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1. Introduction 

 

Grossman and Katz devise a multiplicative (Non-newtonian) calculus by surrogate division and multiplication for 

subtraction and addition, respectively. Bashirov et al. exemplify multiplicative metric by utilizing the theories of 

Grossman and Katz. Ozavsar and Cevikel studied multiplicative metric spaces and established certain fixed point 

theorems for multiplicative metric spaces contraction mappings. Abbas et al. made a significant contribution in 

this field with their investigation of common fixed point results of generalized rational type cyclic mappings. 

Czerwik coined the term "b-metric space," which is a generalization of the term "metric space". The interesting 

concept of b-multiplicative metric space was instigate by Muhammad Usman Ali.  

 

II. Preliminaries 

Definition 2.1 

Let ℵ be a non-empty set and 𝔰 ≥ 1 be a real number. A function ʊ: ℵ × ℵ → ℝ+ is a 𝑏 −multiplicative metric if 

i) ʊ(𝔲, 𝔳) > 1 for all 𝔲, 𝔳 ∈ ℵ 

ii) ʊ(𝔲, 𝔳) = 1 iff 𝔲 = 𝔳 
iii) ʊ(𝔲, 𝔳) = ʊ(𝔳, 𝔲) for all 𝔲, 𝔳 ∈ ℵ 

iv) ʊ(𝔲, 𝔷) ≤ [ʊ(𝔲, 𝔳). ʊ(𝔳, 𝔷)]𝔰 for all 𝔲, 𝔳, 𝔷 ∈ ℵ 

The triplet (ℵ, ʊ, 𝔰) is called b-multiplicative metric space. 

 

Example 2.1  

Let ℵ = [0,∞). Define a mapping ʊ: ℵ × ℵ → [1,∞) 

ʊ(𝔲, 𝔳) = 𝑎(𝔲−𝔳)
2
, for all 𝔲, 𝔳 ∈ ℵ 

where 𝑎 > 1 is any fixed real number. Then for each 𝑎, ʊ is 𝑏 −multiplicative metric on ℵ with 𝔰 = 2. Note that 

ʊ is not multiplicative metric on ℵ. 
 

Definition 2.2  

Let (ℵ, ʊ, 𝔰) be a 𝑏 −multiplicative metric space. 

(i) A sequence {𝔲𝑛} is convergent iff there exist 𝔲 ∈ ℵ such that 

ʊ(𝔲𝑛 , 𝔲) → 1 as 𝑛 → +∞. 
(ii) A sequence {𝔲𝑛} is called 𝑏 −multiplicative Cauchy iff 

ʊ(𝔲𝑚 , 𝔲𝑛) → 1 as 𝑛,𝑚 → ∞. 

iii) A  𝑏 −multiplicative metric space (ℵ, ʊ) is said to be complete if every multiplicative Cauchy sequence in ℵ 

is convergent to some 𝔳 ∈ ℵ. 
 

2. Main results 

Lemma 3.1 

Let (ℵ, ʊ, 𝔰) be a 𝒷 −𝓂𝓂𝓈 with coefficient 𝔰 ≥ 1 and 𝒜: ℵ → ℵ be a mapping. Suppose that {𝔲𝑛}  is a sequence 

in ℵ induced by 𝔲𝑛+1 = 𝒜𝔲𝑛 such that 

    ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝜆,      for all 𝑛 ∈ ℕ                                                …(*) 

where 𝜆 ∈ [0,1) is a constant. Then {𝔲𝑛} is a Cauchy sequence. 

Theorem 3.1: 

 Let (ℵ, ʊ, 𝔰) be a complete 𝒷 −𝓂𝓂𝓈 with a coefficient 𝔰 ≥ 1, and 𝒜,ℬ ∶ ℵ → ℵ be mappings on ℵ 

satisfying the condition 

ʊ(𝒜𝔲, ℬ𝔳) ≤ [ʊ(𝔲, 𝔳)𝛼1 . [
ʊ(𝔲,𝒜𝔲)ʊ(𝔲,ℬ𝔳)ʊ(𝔳,ℬ𝔳)ʊ(𝔳,𝒜𝔲)

ʊ(𝔲,ℬ𝔳)+ʊ(𝔳,𝒜𝔲)
]𝛼2]                    …(1) 

for all 𝔲, 𝔳 in ℵ and 𝛼1, 𝛼2 ≥ 0, ʊ(𝔲, ℬ𝔳) + ʊ(𝔳,𝒜𝔲) ≠ 0 with 𝛼1 + 𝛼2 < 1. Then 𝒜 and ℬ has a unique 𝒞ℱ𝒫. 

Proof: 

    Fix 𝔲0  ∈ ℵ. Define a sequence {𝔲𝑛} in ℵ such that  

𝔲2𝑛+1 = 𝒜𝔲2𝑛 ,  𝔲2𝑛+2 = ℬ𝔲2𝑛+1, for all 𝑛 ∈ ℕ.                                  …(2) 

Suppose that there is some 𝑛 ∈ ℕ such that 𝔲𝑛 = 𝔲𝑛+1. If 𝑛 = 2𝑖, then 𝔲2𝑖 = 𝔲2𝑖+1 and  

From (1) with 𝔲 =  𝔲2𝑖 and 𝔳 = 𝔲2𝑖+1, 

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) = ʊ(𝒜𝔲2𝑖 , ℬ𝔲2𝑖+1) 

≤ [ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖 , 𝒜𝔲2𝑖)ʊ(𝔲2𝑖 , ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖)

ʊ(𝔲2𝑖 , ℬ𝔲2𝑖+1) + ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖)
]

𝛼2

]

= [ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖 , 𝔲2𝑖+1)ʊ(𝔲2𝑖 , 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)

ʊ(𝔲2𝑖 , 𝔲2𝑖+2) + ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)
]

𝛼2

] 

         = 1. 
Therefore ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) = 1 which implies 𝔲2𝑖+1, = 𝔲2𝑖+2.  

Thus                                                         𝔲2𝑖 = 𝔲2𝑖+1 = 𝔲2𝑖+2.                                                                                                         
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By (2), 𝒜𝔲2𝑖 = 𝔲2𝑖 = ℬ𝔲2𝑖 , 𝔲2𝑖 is a 𝒞ℱ𝒫 of 𝒜 and ℬ.   
If 𝑛 = 2𝑖 + 1, then using the same argument as in the case 𝔲2𝑖 = 𝔲2𝑖+1, it can be shown that  𝔲2𝑖+1 is a 𝒞ℱ𝒫 of 

𝒜 and ℬ. 
Suppose, 𝔲𝑛 ≠ 𝔲𝑛+1 for all 𝑛 ∈ ℕ. 
Step 1: 

Case 1: 𝑛 = 2𝑖 + 1, 𝑖 ∈ ℕ 

Use the equation (1), with 𝔲 =  𝔲2𝑖  and 𝔳 = 𝔲2𝑖+1   

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) = ʊ(𝒜𝔲2𝑖 , ℬ𝔲2𝑖+1) 

≤ [ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖 , 𝒜𝔲2𝑖)ʊ(𝔲2𝑖 , ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖)

ʊ(𝔲2𝑖 , ℬ𝔲2𝑖+1) + ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖)
]

𝛼2

] 

≤ [ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖 , 𝔲2𝑖+1)ʊ(𝔲2𝑖 , 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)

ʊ(𝔲2𝑖 , 𝔲2𝑖+2) + ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)
]

𝛼2

] 

= [ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖 , 𝔲2𝑖+1)ʊ(𝔲2𝑖 , 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)

ʊ(𝔲2𝑖 , 𝔲2𝑖+2) + 1
]

𝛼2

] 

= ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1+𝛼2 . 

In general,  

ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1+𝛼2 ,        𝑛 = 2𝑖 + 1, 𝑖 ∈ ℕ             … (3) 

Case 2: 𝑛 = 2𝑖, 𝑖 ∈ ℕ.  
Likewise, For 𝑛 = 2𝑖 

ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1+𝛼2 ,        𝑛 = 2𝑖, 𝑖 ∈ ℕ                    … (4) 

 

Utilizing the equation (3) and (4), 

                 ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1+𝛼2 , for all 𝑛 ∈ ℕ.                            …(5) 

∵ 𝛼1 + 𝛼2 < 1.  
By Lemma (3.1), Thus {𝔲𝑛} is a Cauchy sequence in (ℵ, ʊ, 𝔰). Since (ℵ, ʊ, 𝔰) is a complete 𝒷 −𝓂𝓂𝓈, {𝔲𝑛} 
converges to some 𝑧 ∈ ℵ as 𝑛 → +∞.  
Step 2: 

To prove that 𝒜𝑧 = ℬ𝑧 = 𝑧. 

Using the triangular inequality and (1), ʊ(𝑧,𝒜𝑧) ≤  [ʊ(𝑧, 𝔲2𝑛+2). ʊ(𝔲2𝑛+2, 𝒜𝑧)]
𝔰 

= ʊ(𝑧, 𝔲2𝑛+2)
𝔰. ʊ(𝒜𝑧, ℬ𝔲2𝑛+1)

𝔰 

≤ ʊ(𝑧, 𝔲2𝑛+2)
𝔰. [ʊ(𝑧, 𝔲2𝑛+2)

𝔰𝛼1 . [
ʊ(𝑧,𝒜𝑧)ʊ(𝑧, ℬ𝔲2𝑛+1)ʊ(𝔲2𝑛+1, ℬ𝔲2𝑛+1)ʊ(𝔲2𝑛+1, 𝒜𝑧)

ʊ(𝑧, ℬ𝔲2𝑛+1) + ʊ(𝔲2𝑛+1, 𝒜𝑧)
]

𝔰𝛼2

] 

= ʊ(𝑧, 𝔲2𝑛+2)
𝔰. [ʊ(𝑧, 𝔲2𝑛+2)

𝔰𝛼1 . [
ʊ(𝑧,𝒜𝑧)ʊ(𝑧, 𝔲2𝑛+2)ʊ(𝔲2𝑛+1, 𝔲2𝑛+2)ʊ(𝔲2𝑛+1, 𝒜𝑧)

ʊ(𝑧, 𝔲2𝑛+2) + ʊ(𝔲2𝑛+1, 𝒜𝑧)
]

𝔰𝛼2

] 

Taking the limit as 𝑛 → ∞, obtain  ʊ(𝑧,𝒜𝑧) ≤ 1, Hence ʊ(𝑧,𝒜𝑧) = 1 which implies 𝒜𝑧 = 𝑧. 
Similarly, we obtain ℬ𝑧 = 𝑧, Thus 𝑧 is a 𝒞ℱ𝒫 of 𝒜 and ℬ. 
Step 3: 

To determine, 𝒜 and ℬ have a unique common fixed point. 

Assume 𝑧 and 𝑤 are different 𝒞ℱ𝒫 of 𝒜 and ℬ,  

By the equation (1), 

ʊ(𝑧, 𝑤) = ʊ(𝒜𝑧, ℬ𝑤) 

≤ ʊ(𝑧, 𝑤)𝛼1  . [
ʊ(𝑧,𝒜𝑧). ʊ(𝑧, ℬ𝑤)ʊ(𝑤, ℬ𝑤)ʊ(𝑤, ℬ𝑤)

ʊ(𝑧, ℬ𝑤) + ʊ(𝑤,𝒜𝑧)
]

𝛼2

 

= ʊ(𝑧, 𝑤)𝛼1 

Since 𝛼1 < 1, we have ʊ(𝑧, 𝑤) = 1. 
Thus,  𝒜 and ℬ have a unique common fixed point in ℵ. 
 

Theorem 3.2: 

Let (ℵ, ʊ, 𝔰) be a complete 𝒷 −𝓂𝓂𝓈 with coefficient 𝔰 ≥ 1, and 𝒜,ℬ: ℵ → ℵ be mappings on ℵ, The following 

conditions are fulfilled  

ʊ(𝒜𝔲, ℬ𝔳) ≤ [ʊ(𝔲, 𝔳)𝛼1 . [
ʊ(𝔳,ℬ𝔳)[1+ʊ(𝔲,𝒜𝔲)]

1+ʊ(𝔲,𝔳)
]
𝛼2
. [
ʊ(𝔳,ℬ𝔳)+ʊ(𝔳,𝒜𝔲)

1+ʊ(𝔳,ℬ𝔳)ʊ(𝔳,ℬ𝔲)
]
𝛼3
],     …(6) 

For all 𝔲, 𝔳 ∈ ℵ  where 𝛼1, 𝛼2, 𝛼3 ≥ 0, 𝔰(𝛼1 + 𝛼2 + 𝛼3) < 1. Then 𝒜 and ℬ have a unique common fixed point. 

 

Proof: 

Any 𝔲0 in ℵ, A sequence {𝔲𝑛} in ℵ such that 

𝔲2𝑛+1 = 𝒜𝔲2𝑛 , 𝔲2𝑛+2 = ℬ𝔲2𝑛+1, for all 𝑛 ∈ ℕ.                                   …(7) 
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Suppose that there is some 𝑛 ∈ ℕ such that 𝔲𝑛 = 𝔲𝑛+1.  
If 𝑛 = 2𝑖, then 𝔲2𝑖 = 𝔲2𝑖+1,  

Use the equation (6) with 𝔲 = 𝔲2𝑖 and 𝔳 = 𝔲2𝑖+1, 

ʊ(𝔲2𝑖+1,𝔲2𝑖+2) = ʊ(𝒜𝔲2𝑘 , ℬ𝔲2𝑘+1) 

≤ ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)[1 + ʊ(𝔲2𝑖 , 𝒜𝔲2𝑖)]

1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
]

𝛼2

. [
ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1) + ʊ(𝔲2𝑖+1, 𝒜𝔲2𝑖)

1 + ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲𝑖)
]

𝛼3

 

= ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)[1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)]

1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
]

𝛼2

. [
ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) + ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)

1 + ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)
]

𝛼3

 

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)
1−𝛼3 ≤ 1. 

Since 0 ≤ 𝛼3 < 1, ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) = 1. Hence 𝔲2𝑖+1 = 𝔲2𝑖+2. Thus, 𝔲2𝑖 = 𝔲2𝑖+1 = 𝔲2𝑖+2.  
We find by the equation (7),  𝔲2𝑖 = 𝒜𝔲2𝑖 = ℬ𝔲2𝑖 , i.e., 𝔲2𝑖 is a 𝒞ℱ𝒫 of 𝒜 and ℬ. 
If 𝑛 = 2𝑖 + 1, then using the same arguments as in the case 𝔲2𝑖 = 𝔲2𝑖+1, it can be shown that 𝔲2𝑖+1 is a 𝒞ℱ𝒫 of 

𝒜 and ℬ. 
Assume that 𝔲𝑛 ≠ 𝔲𝑛+1 for all 𝑛 ∈ ℕ. 
Step 1: 

Case 1:If 𝑛 = 2𝑖 + 1, 𝑖 ∈ ℕ. 
Use the equation (6), 𝔲 = 𝔲2𝑖 and 𝔳 = 𝔲2𝑖+1  

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) = ʊ(𝒜𝔲2𝑖 , ℬ𝔲2𝑖+1) 

≤ ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)[1 + ʊ(𝔲2𝑖 , 𝒜𝔲2𝑖)]

1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
]

𝛼2

. [
ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1) + ʊ(𝔲2𝑖+1, 𝒜𝔲2𝑖)

1 + ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖+1)ʊ(𝔲2𝑖+1, ℬ𝔲2𝑖)
]

𝛼3

 

= ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1 . [

ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)[1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)]

1 + ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
]

𝛼2

. [
ʊ(𝔲2𝑖+1, 𝔲2𝑖+2) + ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)

1 + ʊ(𝔲2𝑖+1, 𝔲2𝑖+2)ʊ(𝔲2𝑖+1, 𝔲2𝑖+1)
]

𝛼3

 

= ʊ(𝔲2𝑖 , 𝔲2𝑖+1)
𝛼1

1−(𝛼1+𝛼3) 

Thus            ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1

1−(𝛼1+𝛼3),   𝑛 = 2𝑖 + 1, 𝑖 ∈ ℕ                                 …(8) 

Case 2: If 𝑛 = 2𝑖, 𝑖 ∈ ℕ.  
Likewise, For 𝑛 = 2𝑖,  

ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1

1−(𝛼1+𝛼3),    𝑛 = 2𝑖, 𝑖 ∈ ℕ                                       …(9) 

Utilizing (8) and (9), 

ʊ(𝔲𝑛 , 𝔲𝑛+1) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1

1−(𝛼1+𝛼3),    for all 𝑛 ∈ ℕ,                                      …(10) 

Where ℎ =
𝛼1

1−(𝛼1+𝛼3)
 with ℎ <

1

𝔰
≤ 1, 𝔰(𝛼1 + 𝛼2 + 𝛼3) < 1. 

The Lemma (3.1), we say that {𝔲𝑛} is a Cauchy sequence in (ℵ, ʊ). Since (ℵ, ʊ) is a complete 𝒷 −𝓂𝓂𝓈, {𝔲𝑛} 
converges to some 𝑧 ∈ ℵ as 𝑛 → +∞. 
Step 2: 

To demonstrate 𝒜𝑧 = ℬ𝑧 = 𝑧. 
By using the triangular inequality and (6), 

ʊ(𝑧,𝒜𝑧) ≤ [ʊ(𝑧, 𝔲2𝑛+2). ʊ(𝔲2𝑛+2, 𝒜𝑧)]
𝔰 

= ʊ(𝑧, 𝔲2𝑛+2)
𝔰. ʊ(𝒜𝑧, ℬ𝔲2𝑛+1)

𝔰 

≤ ʊ(𝑧, 𝔲2𝑛+2)
𝔰. ʊ(𝑧, 𝔲2𝑛+1)

𝔰𝛼1 . [
ʊ(𝔲2𝑛+1, ℬ𝔲2𝑛+1)[1 + ʊ(𝑧,𝒜𝑧)]

1 + ʊ(𝑧, 𝔲2𝑛+1)
]

𝔰𝛼2

. 

                         [
ʊ(𝔲2𝑛+1, ℬ𝔲2𝑛+1) + ʊ(𝔲2𝑛+1, 𝒜𝑧)

1 + ʊ(𝔲2𝑛+1, ℬ𝔲2𝑛+1)ʊ(𝔲2𝑛+1, 𝒜𝑧)
]

𝔰𝛼3

. 

Taking the limit as 𝑛 → +∞, ʊ(𝑧,𝒜𝑧) ≤ ʊ(𝑧,𝒜𝑧)𝔰𝛼3 

Since 𝔰𝛼3 < 1, hence  ʊ(𝑧,𝒜𝑧)=1, Thus 𝒜𝑧 = 𝑧. 

Likewise, we obtain ʊ(𝑧, ℬ𝑧) ≤ ʊ(𝑧, ℬ𝑧)𝔰(𝛼2+𝛼3). 
∵ 𝔰(𝛼2 + 𝛼3) < 1, ʊ(𝑧, ℬ𝑧) = 1, Thus ℬ𝑧 = 𝑧 

Thus 𝑧 is a 𝒞ℱ𝒫 of 𝒜 and ℬ. 
Step 3: 

To determine 𝒜 and ℬ have a unique common fixed point. 

Say 𝑧 and 𝑤 are different common fixed points of 𝒜 and ℬ,  

As a result (6),  ʊ(𝑧, 𝑤) = ʊ(𝒜𝑧, ℬ𝑤) 

≤ [ʊ(𝑧, 𝑤)𝛼1 . [
ʊ(𝑤, ℬ𝑤)[1 + ʊ(𝑧,𝒜𝑧)

1 + ʊ(𝑧, 𝑤)
]

𝛼2

. [
ʊ(𝑤, ℬ𝑤)ʊ(𝑤,𝓐𝒛)

1 + ʊ(𝑤, ℬ𝑤)ʊ(𝑤, ℬ𝑧)
]

𝛼3

] 

= ʊ(𝑧, 𝑤)(𝛼1+𝛼3) 
Since 0 < (𝛼1 + 𝛼3) < 1, ʊ(𝑧, 𝑤) = 1 
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Thus, we prove that 𝒜 and ℬ have a unique common fixed point in ℵ. 
 

Theorem 3.3: 

Let (ℵ, ʊ, 𝔰) be a complete 𝒷 −𝓂𝓂𝓈 with a coefficient 𝔰 ≥ 1, 𝑓: ℵ → ℵ be a mapping on ℵ. Suppose that 

𝛼1, 𝛼2, 𝛼3 are nonnegative reals with 𝛼1 + 𝛼3 < 1,
𝛼1+𝛼2

𝔰−𝛼3
< 1 such that the inequality  

ʊ(𝑓𝔲, 𝑓𝔳)𝔰 ≤ ʊ(𝔲, 𝔳)𝛼1 . [
ʊ(𝔲,𝑓𝔳)ʊ(𝑦,𝑓𝔳)

1+ʊ(𝑓𝔲,𝑓𝔳)
]
𝛼2
. ʊ(𝑓𝔲, 𝑓𝔳)𝛼3 ,      …(11) 

holds for each 𝔲, 𝔳 ∈ ℵ. Then 𝑓 has a unique fixed point. 

Proof: 

Let 𝔲0 be arbitrary in ℵ. We define a sequence {𝔲𝑛} in ℵ such that 

𝔲𝑛+1 = 𝑓𝔲𝑛 , for all 𝑛 ∈ ℕ                                                      …(12) 

From the condition (11) with  𝔲 = 𝔲𝑛 and 𝔳 = 𝔲𝑛−1, Therefore 

ʊ(𝔲𝑛+1, 𝔲𝑛)
𝔰 = ʊ(𝑓𝔲𝑛, 𝑓𝔲𝑛−1)

𝔰 

≤ ʊ(𝔲𝑛 , 𝔲𝑛−1)
𝛼1 . [

ʊ(𝔲𝑛,𝑓𝔲𝑛)ʊ(𝔲𝑛−1,𝑓𝔲𝑛−1)

1+ʊ(𝑓𝔲𝑛,𝑓𝔲𝑛−1)
]
𝛼2
. ʊ(𝑓𝔲𝑛 , 𝑓𝔲𝑛−1)

𝛼3 

= ʊ(𝔲𝑛 , 𝔲𝑛−1)
𝛼1 . [

ʊ(𝔲𝑛 , 𝔲𝑛+1)ʊ(𝔲𝑛−1, 𝔲𝑛)

1 + ʊ(𝔲𝑛+1, 𝔲𝑛)
]

𝛼2

. ʊ(𝔲𝑛+1, 𝔲𝑛)
𝛼3  

≤ ʊ(𝔲𝑛 , 𝔲𝑛−1)
𝛼1 . [

ʊ(𝔲𝑛 , 𝔲𝑛+1)ʊ(𝔲𝑛−1, 𝔲𝑛)

1 + ʊ(𝔲𝑛+1, 𝔲𝑛)
]

𝛼2

. ʊ(𝔲𝑛+1, 𝔲𝑛)
𝛼3  

ʊ(𝔲𝑛+1, 𝔲𝑛) ≤ ʊ(𝔲𝑛−1, 𝔲𝑛)
𝛼1+𝛼2
𝔰−𝛼3  

By using the Lemma (3.1) we say that {𝔲𝑛} is a Cauchy sequence in (ℵ, ʊ). Since (ℵ, ʊ) is a complete 𝒷 −𝓂𝓂𝓈, 

then {𝔲𝑛} converges to some 𝑧 ∈ ℵ as 𝑛 → ∞. 
To show 𝑓𝑧 = 𝑧 

Again by triangle inequality and (11),  

ʊ(𝑧, 𝑓𝑧) ≤ [ʊ(𝑧, 𝔲𝑛+1). (ʊ(𝔲𝑛+1, 𝑓𝑧)]
𝔰 

= ʊ(𝑧, 𝔲𝑛+1)
𝔰ʊ(𝑓𝑧, 𝑓𝔲𝑛)

𝔰 

≤ ʊ(𝑧, 𝔲𝑛+1)
𝔰. ʊ(𝑧, 𝔲𝑛)

𝔰𝛼1 . [
ʊ(𝔲𝑛 , 𝑓𝔲𝑛)ʊ(𝑧, 𝑓𝑧)

1 + ʊ(𝑓𝑥𝑛 , 𝑓𝑧)
]

𝔰𝛼2

. ʊ(𝑓𝑧, 𝑓𝔲𝑛)
𝔰𝛼3 

Taking the limit as 𝑛 → ∞, we obtain that 

ʊ(𝑧, 𝑓𝑧)1−𝛼3 ≤ 1, 
Since 0 < 𝛼3 < 1, then 

ʊ(𝑧, 𝑓𝑧) ≤ 1. 

Which is a contradiction, so ʊ(𝑧, 𝑓𝑧) = 1. Hence 𝑓𝑧 = 𝑧, thus 𝑧 is a fixed point of 𝑓. We will prove that 𝑓 have a 

unique fixed point. Suppose 𝑧 and 𝑤 are different fixed points of 𝑓, then from (11), it follows that 

ʊ(𝑧, 𝑤)𝔰 = ʊ(𝑓𝑧, 𝑓𝑤)𝔰 ≤ ʊ(𝑧, 𝑤)𝛼1 . [
ʊ(𝑧,𝑓𝑧)ʊ(𝑤,𝑓𝑤)

1+ʊ(𝑓𝑧,𝑓𝑤)
]
𝛼2
. ʊ(𝑓𝑧, 𝑓𝑤)𝛼3 ,       

= ʊ(𝑧, 𝑤)𝛼1. [
ʊ(𝑧,𝑧)ʊ(𝑤,𝑤)

1+ʊ(𝑧,𝑤)
]
𝛼2
. ʊ(𝑧, 𝑤)𝛼3 

= ʊ(𝑧, 𝑤)𝛼1+𝛼3 . 

Since 𝛼1 + 𝛼3 is non negative reals with 𝛼1 + 𝛼3 < 1, then we have ʊ(𝑧, 𝑤) = 1. 
Thus, 𝑓 have a unique fixed point in ℵ. 
 

Application: 

We explore the existence and uniqueness of the solution of a system of multiplicative integral equations. The 

integral equation as 

𝔲(𝑡) = ∫ 𝐾(𝑡, 𝑠, 𝔲(𝑠))𝑑𝑠 ,
𝑏

𝑎
 𝑠, 𝑡 ∈ [𝑎, 𝑏]              …(4.1) 

Where 𝑎, 𝑏 ∈ ℝ and 𝐾: [𝑎, 𝑏] × [𝑎, 𝑏] × ℝ. The purpose of this section is to give an existence theorem for a solution 

of Theorem (4.1) using theorem 3.3 

Consider the space ℵ = 𝐶[𝑎, 𝑏] of real continuous functions defined on [𝑎, 𝑏]. Endowed with 𝑏 −multiplicative 

metric  

ʊ(𝔲, 𝔳) =

{
 

 𝑠𝑢𝑝𝑡∈[𝑎,𝑏] |
𝔲(𝑡)

𝔳(𝑡)
|
2

 𝑖𝑓 
𝔲(𝑡)

𝔳(𝑡)
> 1

𝑠𝑢𝑝𝑡∈[𝑎,𝑏] |
𝔳(𝑡)

𝔲(𝑡)
|
2

 𝑖𝑓 
𝔲(𝑡)

𝔳(𝑡)
< 1

 

    is a complete 𝑏 −multiplicative metric space 

Theorem 4.1: 

Assume that 

i) For each 𝑡, 𝑠 ∈ [𝑎, 𝑏] and 𝔲, 𝔳 ∈ ℵ, there exists a constant 𝜂 > 0 such that 
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|
𝐾(𝑡, 𝑠, 𝔲(𝑠))

𝐾(𝑡, 𝑠, 𝔳(𝑠))
|

2

≤ (|
𝔲(𝑠)

𝔳(𝑠)
|)

𝜂

, 

ii) the constant 𝜂 is such that 𝜂 <
1

𝑞(𝑏−𝑎)
, 1 < 𝑞 < ∞, 

iii) 𝐾: [𝑎, 𝑏] × [𝑎, 𝑏] × ℝ is continuous. 

Then the system (4.1) have a unique common solution in ℵ. 
Proof: 

Let 𝐹: ℵ × ℵ defined as 

𝐹𝔲(𝑡) = ∫𝐾(𝑡, 𝑠, 𝔲(𝑠))𝑑𝑠,

𝑏

𝑎

 𝑠, 𝑡 ∈ [𝑎, 𝑏] 

Since 𝐾 is continuous, 𝑓 is continuous 

|
𝐹𝔲(𝑡)

𝐹𝔳(𝑡)
|

2

≤ (∫ |
𝐾(𝑡, 𝑠, 𝔲(𝑠))

𝐾(𝑡, 𝑠, 𝔳(𝑠))
|

𝑑𝑠𝑏

𝑎

)

2

 

       ≤ (∫ (|
𝔲(𝑠)

𝔳(𝑠)
|

𝜂

)

𝑑𝑠𝑏

𝑎

)

2

 

      ≤ (∫ (ʊ(𝔲, 𝔳)
𝜂
2)

𝑑𝑠𝑏

𝑎

)

2

 

= ((ʊ(𝔲, 𝔳)𝑏−𝑎)
𝜂
2)

2

 

                           = ʊ(𝔲, 𝔳)𝜂(𝑏−𝑎) for each 𝑡 ∈ [𝑎, 𝑏]. 

< ʊ(𝔲, 𝔳)
1
𝑞 

ʊ(𝑓𝔲, 𝑓𝔳)𝔰 ≤ [ʊ(𝔲, 𝔳)𝛼1 . [
ʊ(𝔲,𝑓𝔳)ʊ(𝔳,𝑓𝔳)

1+ʊ(𝑓𝔲,𝑓𝔳)
]
𝛼2
. ʊ(𝑓𝔲, 𝑓𝔳)𝛼3]

1

𝑞  where 1 ≤ 𝔰 < 𝑞 < ∞. 

For all 𝔲, 𝔳 ∈ ℵ. Consequently, all the hypothesis of Theorem 3.3 hold. Then 𝑓 have a unique common fixed point 

and the system (4.1) have a unique common solution. 
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