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Abstract. The second-order half-linear neutral delay difference equation obtains some improved oscillatory solutions in
. 8
this research. A (a(u)(AB(u)) ) +yWpB(u—o0) =0, 1= po,

whered > 0is an odd positive integer quotient. Our findings in this work are crisp and improved on some of the
literature's well-known oscillatory results. Some examples are provided to highlight our primary findings.2020
Mathematics Subject Classifications: 39A12, 39A21.

1. INTRODUCTION

The oscillation and non-oscillation of solutions of differential equations has piqued researchers' curiosity in

recent years. The oscillation of the second order half-linear neutral delay difference equation is the focus of this
research.

8 (at(88w)") +¥WB (= 0) =0, =, (1D

whereAsignifies the forward difference operator AB(u) = B(u + 1) — B(w)for any sequence {B(u)}of real
numbers. We will assume the following throughout this paper: o is a fixed nonnegative integer,6 > 0 is the of odd

positivequotient integers, {a(u)};-,,and {y (1)},/-,,are both fixed nonnegative integers. are real-number sequences
in whicha(u) > 0, y(u) > 0and {y(u)};-,,each have a positive subsequence, and
1

Z (%ﬂ))g — o, 1.2)

U=po

Z (a (ﬂ)) (1.3)

A nontrivial sequence{f (1)} that is defined for 4 = —o¢ and satisfies equation (1.1) for = 0, 1, 2,3 --is referred
to as a solution of (1.1). Obviously, if

o:|~

Bw) = XwWforu=—0o,..,—1u -1, (1.4)

446
Eur. Chem. Bull. 2023,12(3), 446-449


mailto:anithamaths2010@gmail.com
mailto:mathvenkat@gmail.com
mailto:mdhanapal46@gmail.com

Comparative Study of Cemented versus Cementless Dual mobility Total Hip
Arthroplasty in treatment of recent femoral neck fractures in elderly Section A-Research paper

If the initial parameters are established, then (1.1) has a unique solution that satisfies (1.4). A solution{g (u)}of
(1.1) is considered to be oscillatory if there exists anu > y; such that S(w), B(w) +1 < 0 for every py > yq.
Otherwise, it's referred to as nonoscillatory. Equations that are half-linear and have the form as

A (a@)(88()") + ¥+ Da*(u+1) =0, ©£=0123.., (L5

The studies of Agarwal [2,6], Zhang [5], Dinakar et al. [7], Thandapani et al. [3,4], Gopalakrishnan [8], [15] and
Murugesan [9], [14]have received a great deal of attention in the literature in recent years. In several of the articles
cited above, Riccati equations of various forms are used to derive oscillatory solutions that ensure that every
nontrivial solution is oscillatory or nonoscillatory.

We create some unique oscillatory solutions and Kamanev-type oscillation conditions for using Riccati
transformation techniques (1.1). In Section 2, we examine at the scenario where (1.2) and (1.3) holds and develop
certain necessary and sufficient conditions for all solutions of to oscillate (1.1). In Section 3, we construct certain
necessary conditions that ensure that any solution {8 (u)}of (1.1) oscillates. Our results extend and enhanceSaker
[13]JandThandapani et al. [10], [11]. The major findings are illustrated with few examples.

2. MAIN RESULTS OF OSCILLATION

In this section, we examine at the condition where (1.2) holds and define the necessary criteria for all solutions to
oscillate (1.1). First, we consider all possible solutions (1.1).

Theorem 2.1.Let us consider § > 0 andAa(u) = 0 be an eventually positive solution of (1.1). If every solution
of the neutral delay difference equation.

e

)
2(i—0) ) elu=0)=0, = =p(2.1)

oscillates, without loss of generality every solution of (1.1) oscillates for all § > 0.

Proof. Let us assume{B(w)}is a finally positive solution to the problem (1.1).
such that B(1) > Oand B(u — o) > Ofor all u = py = py. Therefore (1) = —p (u)transforms(1.1). From (1.1)
we have

A (a(8BW)’) = v WB (1w -0) =0, pzm, @22

and so a(u)(Aﬁ(u))6 is an eventually nonincreasing sequence. Clearly,a(y)(Aﬁ(u))sis eventually positive.
Indeed, since{y(u)};-,, has a positive subsequence and the non-decreasing sequence {a(u)(AB(u))s}is either
eventually positive. If an integer existsu, > p;such that a(uz)(Aﬁ(uz)f =k < Ofor u = u,, then (2.2) implies
that () (AB ()" < @) (AB ()" = k, hence

850 < 0¥ (==Y,

S

a(pw)
Such that
LS 1
B4 < B +(5 Y (=) = —swas - (2.3)

=y
Which is a contradictionofg (u) > 0. Hence a(u)(Aﬁ(u))gis eventually positive. Therefore, we see that there is
some py = pysuch that.

B > 0,450 2 0,8 (a (2 pW)’) < 0, = 24)
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From (2.4), since A (a(u)(A ﬁ(u))ﬁ) < 0, then we have A2 (i) < 0 for u > . If not there exists p, > u,such

that A?B(u) > Oand this implies thatA f(u + 1) > A B(u), so that since Aa(u) =0, a(u + 1)(A Bu+ 1))6 >
au+1)(A [?(;0)5 > a(w) (A ﬁ(u))aandthis contradicts the fact that {a(u)(A ﬁ(y))g}is nonincreasing sequence.
Then A?B(u) < 0,whichimplies that B(u) — B(u;) = Z’j;,}l AB(c) = (u— puy) A B(uw)which leads tof(u) =
gA B(w) for u > p, = 2u, + 1. Such that,

ﬂ(ﬂ—a)2¥Aﬁ(u—0), pZpz=p+o (2.5)

Hence, from (2.5) and (1.1), we have
— 5
8(a@ (2 pw)") +7w (57) (BBk=-) <0, u=p 26)

Set p(u) = a(u) (A ﬂ(u))d, then @ () > 0 and satisfies

2o + (L0

5
(i —0) ) pu—0)<0, p=p3(2.7)

As a result, the neutral advance delay difference equation (2.1) has an eventually positive solution, which is the
contradiction of the assumption that (2.1) has an oscillating solution. Then every (1.1) solution is oscillatory.

Corollary 2.1.Assume that (1.2) holds. Additionally, if there exists a positive sequence {w(u)};-osuch that for
allp > 1,

n—1
1 1)?
lim supn—pm — 1 [y (W) - %Kw] = 28)

Then without loss of generality every solution of (1.1) oscillates for all § > 1.

3. SOME APPLICATIONS OF OSCILLATORY SOLUTIONS

Let us assume that (1.3) holds, and let {w ()} be an eventually positive sequence. Then every solution of (1.1)
oscillates orlog,, ... (1) = 0. The primary outcomes in this section are illustrated in the following examples.

Example 3.1. Consider the second order half-linear neutral delay difference equation
Au+ 1208w + YBu—1) =0, u=1, (3.1)
where 1 > 1/4. Then, a(u) = (u + 1)?, § = 1and o = 1. If we takew(u) = u, then one can easily see that
(3.1) holds, and
2

U U I3
-D((Z-1 - 2 4p — 1
D e D) - B Y s B

zZ=H0 z=1 z=1
as u — oo, Thusevery solution of (3.1) oscillates or B(u) — 0as y — oo.

Example 3.2.Consider the following second order half-linear neutral advance delay difference equation

1
Az(ﬂ(u—l)+ﬁﬁ(u—2)+%ﬁ(u—1) —0, ux1, (32)
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10.

11.

12.

13.

14.

1 > 0is a constant.

n—1
1 (u+1)?
li _ — P - ‘]l =o00 3.3
h nggsupnp;(n W [0 =~ =] (3:3)
wnere
oo~ 2H DR v
YT TG D Jar e
which implies

n—1

1 2+ (49 — Dy 0 ) (u+ 1)2]

lim sup— n— u)? - -
n-co an [( w ( 4u(u+ 1) [(h + 1)3 A+1

If y > 1/4, then every solution of equation (3.4) is oscillatory.
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