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Abstract
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points in Fuzzy Banach Space.

Keywords: Common fixed point; Weakly Compatible Maps; Fuzzy Banach Space; Property E.A and CLR;.

DOI: 10.53555/ech/2022.11.11.252

Eur. Chem. Bull. 2022, 11 (11), 2333- 2346 2333


mailto:prncprincea@gmail.com

Presence of Fixed Point Theorems in Fuzzy Banach

Space Using Common Limit Range and E.A Property Section A-Research paper

1. Introduction

The concept of Fuzzy Sets was introduced by Zadeh in 1965, which plays a major role in almost all branches of
Science and Engineering. Katsaras (1984) and Congxin and Ginxuan (1984) independently introduced the
definition of fuzzy norms. Sintunavarat and Kumam introduced the new concept called common limit range
property. M.Aamri and D.ElI Moutawakil defined a property E.A for self maps. For the reader convenience, we
recall some terminology from the theory of fuzzy Banach space.

Preliminaries

Definition 2.1. [4]

Let D be a vector space over a field K (where K is R or C) and * be a continuous t-norm. A fuzzy set N in
DX[0, o] is called a fuzzy norm on D if it satisfies the following conditions:

(i) Np,0) =0V p,eD

(i) N(p,t) = 1 foreveryt>0iffp _ 0.

(iii) N(Ap,t) - N(q ,ﬁ) foeveryp € D,t >0 and L €K

(iVIN(p + q,t +s) = N(p,t) * N(¢q,s)Vp,g € Dand t,s>0
(v) Forevery p € D, N(p,.) is left continuous and tlim N(p,t) =1

The triple (D, N,*) will be called fuzzy normed linear space (FNLS)

Definition 2.2.[4]
A sequence {P,} ina FNLS(D, N,*) is converge to p € D ifand only if lim N(B, —p,t) =1Vt >0
n—-oo

Definition 2.3. [4]

Let (D,N,*) be a FNLS. A sequence {P,} in D is called a fuzzy Cauchy sequence if and only if
lim N(B,,B,t)=1vt>0

m,n—co

Definition 2.4. [4]

A linear fuzzy normed space which is complete is called a fuzzy Banach Space.

Definition 2.5.[4]

Self mappings A and S of a fuzzy Banach Space (D, N,*) are said to be weakly commuting if N(ASp, SAp,t) =
N(Ap — Sp,t)vp e Dandt > 0.

Definition 2.6.[4]

Self mapping A and S of a fuzzy Banach Space (D, N,*) are said to be compatible if and only if
,llij{}o(ASpn'SApn' t) = 1vt > 0. Whenever {P,} is a sequence in D such that Ap,,, Sp, — p for some p € D as

n — oo,

Definition 2.7.[4]

Two Self maps A and S are said to be commuting if ASp = SAp forall p € D.

Definition 2.8.[4]

Let A and S be two self maps on a set D, if Ap = Sp for some p € D then p is called a coincidence point of A
and S.

Definition 2.9.[4]

Two Self maps A and S of a fuzzy Banach Space (D, N,*) are said to be weakly compatible if they commute at
their coincidence points. That is if Ap = Sp for some p € D then ASp = SAp.

Definition 2.10.[4]

Suppose A and S be two Self mappings of fuzzy Banach Space (D, N *). A point p € D is called a coincidence
point of A and S if and only if Ap = Sp, then w = Ap = Sp is called a point of Coincidence of A and S.
Definition 2.11.[9]

A pair (4, S) of Self mapping of a fuzzy Banach Space (D, N,*) is said to satisfy (briefly, (CLRg) property) if
there exist a sequence {P,} in D such that 1113?0 Ap, = rlll_{rc}o Sp, = z where z € S(D).

Definition 2.12.[9]
Two pairs (4,5) and (B, T) of a self mappings of a fuzzy Banach Space (D, N,*) is said to satisfy the common
limit range property with respect to mapping S and T (briefly, (CLRg) property), if there exist a sequence

{pn}. {g,} in D. Suchthat lim Ap,, = lim Sp, = lim Bq, = lim Tq, = z where z € S(D) N T(D).
n—oo n—oco n—oo n—oo
Definition 2.12.[1]

A pair (4, S) of Self mapping of a fuzzy Banach Space (D, N,*) is said to satisfy E.A property if there exist a
sequence {B,} in D such that lim Ap,, = lim Sp,, = z Where z € D.
n—oo n—-oo

Definition 2.13.[1]
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Two pairs (4, 5) and (B, T) of self-mappings of a fuzzy Banach Space (D, N,*) is said to satisfy E.A property ,
if there exists a sequence {p,},{q,} in D. Such that

lim Ap,, = lim Sp,, = lim Bq, = lim Tq, = z where z € D.

n—oo n—oo n—oo n—oo

Implicit relations : [5]

Let {@} be the set of all real continuous function @: (R*)® —» R* satisfying the following condition:

) o(u,v,u,v,v,u) = 0implyu = v forall u,v € [0,1]

(i) d(u,v,v,u,u,v) = 0imply u = v forall u,v € [0,1]

(iii) O(u, w,v,v,u,u) = 0 imply u = v for all u,v € [0,1]

Theorem 3.1.

Let (D, N,*) be a fuzzy Banach space and K, L: D — D be two self-mapping satisfying the following conditions;

(i) Pair (K, L) satisfies property (CLR;).

(i) For some ¢e(¢p) and for all pqgeD and every t>0, N(Kp,Lqgkt)=
@[min{N (Kp,Kq,t),N(Kq,Lq,t), N(Kp, Lp,t), N(Lp, Lq, t)}]

(iii) If K(D) is a closed subset of D then pairs (K, L) has a coincidence point in D.

Moreover, if (K, L) is weakly compatible, then mapping K and L have a unique common fixed point in D.

Proof:

Suppose that (K, L) satisfies the property (CLR;)., then there exists a sequence {P,} in D such that lim Kp,, =

n—-oo

lim Lp,, =z forsome z € D.
n—-oo

Since K(D) is a closed subset of D, there exists a point u € D such that Ku = z for some z € D.
~Kp,=Lp,=z=Ku
To prove Lu =z
${N(Kp,Lq,t),N(Kp,Kq,t),N(Kq,Lq,t), N(Kp, Lp,t), N(Kq, Lp,t), N(Lp,Lq, )} = 0
Putp = p,, and g = u in equation (ii)
~Llu=z
Now we have Lu = Ku =z
Since (K, L) is weakly compatible,
LKu = KLu.
=>Lz=Kz
-~ z is a coincidence point of (K, L).
Put p = p,, and g = z in equation (ii),We have
~Lz=2z
~“Kz=z["Kz=1Lz=z|
~ z is a common fixed pointin D.
Next, to prove the uniqueness
Let w be another common fixed point in D.
Put p = zand g = w in (ii) we have
=>Z=Ww
Hence z is a common unique fixed point of K, L in D.

Theorem 3.2.
Let (D,N,x) be a fuzzy Banach space and K, L, R: D — D be three self-mapping satisfying the following One of
the pairs (K, R) and (L, R) satisfies property (CLRg).and A(D) € R(D) and L(D) < R(D).
(i) For some ¢e€e(p) ad for al pqgeD and every t>0, N(Kp,Lqgkt)=
@[min{N (Kp, Rp, t), N(Rq, Lq,t), N(Lq, Rp, t), N(Kp, Rq, t)}]
(if) 1f R(D) is a closed subset of D then pairs (K, R) and (L, R) have a coincidence pointin D.
Moreover, if (K,R) and (L, R) are weakly compatible, then mapping K, L and R have a unique common fixed
pointin D.
Proof:
Suppose that (K, R) satisfies the property (CLRg).,then there exists a sequence {B,} in D such that 711_)1’1010 Kp, =

lim Rp, =z forsome z € D.

n—-oo

Since L(D) < R(D), there exists a sequence {q,,} in D such that Lq,, = Rp,
~Kp, =Rp,=Lg, =2

Since R(D) is a closed subset of D, then there exists a point u € D such that Ru = z.
~Kp,=Rp, =Lq, =z=Ru

To prove Lu =z
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Put p = p,, and g = u in equation (ii), we have
~Llu=z

~Llu=Ru=z

-~ z is a coincidence point of (K, R).

Since (L, R) is weakly compatible, we have

LRu = RLu.
=>Lz=Kz
Put p = p,, and g = z in equation (ii), we have
~Rz=2z
~Lz=z
Putp = zand g = w in (ii) we have
Kz=z

Hence z is a common fixed point of K, L, R in D.

To prove the uniqueness

Let w be another common fixed point in D.

Put p = zand g = w in (ii) we have

w =2z

Hence z is a unique common fixed point of K, L,R in D.

Theorem 3.3.
Let (D, N,*) be a fuzzy Banach space and K,M,T,R,S:D — D be five self-mapping satisfying the following
conditions;
(i) One of pairs (K,TR) and (K, MS) satisfies property (CLRrg).and (CLR ;). such that K(D) € MS(D) and
K(D) € TR(D).
(if) For some ¢ € (¢p) and forall p,q € D and every t > 0,
{N(Kp, Kq,t), N(TRp,MSq,t), N(Kq,MSq,t),N(Kp, TRp,t), N(Kp, MSq, t),} >0
¢ N(TRp,Kq,t) =
(iii) If (D) ,MS(D) and TR(D) are closed subsets of D such that the pairs (K,TR) and (K,MS) has a
coincidence pointin D.
Moreover, if (K,S), (K,R), (MS,R) and (TR,S) are commuting pairs, then K,M,T,R and S have a unique
common fixed point in D.
Proof:
Suppose that the pair (K, TR) satisfies the property (CLRg), SO there exists a sequence {P,} in D such that
lim Kp, = 711,1—13)10 TRp, = TRp forsome TRp € D.

n-oo

Since K(D) € MS(D), there exists a sequence {q,} in D such that lim Kp,, = lim MSq,
n—oo n—oo
~ lim Kp, = lim TRp,, = lim MSq,, = TRp
n—oo n—oo

n—-oo
We show that 71113)10 Lq, = TRp
Suppose that lim Lq, =z
® {N (KPn, Lan, £), N(TRPn, MSQ, ), N (LG, MSqn, t), N(Kpn, TRP, t), N(Kpn, MSqy, t),} >0
N(TRpy, Lay, t) -
¢{N(TRp,z,t), N(TRp, TRp,t),N(Z,TRp,t), N(TRp, TRp,t), N(TRp, TRp, t), N(TRp,z,t)} = 0
¢{N(TRp,z,t),1,N(Z,TRp,t),1,1, N(TRp,z,t)} = 0
~TRp=z [~ ¢, v,u,v,v,u) =20 =>u=v
Hence 1112210 Lg,=z
= lim Kp, = lim TRp, = lim MSq, =z
Put p = p,, and ¢ = u in equation (ii), we have
o {N(Kpn, Ku,t), N(TRp,,, MSu, t), N(Ku, MSu, t), N(Kp,,, TRp,, t), N(Kp,, MSu, t), N
(TRp,, Ku,t)
¢{N(Ku,z1t),N(z,z1t), N(Ku,zt),N(z,z2t),N(zzt), N(Ku,zt)} = 0
~Ku=z [v¢uv,uv,v,u)=0 =>u=v
~Ku=MSu=z
Since TR(D) is a closed subset of D, there exists a point u € D such that TRu = z.
~Ku=MSu=TRu=1z
Let (K, MS) be weakly compatible, we have Ku = MSu
= MSKu = KMSu.
=> MSz =Kz

}20
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Let (K, TR) be weakly compatible.
~ KTRu = TRKu.
= Kz =TRz
~ z is a coincidence point of each pair (K, MS) and (K, TR).
To prove z is the common fixed pointof K, T,R,S, M in D.
Put p = p,, and g = z in equation (ii), we have
{N (Kpn, Kz,t), N(TRp,, MSz,t), N(Kz, MSz,t), N(Kp,, TRp,, t), N(Kp,, MSz, ), N} -0
¢ (TRp,,Kz,t) -
P{N(MSz,z,t),N(MSz,z,t),N(Kz,Kz,t),N(z,zt), N(MSz,z,t), N(MSz,z,t)} = 0
“MSz=2z [~ dpu,uv,v,u,u) =0 =>u=v
& Kz=2z[wKz=MSz|
~TRz =1z [wKz=MSz=TRz = z]
Since (K, S), (K,R), (MS,R) and (TR, S) are commuting pairs, we have
KSz = SKz =Sz
KRz = RKz = Rz
MSRz = RMSz = Rz
TRSz = STRz = Sz

Put p=Sz and q=z in (iii) we have
& {N(KSZ, Kz,t), N(TRSz, MSz,t), N(Kz, MSz,t), N(KSz,TRSz,t), N(KSz, MSz,t), N} >0
(TRSz,Kz,t) -

¢{N(Sz,z,t),N(Sz,2,t),N(z,z2t),N(Sz,Sz,t),N(Sz,2,t),N(Sz,z,t)} = 0
>Sz=z [“ouwuv,v,u,u) =0 =>u=v
“MSz=z >Mz=2z
“Mz=258z=2Kz=2TRz=z

Put p=z and q =Rz in (iii) we have
& {N (Kz,KRz,t), N(TRSz, MSRz,t), N(KRz, MSRz,t), N(Kz,TRz,t), N(Kz, MSRz, t),} >0
N(z, zt) -

¢{N(Rz,z,t),N(Rz, zt), N(Rz,Rz,t),N(z,z,t), N(Rz,z,t), N(Rz,z,t)} = 0
“Rz=1z [*“owuv,v,u,u)=0 =>u=v

~“Rz=1z
~Tz=z
Hence Sz=Tz=Rz=Kz=Mz =1z
~ z is a common fixed pointin D.
To prove the uniqueness
Let w be another common fixed point in D.
Put p = zand g = w in (ii) we have

¢{N(Kz,Kw,t), N(TRz, MSw,t), N(Kw,MSw, t),N(Kz,TRz,t), N(Kz, MSw, t), N(TRz, Kw,t)} = 0

¢{N(z,w,t),N(z,w,t),N(w,w,t),N(z,z1t),N(z,w,t),N(z,w,t)} = 0
s>z=w[owuv,v,u,u)=0 >u=v
Hence z is the unique common fixed point of K, T,R, M, S in D.

Teorem 3.4.
Let (D, N,*) be a fuzzy Banach space and K, L: D — D be two self-mapping fulfilling the following conditions;
Pair (K, L) satisfies property (E.A),
H A few ¢ € (P) and for all p,q€ED and every t>0,
#{N(Kp,Lq,t),N(Kp,Kq,t),N(Kq,Lq,t), N(Kp, Lp,t), N(Kq, Lp,t), N(Lp,Lq,t)} = 0

(if) 1f K(D) is a closed subset of D pairs (K, L) has a coincidence point in D.
Moreover, if (K, L) is weakly compatible, then mapping K and L have a unique common fixed point in D.
Proof:

Suppose that (K, L) satisfies the property (E.A), then there be a sequence {P,} in D thus and so
lim Kp,, = 1llij£10Lpn =z afewz e D.

n—-oo
Since K (D) is a closed subset of D, there be a point u € D thus and so Ku = zafew z € D.
~ Kp, =Lp,=z=Ku
To prove Lu = z ¢p{N(Kp, Lq,t), N(Kp,Kq,t),N(Kq,Lq,t), N(Kp, Lp,t), N(Kq, Lp,t), N(Lp,Lq,t)} = 0
Put P =DPn and q=1u in equation (i) then
¢{N(z,Lu,t),N(z,2,t),N(z,Lu,t),N(z,z1t),N(z,z1t), N(z, Lu,t)} = 0
~Lu=z
Now we have Lu = Ku =z

Eur. Chem. Bull. 2022, 11 (11), 2333- 2346 2337



Presence of Fixed Point Theorems in Fuzzy Banach

Space Using Common Limit Range and E.A Property Section A-Research paper

Now(K, L) is weakly compatible,
LKu = KLu.
=>Lz=K=z
-~ z is a coincidence point of (K, L).
Put p = p,, and g = z in equation (ii), We have
¢{N(Kp,,Lz,t),N(Kp,,Kz,t),N(Kz,Lz,t), N(Kp,, Lp,,t),N(Kz,Lp,,t), N(Lp,, Lz,t)} = 0
~Lz =z
~Kz=2z["Kz=Lz=7z].
~ z is a common fixed pointin D.
Next, to prove the singularity.
Let w be another common fixed point in D.
Putp = zand g = w in (ii) we have
¢{N(Kz, Lw,t),N(Kz, Kw,t), N(Kw,Lw,t),N(Kz, Lz,t), N(Kw, Lz, t), N(Lz, Lw,t)} = 0
¢{N(z,w,t),N(z,w,t),N(w,w,t),N(z,zt), N(w,zt),N(z,w,t)} =0
>Z=Ww.
Hence z is a common single fixed point of K, L in D.

Theorem 3.5. Let (D, N,*) be a fuzzy Banach space and K, L,R: D — D be three self-mapping fulfilling the
following conditions;
(1) One of the pairs (K, R) and (L, R) satisfies property (E.A) and A(D) € R(D) and L(D) < R(D).
(i) Afewg € (¢p) and forall p,q € D and every t > 0,
#{N(Kp,Lq,t), N(Rq, Rp,t), N(Kp,Rp, t), N(Rq, Lq,t), N(Lq, Rp,t), N(Kp,Rq,t)} = 0
(iii) If R(D) is a closed subset of D the pairs (K, R) and (L, R) have a coincidence point in D.
Moreover, if (K,R) and (L, R)are weakly compatible, then mapping K, L and R have a unique common fixed
pointin D.
Proof:
Suppose that (K, R) satisfies the property (E.A), then there be a sequence {B,} in D thus and solim Kp,, =

n—-oo

lim Rp, = zafewz € D.
n—-oo

NowL (D) < R(D), there be a sequence {q,,} in Dthus and soLq,, = Rp,,

~Kpn=Rp,=Lqy =2
Now R(D) is a closed subset of D, then there be a point u € D thus and so Ru = z.

~ Kp, =Rp, =Lq, =z=Ru
To prove Lu = z
Put p = p,, and g = u in equation (ii), we have

¢{N(Kp,, Lu, t), N(Ru, Rp,,, t), N(Kp,,, Rp,, t), N(Ru, Lu, t), N(Lu, Rp,, t), N(Kp,, Ru,t)} = 0

¢{N(Lu,z,t),N(z,2,t),N(z,z2t), N(Lu,zt), N(Lu, z,t),N(z,z,t)} = 0
slu=z [vowv,v,u,u,v) =20 > u=v
~Llu=Ru=z
-~ z is a coincidence point of (K, R).
Now(L, R) is weakly compatible, we have
LRu = RLu.
=>Lz=Kz
Put p = p,, and g = z in equation (ii), we have

¢{N(Kp,,Lz,t), N(Rz, Rp,, t), N(Kp,, Rp,, t), N(Rz,Lz,t), N(Lz, Rp,, t), N(Kp,, Rz, t)} = 0

Rz =1z

“Lz=z
Put p = zand g = u in (ii) we have

¢{N(Kz,Lu,t), N(Ru,Rz,t),N(Kz, Rz, t), N(Ru, Lu, t), N(Lu,Rz,t), N(Kz, Ru,t)} = 0
>Kz=12z
Hence z is a common fixed point of K, L, R in D.
To prove the singularity
Let w be another common fixed point in D.
Put p = zand g = w in (ii) we have
¢{N(Kz,Lw,t), N(Rw,Rz,t),N(Kz,Rz,t), N(Rw, Lw, t), N(Lw, Rz, t), N(Kz,Rw,t)} = 0

>w=7Z
Hence z is a unique common fixed point of K, L,R in D.

Theorem 3.6
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Suppose Let (D, N,*) be a fuzzy Banach space and K,M,T,S,R:D — D be three self-mapping fulfilling the
following conditions;

(iv) If K(D) € MS(D) and K(D) S TR(D).
(v) Afewe € (¢p) and forall p,q € D and every t > 0,
{N(Kp, Kq,t), N(TRp,MSq,t), N(Kq,MSq,t), N(Kp, TRp,t), N(Kp, MSq, t),} >0
¢ N(TRp,Kq,t) -
(vi) If (D) ,MS(D) and TR(D) are closed subsets of Dthus and so the pairs (K,TR) and (K,MS) has a
coincidence point in D.

Moreover, if (K,S), (K,R), (MS,R) and (TR,S) are commuting pairs, then K, M,T,R and S have a unique

common fixed point in D.
Proof:
Suppose that the pair(K, TR) satisfies the property (E.A), so there be a sequence {P,} in Dthus and sorlli_r)?0 Kp, =

lim TRp,, = zafewz € D.

n—-oo

NowK (D) € MS(D), there be a sequence {q,} in D thus and so lim Kp,, = lim MSq,
n—-oo

n—-oo
1111_r)£10 Kp, = 1111_{210 TRp, = 111Lr£10 MSq, =z
Put p = p,, and g = u in equation (ii), we have
¢{N(Kp,, Ku,t), N(TRp,, MSu, t), N(Ku, MSu, t), N(Kp,, TRp,, t), N(Kp,,, MSu, t), N(TRp,,, Ku,t)} = 0
Ku=z
~Ku=MSu=z
Now TR(D) is a closed subset of D, there be a point u € D thus and so TRu = z.
~Ku=MSu=TRu=1z
Let (K, MS) be weakly compatible, we have Ku = MSu
= MSKu = KMSu.
=> MSz =Kz
Let (K, TR) be weakly compatible.
~ KTRu = TRKu.
= Kz =TRz
-~ z is a coincidence point of each pair (K, MS) and (K, TR).
To prove z is the common fixed pointof K, T,R,S,M in D.
Put p = p,, and g = z in equation (ii), we have
¢{N(Kp,, Kz,t), N(TRp,, MSz,t), N(Kz,MSz,t), N(Kp,, TRp,, t), N(Kp,,, MSz,t), N(TRp,,, Kz,t)} = 0
MSz =z
~ Kz =z[w Kz = MSz]
~ TRz = z[+ Kz = MSz = TRz = z]
Now(K, S), (K,R), (MS,R) and (TR, S) are commuting pairs, we have
KSz =SKz =Sz
KRz = RKz = Rz
MSRz = RMSz = Rz
TRSz = STRz = Sz
Put p = Sz and q = z in (iii) we have
${N(KSz,Kz,t), N(TRSz, MSz,t),N(Kz,MSz,t), N(KSz, TRSz,t), N(KSz, MSz,t), N(TRSz,Kz,t)} = 0
=>S8Sz=2z
~MSz=2z > Mz=7z
“Mz=258z=2Kz=2TRz=z
Put p = z and q = Rz in (iii) we have
¢{N(Kz,KRz,t),N(TRSz, MSRz,t), N(KRz, MSRz,t), N(Kz,TRz,t), N(Kz, MSRz,t),N(z,2,t)} = 0
~Rz=2z
~Rz=2z
~Tz=2z
Hence Sz=Tz=Rz=Kz=Mz =1z
~ z is a common fixed pointin D.
To prove the singularity
Let w be another common fixed point in D.
Put p = z and g = w in (ii) we have
¢{N(Kz,Kw,t), N(TRz, MSw,t), N(Kw, MSw, t), N(Kz, TRz, t), N(Kz, MSw, t), N(TRz, Kw,t)} = 0
S>z=w
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Hence z is the single common fixed point of K, T,R, M, S in D.

Theorem 3.7.

Let (D,N,x) be a fuzzy Banach space and K,L,M,T,R,S :D — D be hexadic self-mappings satisfy the

following conditions:

(i) one of the pairs (K,TR) and (L, MS) satisfies the property CLR with respect to mapping TR and MS such
that K(D) € MS(D) and L(D) € TR(D).

(ii) For every p,q € D and for some ¢ € (¢) and every t > 0,
¢{N(Kp,Lq,t), N(TRp, MSq,t), N(Lq, MSq,t), N(Kp, TRp,t), N(Kp,MSq,t), N(TRp,Lq,t)} = 0

(iii) If one of MS(D) and TR (D) are closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.

(iv) If (K,S),(L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Proof:

Let pairs (K, TR) satisfy CLR property, so there exists a sequence {p,,} in D such that 7lll_rlr)l0 Kp, = 7lll_rlr)l0 TRp, =

z for some z belongs to TR( D).

Since K(D) € MS(D), there exists {q,,} in D such that Kp,, = MSgq,, and we get
lim Kp,, = lim TRp, = lim MSq,, =TR(z) =z

n—oo n—oo n—oo

We claim that lim Lq, = z
n—-oo

Putp =p, and q = q,.

H{N (Kpn, Lqn, t), N(TRpy, MSqy, t), N(LGn, MSqn, t), N(Kpn, TR, t), N(Kpp, MSqp, 1),

N(TRp,, Lg,, t)} =0

¢{N(z,Lqg,,t),N(z,z1t),N(Lq,,21t),N(z,z1t),N(z zt),N(z,Lg,, t)} = 0
¢{N(Lq,,zt),N(z,z1t),N(Lq,,2t),N(z,zt),N(zzt), N(Lq,,zt)} =0
¢{N(Lg,,zt),1,N(Lg,,zt),1,1,N(Lq,, z,t)} = 0

iijgloanzz [¢ w,v,u,v,v,u) =20 = u=v

Iy K = lity TR, = Iy WS4y = iy Ly =2

Since MS(D) is a closed subset of D, there exists u € D such that MSu = z and w get

lim Kpy = lim TR, = lim Mg = lim Lay = MSu

We assert that Lu = z

Putp =p,andqg =u

¢{N(Lu, MSu, t), N(Kp,, TRp,, t), N(Kp,,, Lu,t), N(TRp,, MSu,t), N(Kp,, MSu,t), N(TRp,,, Lu,t)} = 0
¢{N(Lu,z,t),N(z,z1t), N(Lu,zt),N(z,zt),N(z zt), N(Lu,zt)} =0

~slu=z [vowv,uv,v,u)20=u=>v

Thus Lu = zand MSu = z

~lu=MSu=z

Since L(D) € TR(D), there exists v € D such that Lu = TRv and we get that Lu
MSu=TRv =z

To Prove Kv =z

Putp =vand q = u ¢p{N(Kv, Lu, t), N(TRv, MSu, t), N(Lu, MSu, t), N(Kv, TRv, t), N(Kv, MSu, t),
N(TRv,Lu,t)} = 0

¢{N(Kv,z,t),N(z,z2,t),N(z,zt), N(Kv,zt), N(Kv,zt),N(z,z1t)} = 0

o Kv =Z
Thus Kv =zand TRv = z
~«~Kv=TRv ==z

Wegetlu =MSu=TRv =Kv =z
Let (K, TR) and (L, MS) be weakly compatible pairs.
We have, Kv = TRv = TRKv = LMSv
= TRz = Kz
= Kz =TRz
Also, Lu = MSu = MSLu = LMSu
=>MSz=1z
= Lz = MSz
Hence z is the coincidence point of each pair (K, TR) and (L, MS).
Next we have to show that z is the common fixed point of K, L, M,T,R and S.
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For this, we claim that Kz = z
Putp=2z,q=u
¢{N(Kz, Lu,t), N(TRz, MSu, t), N(Lu, MSu,t), N(Kz, TRz,t), N(Kz, MSu,t), N(TRz, Lu,t)} = 0
¢{N(Kz,z1t),N(Kz,z,t),N(z,zt), N(Kz,Kz,t),N(Kz,z1t), N(Kz,z,t)} = 0
¢{N(Kz,zt),N(Kz,zt),1,1,N(Kz,zt), N(Kz,z, t)} = 0
~Kz=z["¢wuv,v,u,u) =0 = u =]
~ TRz =z [+ Kz = TRz|
~TRz=Kz=TRz
We claim that Lz = z
Putp =v,q =z
¢{N(Kz,Lz,t), N(TRv,MSz,t),N(Lz, MSz,t), N(Kv,TRv,t), N(Kv,MSz,t), N(TRv, MSz,t)} = 0
¢{N(Lz,z,t),N(Lz,z,t),N(Lz,Lz,t),N(z,2,t),N(z Lz, t),N(z,Lz,t)} = 0
¢{N(Lz,zt),N(Lz,z,t),1,1,N(z,Lz,t),N(z,Lz,t)} = 0
~lz=z[Vuwuv,v,u,u) =20 2 u=>v]
Lz=MSz=z
vKz=MSz=Lz=TRz=12z
Since (K, S) and (TR, S) are commuting pairs, we get K(Sz) = S(Kz) = Sz.
Also TR(Sz) = S(TRz) = Sz.
From here it follows that , L(Rz) = TR(Sz) = Sz.
Since (L, R) and (MS, R) are commuting pairs we have,
L(Rz) = R(Lz) = Rz and MS(Rz) = R(MSz) = Rz,
From here it follows that , L(Rz) = MS(Rz) = Rz
PutP=Szandq =z
¢{N(KSz,Lz,t), N(TRSz, MSz,t), N(Lz, MSz,t), N(KSz, TRSz,t), N(KSz, MSz,t), N(TRSz,Lz,t)} =0
¢{N(Sz,z,t),N(Sz,2,t),N(z,21t),N(Sz,5z,t),N(Sz,zt), N(Sz,z,t)} =0
¢{N(Sz,z,t),N(Sz,2,t),1,1,N(Sz,2,t), N(Sz,2,t)} = 0
~Sz=z[vdp(uu,v,v,u,u) =20 = u=>v
Now MSz = z
>Mz=1z][5z=z]
>Kz=Lz=Mz=Sz=TRz=1z
Putp =zand q = Rz
¢{N(Kz, LRz, t),N(TRz, MSRz,t), N(LRz, MSRz,t), N(Kz,TRz,t), N(Kz, MSRz,t), N(TRz, MSRz,t)} = 0
¢{N(z,Rz,t),N(z,Rz,t),N(Rz,Rz,t),N(z,2,t),N(z,Rz,t), N(z,Rz,t)} =0
¢{N(Rz,z,t),N(Rz,z1t),1,1, N(Rz, z,t), N(Rz,z,t)} =0
~“Rz=12z
AlsoTz=zasTRz =z
“Kz=Lz=Mz=Tz=Rz=Sz=1z
z is the common fixed point of K, L, M,T,R and S in D.
Similarly if (L, MS) satisfies property CLR and TR(D) is closed subset of D, then we prove that z is a common
fixed point of K, L, M, T, R and S in Din the same argument as above.
Uniqueness:
w is also a common fixed point in D.
Putp=zandg=w
¢{N(Kz,Lw,t), N(TRz, MSw, t), N(Lw,MSw, t),N(Kz,TRz,t), N(Kz, MSw,t), N(TRz,Lw,t)} =0
¢{N(z,w,t),N(z,w,t),N(w,w,t),N(z,z1t),N(z,w,t), N(zw,t)} =0
¢{N(z,w,t),N(z,w,t),1,1,N(z,w,t), N(z,w,t)} =0
cz=w[vd(wuv,v,uu) =0 = u=v]
Hence z is the unique common fixed point of K, L, M, T, R and S in D respectively.

Theorem 3.8.

Let (D, N,*) be a fuzzy Banach space and K,L,M,T,R,S : D — D be six self-mappings satisfy the following
conditions:

(i) If (K, TR) satisfies the property CLR such that K(D) € MS(D) and L(D) < TR(D).

(i) For some ¢ € (¢p) and for every p,q € D and every t > 0,

¢{N(Kp,Lq,t), N(TRp, MSq,t), N(Lqg, MSq,t), N(Kp, TRp,t), N(Kp,MSq,t), N(TRp,Lq,t)} = 0

(iii) If MS(D) is a closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.
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(iv) If (K,S), (L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Theorem 3.9.

Let (D, N,*) be a fuzzy Banach space and K,L,M,T,R,S : D — D be six self-mappings satisfy the following
conditions:

(i) If (L, MS) satisfies the property CLR such that K(D) € MS(D) and L(D) < TR(D).

(ii) For some ¢ € (¢p) and every t > 0 and for every p,q € D.

¢{N(Kp,Lq,t), N(TRp, MSq,t), N(Lqg, MSq,t), N(Kp, TRp,t), N(Kp,MSq,t), N(TRp,Lq,t)} = 0

(iii) If TR(D) is a closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.

(iv) If (K,S),(L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Theorem 3.10.

Let (D,N,x) be a fuzzy Banach space and K,L,M,T,R,S :D — D be hexadic self-mappings satisfy the

following conditions:

(i) one of the pairs (K,TR) and (L, MS) satisfies the property E.A such that K(D) € MS(D) and L(D) <
TR(D).

(ii) For every p,q € D and for some ¢ € (¢p) and every t > 0,
¢{N(Kp,Lq,t), N(TRp, MSq,t),N(Lq,MSq,t), N(Kp, TRp, t), N(Kp, MSq,t), N(TRp,Lq,t)} = 0

(iii) If one of MS(D) and TR (D) are closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.

(iv) If (K,S),(L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Proof:

Let pairs (K, TR) satisfy E.A property, so there exists a sequence {p,,} in D such that Aljg Kp, = 1111_)r£10 TRp, =z

for some z belongs to D.

Since K(D) € MS(D), there exists {g,} in D such that Kp,, = MSq,, and we get
lim Kp,, = lim TRp,, = lim MSq,, =TR(2) =z

n—oo n—oo n—oo

We claim that lim Lq, = z

n—-oo
Putp =p, and q = q,.

¢{N(Kpn' Lqy, t), N(TRp,, MSqy,t), N(Lqy, MSqy, t), N(Kpy, TRp,, t), N(Kpp, MSqy, t),

N(TRp,, Lg,, )} =0

¢{N(z,Lq,,t),N(z,z1t),N(Lq,,z1t),N(z,zt),N(zzt),N(z Lg, t)} =0

¢{N(Lqy, 2z, t),N(z,2z,t),N(Lq,, 2z t),N(z,21t),N(zzt), N(Lq,,zt)} =0

¢{N(Lqn, z,t),1,N(Lqy, 2, t),1,1,N(Lg,, 2, t)} = 0

iijgloan=z [¢ (w,v,u,v,v,u) 20 = u =]

Iy Kpn = Iy TRp, = iy WSy = liy Lga =2

Since MS(D) is a closed subset of D, there exists u € D such that MSu = z and w get

Jim Kpn = lim TRpy = lim MSd = lim Ly = MSu

We assert that Lu = z

Putp=p,andqg =u

¢{N(Lu, MSu,t), N(Kp,, TRp,, t), N(Kp,, Lu,t), N(TRp,, MSu, t), N(Kp,, MSu,t), N(TRp,, Lu,t)} =0
¢{N(Lu,z,t),N(z,z1t), N(Lu,zt),N(z,zt),N(z zt), N(Lu,zt)} =0

slu=z [vowv,uv,v,u)=20=2u=>vw

Thus Lu = zand MSu = z

~Llu=MSu=z

Since L(D) € TR(D), there exists v € D such that Lu = TRv and we get that Lu =
MSu=TRv =z

To Prove Kv =z

Putp =vand g = u ¢p{N(Kv, Lu,t), N(TRv, MSu,t), N(Lu, MSu, t), N(Kv,TRv, t), N(Kv, MSu, t),
N(TRv,Lu,t)} > 0

¢{N(Kv,z,t),N(z,z,t),N(z,zt), N(Kv,zt), N(Kv,zt),N(z,z1t)} = 0
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~“Kv=1z
Thus Kv =zand TRv = z
~“Kv=TRv =z

WegetLu = MSu=TRv =Kv =z
Let (K, TR) and (L, MS) be weakly compatible pairs.
We have, Kv = TRv = TRKv = LMSv
= TRz =Kz
= Kz =TRz
Also, Lu = MSu = MSLu = LMSu
=> MSz =1z
= Lz=MSz
Hence z is the coincidence point of each pair (K, TR) and (L, MS).
Next we have to show that z is the common fixed point of K,L,M,T,R and S.
For this, we claim that Kz = z
Putp=zq=u
¢{N(Kz, Lu,t), N(TRz, MSu, t), N(Lu, MSu, t), N(Kz, TRz, t), N(Kz, MSu,t), N(TRz, Lu,t)} = 0
¢{N(Kz,zt),N(Kz,z,t),N(z,zt), N(Kz,Kz,t),N(Kz,z1t), N(Kz,z,t)} = 0
¢{N(Kz,zt),N(Kzz1t),1,1,N(Kz,zt), N(Kz,z t)} = 0
~Kz=z[*d(uuv,v,u,u) =20 = u=>v
~ TRz =z [+ Kz = TRz]
~TRz=Kz=TRz
We claimthat Lz = z
Putp =v,q = z.
¢{N(Kz,Lz,t), N(TRv,MSz,t),N(Lz, MSz,t), N(Kv,TRv,t), N(Kv,MSz,t), N(TRv, MSz,t)} = 0
¢{N(Lz,z,t),N(Lz,z,t),N(Lz,Lz,t),N(z,z2,t),N(z Lz, t),N(z,Lz,t)} = 0
¢{N(Lz,z,t),N(Lz,z,t),1,1,N(z,Lz,t),N(z, Lz, t)} = 0
~Llz=z[Vwuv,v,u,u) =20 2 u=>v]
Lz=MSz=1z
v Kz=MSz=Lz=TRz=1z
Since (K, S) and (TR, S) are commuting pairs, we get K(5z) = S(Kz) = Sz.
Also TR(Sz) = S(TRz) = Sz.
From here it follows that , L(Rz) = TR(Sz) = Sz.
Since (L, R) and (MS, R) are commuting pairs we have,
L(Rz) = R(Lz) = Rzand MS(Rz) = R(MSz) = Rz
From here it follows that , L(Rz) = MS(Rz) = Rz
PutP=Szandq =z
¢{N(KSz,Lz,t), N(TRSz,MSz,t), N(Lz, MSz,t), N(KSz, TRSz,t), N(KSz, MSz,t), N(TRSz,Lz,t)} =0
¢{N(Sz,2,t),N(Sz,z,t),N(z,21t),N(SzSz,t),N(Sz,2,t), N(S5z,z,t)} =0
¢{N(Sz,2,t),N(Sz,z,t),1,1,N(Sz,2,t), N(Sz,2z,t)} = 0
~Sz=z[vdp(uu,v,v,u,u) =20 = u=v
Now MSz = z
>Mz=1z][5z=z]
>Kz=Lz=Mz=S5Sz=TRz =1z
Putp =zand q = Rz
¢{N(Kz, LRz, t),N(TRz, MSRz,t), N(LRz, MSRz,t), N(Kz,TRz,t), N(Kz, MSRz,t), N(TRz, MSRz,t)} = 0
¢{N(z,Rz,t),N(z,Rz,t),N(Rz,Rz,t),N(z,2,t),N(z,Rz,t), N(z,Rz,t)} =0
¢{N(Rz,z,t),N(Rz,z1t),1,1, N(Rz, z,t), N(Rz,z,t)} =0
~Rz=2z
AlsoTz=zasTRz =z
“Kz=Lz=Mz=Tz=Rz=Sz=7z
z is the common fixed point of K, L, M,T,R and S in D.
Similarly if (L, MS) satisfies property E.A and TR(D) is closed subset of D, then we prove that z is a common
fixed point of K, L, M, T, R and S in Din the same argument as above.
Uniqueness:
w is also a common fixed point in D.
Putp=zandg=w
¢{N(Kz, Lw,t), N(TRz, MSw, t), N(Lw, MSw, t), N(Kz,TRz,t), N(Kz, MSw,t), N(TRz,Lw,t)} = 0
¢{N(z,w,t),N(z,w,t),N(w,w,t),N(z,zt),N(z,w,t), N(z,w,t)} =0

Eur. Chem. Bull. 2022, 11 (11), 2333- 2346 2343



Presence of Fixed Point Theorems in Fuzzy Banach

Space Using Common Limit Range and E.A Property Section A-Research paper

¢{N(z,w,t),N(z,w,t),1,1,N(z,w,t), N(z,w,t)} =0
cz=wvd(wuv,v,uu) =0 = u=v]
Hence z is the unique common fixed point of K, L, M, T, R and S in D respectively.

Theorem 3.11.

Let (D, N,*) be a fuzzy Banach space and K,L,M,T,R,S : D — D be six self-mappings satisfy the following
conditions:

(i) If (K, TR) satisfies the property E.A such that K(D) € MS(D) and L(D) € TR(D).

(ii) For some ¢ € (¢) and for every p,q € D and every t > 0,

¢{N(Kp,Lq,t), N(TRp, MSq,t), N(Lqg, MSq,t), N(Kp, TRp,t), N(Kp,MSq,t), N(TRp,Lq,t)} = 0

(iii) If MS(D) is a closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.

(iv) If (K,S),(L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Theorem 3.12.

Let (D, N,*) be a fuzzy Banach space and K,L,M,T,R,S : D — D be six self-mappings satisfy the following
conditions:

(i) If (L, MS) satisfies the property E.A such that K(D) € MS(D) and L(D) < TR(D).

(ii) For some ¢ € (¢) and every t > 0 and for every p,q € D.

¢{N(Kp,Lq,t), N(TRp, MSq,t),N(Lq,MSq,t), N(Kp, TRp, t), N(Kp, MSq,t), N(TRp,Lq,t)} = 0

(iii) If TR(D) is a closed subset of D.

(iv) Pairs (K, TR) and (L, MS) are weakly compatible.

(v) Each pair of pairs (K, TR) and (L, MS) has a coincidence point in D.

(iv) If (K,S),(L,R),(MS,R) and (TR, S) are commuting pairs than K, L, M, T, R, S have a unique common fixed
pointin D.

Example 3.13.
Let D = [0, o0) be a fuzzy banach space.
Define K,L: D — D by

pifp=3 6-p if p=3
KD =<3 if p>3 ;LD = 3ifp>3
0 if p<3 0 if p<3

Consider a sequence {p,} = {3 + %}.

Here (K, L) is weakly compatible and satisfies the (CLR;) and E.A property and have a coincidence point 3 in
D. All the conditions of the above theorem are satisfied.
Hence 3 is their unique common fixed point of K, L in D.
Example 3.14.
Let D= [0, ) be the fuzzy banach space.
Define K,L,R: D — D by
0 if p<2 0 ifp<2 0 if p<2
KD={pif p=2;LD =122 if p=2;RD ={E*if p=2
21if p>2 2 if p>2 2if p>2
Consider a sequence {p,} = {2 + %} and {q,} = {2 + %}.
Here (K, R) satisfies the (CLRy) and E.A property and are weakly compatible and have a coincidence point 2 in
D. All the conditions of the above theorem are satisfied.
Hence 2 is their unique common fixed point of K, L, R in D.

Example 3.15.
Let D = [0, o) be a fuzzy banach space.
Define K,M,T,R,S:D — D by

pif p=2 P2 ifp=2 P2 if p=2 4—p if p=2
KD=132 if p>2;MD=12 ifp>2:TD=42 ifp>2iRD=12 ifp>2;
0 if p<2 0 if p<2 0 ifp<2 0 ifp<2
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6—p% if p=2
SD =4 2 if p>2 Considerasequence {p,} = {2 + %} and {q,} = {2 + %}.
0 ifp<2
Here (K, TR) satisfies the CLR;r property and E.A property and weakly compatible and 2 is the coincidence
point in D. All the conditions of the above theorem are satisfied.
Hence 2 is their unique common fixed point of K, M, T,R,S in D.

Example 3.16.
Let D = [0, o) be the fuzzy Banach space.
Define K,L,M,T,R,S,: D = D by

. 3-p . 4-p .
pifp=1 —Fifp=1 —Cifp=1
KD ={1lifp>1; D=1y 1ifp>1: RD=y1ifp>1
0Oifp<i1 0Oifp<1 0ifp<1
5-p . p+1 . p+2 .
Sifr=1 Sifr=1 o r=l
SD=4 1ifp>1: MD=y1ifp>1: TD=91ifp>1
Oifp<l1 Oifp<1 Oifp<1
Letp € D.

Consider the sequence {p,} = {1 + %} and {q,} = {1+ %}.

Here (K, TR) and (L, MS) satisfies the CLR and E.A property and are weakly compatible.
All the conditions of the above theorem are satisfied.

1 is the coincidence pointin D.

Hence 1 is the unique common fixed point of K, L, M, T, R and S in D respectivly.

2. Conclusion

The target of this paper is to emphasize the role of Common limit range and E.A property in fuzzy banach
space. The existence of common fixed points are proved for the pair of weak compatible mapping along with
Common limit range and E.A property.

3. References

Aamri, M and Moutawakil, D.EIl 2002, 'Some new common fixed point theorems under strict contractive
conditions', J. Math.Anal.Appl.270, Pp.181-188.

Abbas, M, Altun, I, and Gopal, D, 2009, '‘Common fixed point theorems, for non compatible mappings in
fuzzy metric spaces’, Bulletin of Mathematical Analysis and Applications, ISSN, 1821-1291,
URL;http://www.bmathaa.org, Volume 1, Issue 2, Pp.47-56.

Alok Asati A.D. Singh, Madhuri Asati, '‘Common fixed point theorem using control function and property
(CLRg) in fuzzy metric spaces', International Journal of Physics and Mathematical Sciences, (2014) 68-73.
Asha Rani, Sanjay Kumar, 2011. '‘Common Fixed Point Theorems in Fuzzy Metric Space using Implicit
Relation', International Journal of Computer Applications (0975-8887), Volume 20-No.7.

Chauhan S, Sintunavarat W and Kumam P (2012), 'Common fixed point theorems for weakly compatible
mappings in fuzzy metric spaces using (JCLR) property’, Applied Mathematics 3(9) 976-982.
doi:10.4236/am.2012.39145.

Deepti Sharma, 2017. 'Weakly, Semi Compatible Mappings Spaces', Internal Journal of Engineering
Research and Technology (2278-0181), VVolume-6 Issue 04

Jinkyu Han, 2010, 'A common fixed point theorem on fuzzy 2 — metric spaces', Journal of the Chungcheong
Mathematical Society, Volume 21, No.4.

Kumar, S 2011. 'Fixed point theorems for weakly compatible maps under E.A property in fuzzy metric
spaces', J.Appl.Math.& Informatics, VVol.29,No.1,Pp.395-405 Website: http://www.Kcam.biz.

Manish Jain, Sanjay Kumar, 'A Common fixed point theorem in fuzzy metric space using the property
(CLRg)', Thai Journal of Mathematics, (2016) 627-636.

Sharma, S, Deshpande, B, Panday, A, 'Common fixed point theorem for a pair of weakly compatible
mappings on Banach Spaces', East Asian Mathematical Journal, 2011; 27(5), pp.573-583.

Srinivas, V, Thirupathi, T, 'A result on Banach Space using E.A like property’, Malaya Journal of
Mathmatic.2020; 8(3):903-908. Available from: https://dx.doi.org/10.26637/mjm0803/0029.

Eur. Chem. Bull. 2022, 11 (11), 2333- 2346 2345


http://www.kcam.biz/

Presence of Fixed Point Theorems in Fuzzy Banach

Space Using Common Limit Range and E.A Property Section A-Research paper

12. Stephen John, B, Robinson Chellathurai, S, and Leena Nelson, S.N, 2017. 'Some Common Fixed Point
Theorems in Fuzzy 2 — Banach Space', Intern.J.Fuzzy Mathematical Archive, Vol.13, No.2, 2017, Pp.105-
112.

Eur. Chem. Bull. 2022, 11 (11), 2333- 2346 2346



