &, a5 are nonnegative reals with a; + a5 < 1,0;1_;: < 1 such that the inequality
az
o(fu, f0)° < u(u, )71 [% o(fu, f0)%, (1)
holds for each u,» € X. Then f has a unique fixed point.
Proof:
Let u, be arbitrary in X. We define a sequence {u,,} in X such that
Uyyq = fuy,, foralln e N ...(12)

From the condition (11) with u = u,, and » = u,,_,, Therefore
0(Ups1,up)° = 0(fity, fity_1)°

az
< aq [U(un:fun)U(un—lrfun—l) as
< 0(uty, Up_g) . 1+0(fim fin_q) O(fug, fug_y)

Uy, Un 4 1)Uy -1, Uy)
1+ 0(upgq,tn)
U(un’un+1)0(un—1:un)r2

1+ (U, uy)

az

. U(un+1' un)a3

= 0(Up, Up—1) ™. [

< U(un' un—l)al- [ -U(un+1:un)a3

a1ta;
U(un+1' un) = U(un—lﬁun) T
By using the Lemma (3.1) we say that {11, } is a Cauchy sequence in (X, v). Since (X, v) is a complete & — mm.s,
then {u,,} converges to some z € X asn — co.
Toshow fz =z
Again by triangle inequality and (11),
u(z, f2) < [0(z, up41). (V(Un11, f2)]°

= 0(z,up41)°0(f 2, fu,)®

< 0(z,uy41)%. 0(z,u,)%%1,

0(uy, fuy)u(z, fz) ez
1+ou(fx, fz)

Taking the limit as n — oo, we obtain that

-0(fz, fup )™

u(z, fz)'7* < 1,
Since 0 < a5 < 1, then
u(z, fz) < 1.
Which is a contradiction, so u(z, fz) = 1. Hence fz = z, thus z is a fixed point of f. We will prove that f have a
unique fixed point. Suppose z and w are different fixed points of f, then from (11), it follows that
u(z.fR)uw,fw)]%2

S — S a a
u(z,w)® =u(fz fw)* < u(z,w) 1.[ T .U(fz, fw)%s,
az
= u(z, w)*1. [—U(fz?x;v 1™ 6z, w)es

= u(z,w)*1t%3,
Since a; + a; is non negative reals with a; + a3 < 1, then we have v(z,w) = 1.
Thus, f have a unique fixed point in K.

Application:

We explore the existence and uniqueness of the solution of a system of multiplicative integral equations. The
integral equation as

u(t) = [ K(t,5,u(s)%, st € [a,b] (40

Where a,b € Rand K: [a, b] X [a, b] X R. The purpose of this section is to give an existence theorem for a solution
of Theorem (4.1) using theorem 3.3

Consider the space X = C[a, b] of real continuous functions defined on [a, b]. Endowed with b —multiplicative
metric

u®)|? . u®)
SUPtelap] | U 5> 1
u(u,0) = WO .. u) is a complete b —multiplicative metric space
SUPtelad] [;pl Y S
Theorem 4.1:

Assume that
i) Foreach t,s € [a, b] and u,» € X, there exists a constant n > 0 such that
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2 n
=(fe)
iii) K: [a, b] X [a, b] X R is continuous.
Then the system (4.1) have a unique common solution in X.

Proof:
Let F: X X X defined as

u(s)
v(s)

‘K(t, s,u(s))
K(t, s,n(s))

b
Fu(t) = fK(t, s,u(s))%, s,t €[a,b]
K(t s, u(s))

( b K(t S, n(s)) >
(L))
()

= (W)’ “)z)

= u(u,0)"?~ for each t € [a, b].

Since K is continuous, f is continuous
Fu(t)
Fo(t)

IN

IA

1
< u(u,v)a

: ay [9Gfo)o(fo)] %2 sl
u(fu, fo)® < [u(u, )% [m .U(fu, fo)*]e wherel <s<q < oo.

For all u, 0 € X. Consequently, all the hypothesis of Theorem 3.3 hold. Then f have a unique common fixed point
and the system (4.1) have a unique common solution.
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