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Abstract

The purpose of this paper is to show how eigenvalue is used in the field of graph theory. Earlier, the theory of
eigenvalues and their maximum eigenvalue of the adjacency matrix emerging from a graph has been
ascertained. Here we examine the relationship between the adjacency matrix, eigen values and spectrum of 3-
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matrix, eigen values and spectrum of 4-regular graphs with vertices 5, 6, 7 and 8.
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1. Introduction

Eigenvalues are one of the most essential concepts
in algebra and numerous applications. The
application of eigenvalues is widespread in
communication  system,  designing  bridges,
designing car stereo  systems, electrical
engineering, mechanical engineering, machine
learning and quantum computing. Among the well-
known uses of eigenvalue within mathematics is
determining the stability of equilibrium of a
dynamical system. In this situation, the derived
theory states that the equilibrium understudy is
asymptotically stable if all of the eigenvalues of the
Jacobian matrix of the system at equilibrium are
negative [5]. Many researchers utilize eigenvalues
to determine if a disease will persist or die off in
the long run. This is a common epidemiological
problem that epidemiologists seek to solve.

In this paper we investigated the relation between
the adjacency matrix, eigenvalues and spectrum of
graphs. Here we focus on studying this relation for
3-regular graphs and 4-regular graphs.

Literature Review

We give a basic definition of a graph, the
adjacency matrix of a graph, rank of a matrix, eigen
values of a circulant matrix and spectrum of graph.

Graph

Let G = (V,E) is an ordered pair where V is the set
of vertices and v|G| = V|G| denoted as a number of
vertices, E is the set of edges and e|G| =
E|G|denoted as the number of edges.

Adjacency Matrix

Let G = (V,E) be a graph with V = [n]. The
adjacency matrix A = A(G) is the n X n symmetric
1 if (i,j)€E,

matrix defined by aj; = {0 otherwise

Rank of Matrix The number of linearly
independent rows or columns in the matrix is
referred to as the matrix's rank. When all of the
elements in a matrix become 0, it is said to be of
rank zero. The dimension of the vector space
obtained by the matrix's columns is its rank. A
matrix's rank cannot be more than the number of

Vi

Vz

Vs

Determine eigenvalues of a circulant matrix:
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rows or columns. The null matrix has a rank of
ZEero.

Eigenvalues of Circulant Matrix

Let us assume that [0,a,,as, ..., a,] is the first line
of the adjacency matrix. The eigenvalues of the
circulant matrix in graph G is A, = ¥[L, Bjw0=1V
(1) 21
for each r=0,12,..,n—1 with w=en =
cos%ﬂ + isin%ﬂ [2].

If A is a matrix n X n, then non-zero vector x on
R"is said that eigenvector of A if Axis a scalar of
multiple x, Ax =Ax for any scalar A . Scalar A is
called the eigenvalue of A and x is called the
eigenvector of A associated with A [1]. To obtain
the eigenvalues of the matrix nxn, rewrite AX=AX,
as Ax = Iix equivalently (IA—A)x=0 [6]. In
order to be an eigenvalue must be non-zero
solution from (IL — A)x = 0 and have a non-zero
solution ifet (I — A)x = 0, in order to obtain the
characteristic equation from matrix A, the scalars
that satisfy this equation are eigenvalues [6].

Spectrum of Graph
If A,is an eigenvalues of an n X n matrix A, then
the dimension of the eigenspace corresponding to
Ao is called the geometric multiplicity of A, and the
number of times that L — A, appears as a factor in
the characteristic polynomial of A is called the
algebraic multiplicity of A,[1], [3] and [4].
Suppose Ay, Ay, Ay, e Ag With A >4 > A, > - >
As—1 and m(Ay), m(A;), m(A,), ..., m(A,_;) is the
multiplicities of each eigen values A;. The ordo
matrix (2xn) that contains Ay, A, A, ..., Agin the
first line and the second line is called spectrum
graph G denoted by spect(G). The spectrum [1],
[2] of graph G can be written as:
spect(G) =

o M Ay A ®
m®,) m@®,) m@y) m(As_q) I

2. Result and Discussion
Regular Graph with 4 Vertices

The adjacency matrix of the 3-Regular graph with
4 vertices is as follows:

Vi

PR e o
=
=
O R =
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Suppose n=4 and V=1, 2, 3, 4, we can find the eigenvalues using the equation (1).

For v=1
A =3, Bl Y = B0 + B3w? + Buwislo+ Lo + 1.w® = 0 + 0? + »’,
2mi 2T 2m 4mi
w=e+4 =cosT+isinT=i, w? = e+ = cosm + isinmt = —1,
3 omi 3m +isi 3n .
w? =e2 =cos— 4+ isin— = —i
2 2
M=i-1—i=—1.
For V=2
A =300 ™Y =B,w? + B0 + B40°=1.0? + L.o* + 1.w® = 0? + 0! + w°,
4T 8mi
w? = €4 = cosm + isint = —1, w* = e+ =cos2m + isin2m = 1,
12mi
w® =e 2 =cos3m+isin3nt = —1
N=-1+1-1=-1.
For V=3
A = i, Bjwl Y =B,w® + Byw® + B0°=1.0° + L.w® + 1w’ = 0¥ + w® + «’,
2mi 3 3m 12mi
W =es =c057+isin7=—i, w® =e 2 =cos3m+isin3m = —1,
0 18mi o1t ot
W =e 4 =cos—+isin—=—i
2 2
Aa=—i—1+i=-1.
For V=4

Ay = X, Bl =B, w? + Bsw® + Brw?=1.w* + 1. w® + 1.@12 = !+ 0’ + w'?
8Tl 16Tl
w*=¢e7r =cos2n+isin2n =1, w® =e 4 = cos4m + isindn = 1,
24T

w'? = e ¢ = cosbm + isiném = 1
AM=1+1+1=3.
-1 3
Thus, spect(G) = [ 3 1].
Regular Graph with 5 Vertices even. Hence a 3-regular graph with 5 vertices is
Each vertex's degree must be 3 for a graph with 5 impossible.
vertices to be 3-regular. As a result, the total
number of degrees must be 5 * 3 = 15.We know Regular Graph with 6 Vertices
that on a graph, the sum of the degrees must be The adjacency matrix of the 3-Regular graph with
6 vertices is as follows:
v 010101
v Va 101010
¢ 010101
101010
010101
Vs Vs 101010
Vi

Determine eigenvalues of a circulant matrix:
Suppose n=6 and V=1, 2, 3, 4, 5, 6, we can find the eigenvalues using the equation (1).
For V=1

6
Ja= ) BV = o0 + reo? + fuw’ s + e’

j=2

=Lw+00*+1.60°+0.0"+10° =0+ 0+,
w = e%= cos§+isin§= %+?, w3 =e%= cosm + isinmt = —1,
W =o't = coss—n+isin5—n=l—£,
3 3 2 2
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/1_1+i\/§ +1 i\/§_0
1727 2 2 2
For V=2

6
Jo = ) BV = B07 + B0t + By fs® + oo™

j=2
1w+ 0.0*+1. w0 +0. 08+ 1. 0% = w? 4+ Wb + 0",
, 4mi 2t 2w 1 i3 6 12mi -
w - =¢eé6 =cos?+lsm?= _§+T' w® =e 6 =cos2m +isin2rm =1,
10 20mi 107‘[+_ 10w 1 i\/§
=3 6 = —_— T —
w e cos 3 isin 3 > >
i3 1 iVv3
AZ___ —+ —_—— =
2 2 2
For V=3

6
2a= D BT = B0’ + B0 + f0°+Bs 0 + foto'

j=2
1wl 400w +1.0° +0. w2+ 1.0 = 0 + 0w + w'?,
ot 18mi
w? =e6 =cos2m + isin2w = —1, w? =e 6 =cos3m+isin3mT = —1,
307mi
w'® =e"6 = cos5w + isin5t = —1,
Adg=-1—-1-1=-3
For V=4

6
Ay = Zﬁjw(f'l)v =Brw* + B30 + Brw'?+Bsw® + Bew?®

j=2
=l.w*+ 0w+ 1.0% + 0.0 + 1. 02° = w* + w'? + w?°,
ami 41 41t 1 i3 24mi
wt=e% =cos—+isin—= ————, w'? =e 6 = cos4m + isindm = 1,
) 3 2772
4071l .
w0 =c e =cos2 4 isin?T = 1405
3 3 2 2
1 iv3 1 iv3
14:———— —_ et — =
2 2 2 2
For V=5

As = Z BiwU™ =Bw% + B30 + B0 +B50w%° + few?®

=
=1. w4+ 0.w % + 1.0 +0.0*° + 1. 0%° = w° + W' + 0?5,
1omi 5n 5 1 i3 30mi
wP=es6 =cos—+isin—=-———, w' =e 6 = cos5w + isin5w = —1,
3 3 2 2
Lo som 25n+,, 257 1+i\/§
= 6 = —_— - =4 —
) e cos — =+ isin— 5t
1 V3 1 V3
Asg > > + > + > 0
For V=6

6
le = Z BiwY ™D =B,wt + fsw'? + Bt +fsw** + fasw®

=2
1wl +0.w? + 1w +0.0** + 1. 03° = w® + w'® + 03",
12mi 36Tl
w® =e"6 =cos2m + isin2m =1, w® =e"6 = cosbm + isinér = 1,

60Tl
w30 =e76 = cosl0m + isinl0m = 1,

de=1+1+1=3.

Thus, spect(G) = -3 0 3

1(=3) 4(0) 1(3)

Regular Graph with 7 Vertices Each vertex's degree must be 3 for a graph with 5
vertices to be 3-regular. As a result, the total
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number of degrees must be 7 * 3 = 21.We know Regular Graph with 8 Vertices
that on a graph, the sum of the degrees must be The adjacency matrix of the 3-Regular graph with
even. Hence a 3-regular graph with 5 vertices is 8 vertices is as follows:
impossible.
Vi
Vs 01001001
s 10100100
01010010
00101001
vz D Vs 10010100
01001010
00100101
e\, 10010010
Vs\/ V.

Vs

Determine eigenvalues of a circulant matrix:
Suppose n=8 and V=1, 2, 3, 4, 5, 6, 7, 8, we can find the eigenvalues using the equation (1).
For V=1

8
A= Zﬁjw(j_l)" = B0 + f3w? + Brw3+Bsw* + Bsw® + Brw® + fyw’
=2

1l w+0w?+00d+1.0*+0.0>+0.wl +1.0" =w+ w*+ o,
2mi T W V2 2 4 8mi ..
w=e8 =coSs—+isin—= —+— w* =e s =cosw+isinmt = —1,

4 4 2 2’
, | uem 7n+” m N2 V2
= 8 = —_— —_—-———
W e cos 2 isin 7 > >
A, = 0.414.
For V=2
8

2‘Z = Z ﬁjw(j_l)v =ﬁ2a)2 + ﬁ3w4 + ﬁ4w6+ﬁ5w8 + ﬁﬁa)lo + ﬁ7w12 + ﬁ8w14

=
=1.w?+0.0*+0.wl + 1.0 +0.w° 4+ 0. w2 + 1. 0¥ = w? + w8 + w4,
ami m m t6mi
w?=¢s =C0$E+isin§= i, w® =e"8 =cos2m + isin2m =1,
28mi 7T 71T
w'* =e"s =cos—+isin— = —i,
2 2
Az = .
For V=3

Ay = 25, B0 = B0 + B3w® + +B40° + Bsw'? + Bew'® + Brw® + By
1.0 4+ 0.0+ 0.0 + 1.0 + 0.0 + 0. 0% + 1. 0?** = 0 + 0% + w?,

s omi 3t 3m V2 w2 12 24mi -
w” =es =COST+lSlnT= -5t w*=e 8 =cos3m + isin3m = —1,
L, z1n+_ C2lm N2 W2
= 8 = —_— _— ——
w e cos 2 isin 7 > >
A3 = —2.414.
For V=4

Ay =35, 8wl =B0* + Byw® + Byw'? + Bsw™® + Bsw?® + ayw* + Pyw?®
=1.w*4+ 0.0 +0.0w?+ 1.0 +0.w?° 4+ 0. w** + 1. 0?8 = w* + W' + w?8,

8mi 32mi

w* = e8 = cosm + isinmt = —1, w'® = e 8 = cos4m + isindm = 1,
56Tl

w?® =e"8 =cos7r + isin7r = —1,

A, = —1.

For V=5

A5 = Z?:z .ij(j_l)v =Bow° + B3w'® + B0 + fsw® + Bw?® + ;0% + Bw?®
=1.w’+0.w% + 0.0 + 1. w?° + 0. w?5 + 0.w3° + 1. 0% = w° + W?° + w55,
10mi S ) S \/E i\/i 407i

w’=¢es =cosr+i5m7=—7—7, w?% =e78 = cos5w + isin5w = —1,
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o Tom 35n+_, 357 \/7+i\/§
= 8 = _— —_—— JE—
w e cos 7 sin 4 2 2 B
As = —2.414.
For V=6

le =28, Biw U™ = Bow° + Bz + Bow'® + Bsw* + Bsw3? + B0 + Baw*?
1wl + 0. w4+ 0.0 + 1. w?* + 0. w32 + 0. 038 + 1. 0*% = W® + W** + w*?,

12mi 6m 6m 48mi
wl =e7s =cosr+i5inT=——i, w** =e"8 = cos6m + isin6r = 1,
2 84mi 21 21m
w*? =e 8 =cos— + isin— =1,
2 2
16 == 1
For V=7

;=38 BiwU™V = B0 + Bz + Buw?! + Bsw?® + Bew® + Brw*? + Baw*®
1.0+ 0.0 +0.0 '+ 1.0 +0.0 +0.0*? +1.0*° = 0w + w?® + 0*,

2 V2 i 2 V2
A, = 0.414.
For V=8

g =X3, BiwU™V = B,w® + Bazw'® + Bw** + Psw? + Bsw*® + B,w*® + Byw®°
1. w4+ 0.w® +0.0w** + 1.w3? + 0. 0** + 0. 0*® + 1. 0°° = wW® + W3% + w"°,
w® =1, w3? =1, W’ =1,
2‘8 = 3.
_ [ —2.414 -1 0.414 1 3
Thus, spect(G) = [ ) 1 ) 5 1 ]

Regular Graph with 5 Vertices
The adjacency matrix of the 4-Regular graph with 5 vertices is as follows:

Vi

01111
10111
Vs Wz 11071 1
11101
11110
W \'E

Determine eigenvalues of a circulant matrix:

Suppose n=5 and V=1, 2, 3, 4, 5, we can find the eigenvalues using the equation (1).

For V=1

A= Z?:z ﬁjw(j_l)v =Brw + B30? + By + Bsw*
Slot+lo?+lw+lo*=w+w?+w+owt=-1.

For V=2

Ay = Z?:z BiwI ™ =B,w? + Bsw* + Byw® + Bsw®
l.w?+1lw*+ 1w+ 1.0 =w?+ o*+w +wd=-1

For V=3
Az = Z?:z .ij(]_l)v =B + B3w® + By’ + Psw™

=lL.o*+ 1w +10 +1lw? =0’ +w +0®+0?=-1
For V=4
Ay = X5, Bj0U™ = Br0* + f30® + Bo'? + fsw'

=lw*+ 1w+ 1lLo?+10" =0+ 0 +0?+0'°=-1
For V=5

As = Z?:z .ij(j_l)v =.82w5 + B3w10 + .340’15 + Bswzo
1.0’ + 1w + 1.0 +1.0%° = w’ 4+ 0 + 0% + w?° =4,

Thus, spect(G) = [_14 ﬂ

Eur. Chem. Bull. 2023, 12 (3), 2513 — 2522 2518
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Regular Graph with 6 Vertices
The adjacency matrix of the 4-Regular graph with 6 vertices is as follows:

Section A-Research paper

Vi

01 1:0:171
V

: V2 101101
1 ¥ 0:1:1:0
011011
Vs 10 1101
Vs L1101 1 0

Va

Determine eigenvalues of a circulant matrix:

Suppose n=6 and V=1, 2, 3, 4, 5, 6, we can find the eigenvalues using the equation (1).

For V=1

L =X, BiwU™ =B,w + Brw? + fasw® + fsw* + few®
Slw+lw?+0w+1Lo*+ 1w =0+ 0+ o+’ =0

For V=2

=35, BiwU ™1 =B,w* + Byw* + Buw® + Bsw® + Bsw®
Slw?+1Lw*+0.0w8+ 1.0+ 1. 00 = w? + w* + w8 + w®=-2.

For V=3

A3 = Z?:z ﬁjw(j_l)v = B> + B3w® + B40° + Ps ' + Bsw™®
=l.wd+1.wl+0.0°+1.w?+ 1.0 = w +w +w?+e’® =0.

For V=4

A =325, BiwU ™ = Brw* + Bw® + Byw'? + Bsw'C+Bsw
=l.w*+1.0w8+0.0% + 1.0 + 1. 0%° = 0* + w® + w'® + w? = -2.

For V=5

As = X%, BiwI™ = B,w° + Brw™ + By + Bsw?® + Bew?®
=1.w’+ 1w+ 0.0 + 1.0 + 1. w?° = 0° + w° + w?° + w?® = 0.

For V=6

Ao = X5, BiwI™0 = B0 + Bzw'? + Bw'® + Bsw?* + B3
=lwb +1.w?+0.0w® + 1.0+ 1. 03 = 0 + w'? + w?* + w3 = 4.

Thus, spect(G) = [_22 ?? f ]

Regular Graph with 7 Vertices
The adjacency matrix of the 4-Regular graph with 7 vertices is as follows:

Wi
b N
W

2

V3

L = = = S
PO oORREOR
OO RO e
= el = Nl =
[ N
[ A S o B
OO0

Ve

Vs Va

Determine eigenvalues of a circulant matrix:
Suppose n=7 and V=1, 2, 3, 4, 5, 6, 7, we can find the eigenvalues using the equation (1).
For V=1

Eur. Chem. Bull. 2023, 12 (3), 2513 — 2522
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A= Z;=2 ﬁjw(j_l)v =B + B3w® + f0° + Bsw* + Bew® + frw°
lw+1l.w?+0.w3+00*+10w¥+ 1.0 =w+ w? + w®+ w® =08
For V=2
A, = Z;=2 ﬂjw(j_l)v =Brw? + Bz0* + B’ + fsw® + Bew'® + Brw'?
=lw?+1.w*+0.w8+0.w8 +1.00+ 102 =0w?+w*+ 0®+w?=-2.25.
For V=3
Az = Z;=z ﬁjw(j_l)v =B’ + 3w’ + B’ + Bsw' + Bsw™® + Bsw®
1w +1.w®+0.0° +0.0? + 1.0 + 1.0 = w3 + 0w + 0! + 0'® = —0.55.
For V=4
Ay = Z;=2 ﬂjw(j_l)v =Brw* + B30° + Bw'? + Bsw® + few?® + fr0**
low*+ 1w+ 0.0w?+ 0.0+ 1.0%° + 1. 0** = w* + 0® + 0w?° + w?* = —0.55.
For V=5
A5 =Y, BiwU ™ = Brw® + B + Bw'® + Bsw?® + B + Brw°
1w’ + 1w+ 0.0 + 0.0 + 1. w?*° + 1. 0%° = w® + 0'® + 0?5 + w3° = -2 .25.
For V=6
e =27, BiwU ™1 =Brw® + Bsw'? + Byw'® + fsw?* + Pasw? + Brw3®
=lw® +1.w? +0.w® + 0. w?* +1.03° + 1. 03¢ = 0° + 0'? + w3° + w3° = 0.80.
For V=7
Ay = Xa BjwU™Y = B0’ + Bzw™ + Buw®t + 5w + Bew™® + Brw*?
=l +1Lw* 4+ 0.0 +0.0% + 1.0 + 1L.0*? = 0w + 0™ + 0®° + 0*? = 4.

Thus, spect(G)=[—22-25 —3.55 02.8 zll]

Regular Graph with 8 Vertices
The adjacency matrix of the 4-Regular graph with 8 vertices is as follows:

vi . 01011001
10100110

01010101

Vs Vs 10101010
10010101

01101010

Vo ) Vs 01010101
X 10101010

Vs Vs

Determine eigenvalues of a circulant matrix:

Suppose n=8 and V=1, 2, 3, 4, 5, 6, 7, 8, we can find the eigenvalues using the equation (1).

For V=1

A=Y, 40U = B0 + Brw® + Bw° + Bsw* + Bsw® + Brw +Bzw’
=lw+0.0?+1lo+1low*+0.w +0wl+1w’

=w+wtot+o = —1+¢2—E+i¢2—5.

For V=2

A = Z?:z .ij(j_l)v =Bow? + fzw* + B’ + Bsw® + Bw'® + B0 tagw™
=Lw?+ 0w+ 1.0 +1.w8+0.0° +0.w?% + agw*
=w’+twlt+twl+o*=1-i

For V=3

A3=3%%, Biw U™ = Brw? + Bw® + By00” + Bsw'? + Bew® + Bsw® + Brw?!
1w+ 0wl + 1.0 + 1.2+ 0.0 + 0.0 + 1.w?*
=+ +w?+0?= —1—72+i72-

For V=4

=38, BiwU ™ = Brw* + Bw® + Bw'? + Basw'® + Bsw®® + B0t + Pyw®
=l.w*+ 0.0+ 1.w?+1.0w°%+0.0° +0.0** +1.0?8
= w? + w'? + 0% + 0?8 =-2.

Eur. Chem. Bull. 2023, 12 (3), 2513 — 2522
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For V=5

As = Z?:z ﬁja)(j'l)" =ﬂ2a)5 + B3w10 +ﬁ4a)15 + Bswzo + ﬁ6w25 + 370)30 + ,87w35
=1.w° + 0.0 + L0 + 1.w?° + 0. 0*° + 0. 03* + 1. 0>

_Vz_ .2

=+ 0w+ w4+ =-1 ; ;

For V=6

le =28, BiwU™ = B,w® + Bsw'? + Bow'® + Bsw* + B + B0 +fyw*?
=1l.wb+0.0w? +1.w® +1.w?* + 0. 030 + 0. 03¢ + 1. 0*?
=w+w+w*+u*?=1+i.

For V=7

;=38 BiwU™V = By07 + Bz + B! + Bsw?® + Bew?® + Brw*?+Byw*?
=1.w” + 0.0 + 1. w?' + 1.w? + 0. 03 + 0. w*? + 1. 0*°

=w + w* + w?®+ 0 =-1+‘/Z—E—i‘/2—§.

For V=8

g =324, a0V = B,08 + Byw'® + Bw?* + Bsw?? + Bew® + Brw*B+PywC
=1 w®+ 0.0+ 1L.o** + 1.0 + 0. w* + 0. 0*® + 1. 0>°
= w® + 0™ + w3 + w°® = 4.

Thus,
spect(6) = 1+§+I? 1-i -l—gﬂg -2 -?-I? 1+ -1+¥-£¥
1 1 1 1 1 1 1
TABLE 1
The Relationship between 3-Regular Graph and Eigenvalues
No. of Rank of Chromatic No. of Eigenvalues
Vertex Matrix Index cligue
4 4 4 3 (-1) (-1) (-1) (3)
6 2 2 3 (-3)(0) (0) (0) (0) (3)
8 4 3 3 (—2.414) (—2.414) (-1) (0.414) (0.41)(1) (1) (D)
TABLE 11
The Relationship between 4-Regular Graph and Eigenvalues
No. of Rank of Chromatic  No. of Eigenvalues
Vertex Matrix Index clique
5 5 4 4 (DEHEDED@®
6 3 3 3 (-2) (-2) (0) (0) (0) @
7 7 4 3 (-2.25) (-2.25) (-0.55) (-0.55) (0.8) (0.8) (4)
8 4 4 3 vZ V2 vZ V2

) 2
A4+ i1 -i)(-1 ——+«1'2—)(—2)(-1 —VT

2 2 2

V2 ) vZ2 V2
—xT)(l +i)(~1 +——17)(4)

2
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