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Abstract

Graph operations play an important role in many application of graph theory because many large graphs can be
constructed from small graphs. Here we study two graph-theoretical operations, i.e., the double and the strong
double graph. In the organic compounds alkanes are least reactive and simplest hydrocarbon that contains of
hydrogen (H) and carbon (C) atoms and have no any other functional groups. In this paper, we computed the
topological indices, namely, Inverse sum indeg index (ISI), first multiplicative-Zagreb index (PM;), atom bond
connectivity index (ABC), forgotten index (F), geometric arithmetic index (GA), second multiplicative-Zagreb
index (PM,) for the double and strong double graph of alkane C.H,;,,. In addition, we also give a graphical
and numerical comparison of these topological indices.
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undetermined notations and terminologies,
R. J. Wilson book is recommended [1].
The Handshaking lemma is very useful for
calculating the total number of edges in

1. Introduction and Preliminaries

Consider that G"is an undirected chemical
graph having no loops and multiple edges.
In chemical graphs, an atom represents the

vertex V and the bonding between atoms
represents the edge E. The order of a graph
is the number of vertices in a graph G"and
the size of a graph is the number of edges
in a graph G- The degree of a vertex d,. is
the number of edges connecting it. For

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50

graph G- Lenford Euler discovered it in
1736. The Handshaking lemma is often
known as the first theorem of graph theory
[2].

Chemical graph theory should be seen not
only as equivalent to other fields of
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theoretical chemistry but also as
complementary and important for a deeper
knowledge of the nature of chemical
structure and helpful in modeling the
molecular structure. One of the most
important areas of graph theory is
quantitative structural properties (QSPR)
and structural activity relationship
(QSAR). The topological index can give
us information about the shape of the
molecule. A chemical structure can be
converted into a numerical value using a
topological index, which is particularly
useful in (QSPR)/(QSAR) investigations.
Topological indices shows a significant
role in assisting chemists for modelling the

Section A-Research paper

molecular ~ structure ~ of  chemical
compounds and studying their chemical
and physical characteristics. Different
types of topological indices have been
presented, i.e., degree-based [3] [4] [5],
distance-based [6], and counting related
topological indices etc. [7] [8]. These
indices are computed for many graphs and
many other new graphs which are
constructed by using different graph
operations [9]. The idea of topological
indices comes from the work of Wiener
[10].

Assume the graph G, the Wiener index
[10] is defined as follows:

W(G) = %2 d(r, s). @)

Furtula & Vukicevic [11] introduced the geometric arithmetic index as follows:

GA(G) =

2./d,d )
d.+d; "

Das, Gutman, & Furtula in [12] introduced the Atom Bond Connectivity index (ABC) as

3)
’d +d, -2
ABC(G) = z o=
rseE(G) res

Furtula & Gutman [13] introduced the Forgotten index (F) as follows:

follows:

F(G) =

> @ +dd), ®
rseE(G)

Pattabiraman [14] introduced the Inverse Sum Indeg index (ISI) as follows:
1 (5)
rseE(G) d_r + d_s
Ali, Kirmani, Rugaie, & Azam [15] introduced the General Inverse Sum indeg index

(ISI(q,py) as follows:
ISI(a,B)(G) =

where « and 8 are real numbers.

[d,d]* [d,+d]?, ©)
rS€EE(G)

Kazemi [16] introduced the First Multiplicative-Zagreb index (PM;) and second
multiplicative-Zagreb index index (PM,) as follows:

PM,(G) =

PMZ(G) =

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50

[] @ ™
rseE(G)

[ ] @-do. ®
rs€E(G)
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Eliasi, Iranmanesh, & Gutman [17] introduced the another version of First Multiplicative-

Zagreb index (PM,) as follows.
PMl(G) =

(d,+d). ©)

It is recommended for the readers to study the following research works for more
comprehensive information about topological indices ([3, 18-20]).

Figure 1. Alkanes (CH,, C,Hg and C3Hg).

Definition 1.1. Alkanes are completely
composed of single-bonded hydrogen and
carbon atoms, where carbon and hydrogen
are arranged in tree like structures as
depicted in Figure 1. The general formula
of the alkanes is C,Hzm+2) Where, m =

1. They are commercially very useful
because they are the leading component of
lubricants and gasoline while the first four
alkanes are used primarily for cooking,
heating and power generation.

Graph operations plays an important role
in many applications of chemical graph

theory and some other fields. We use
graph operations on alkanes to create a
new molecular structure.

Definition 1.2. The double graph D[G] of
G'is a graph obtained by taking two copies
of G"and joining each vertex in one copy
with the neighbors of corresponding vertex
in another copy [21]. The double graph of
the Alkanes (C,H,) is illustrated in

Figure 2 and it is represented by D (G").

Figure 2. Alkane (C,Hg) and its double graph [D(C,Hg)].

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50
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Definition 1.3. The strong double graph is in one copy to adjacent vertex in the other
represented by SD[G). It is constructed by copy [22]. Strong double graph SD(CH,)
taking two copies of graph G"and linking is illustrated in the following Figure 3.

with closed neighborhood of every vertex

Figure 3. Alkane (CH,) and its strong double graph [SD(CH,)].

2. Topological Indices of Double Graph of Alkanes (C,,Hzm+2)
In this Section, the topological indices for the double graph of alkanes C,,H,,,., Will be
determined:
Theorem 2.1. Suppose that D (C,,Hym+2) is the double graph of alkanes C,,, Hypm42. Then,
1

GA[D(C,Hym42)] = < (52m + 12).
VZ((m = 1)V7 + 8m + 8)

5 :

ABC[D(CmH2m+2)] =
F[D(CmH2m+2)] = 1056m + 32.

1
ISI[D(CmH2m+2)] = g (144m — 16).

IS, p)[D(CyHam+2)] = 8(m + 1)[16]% [10]# + 4(m — 1)[64]% [16]P.
PM;[D(CrnHzmy2)] = 5120(7712 —1).
PM,[D(CpHymaz)] = 32768(m? — 1).

Proof: The total number of vertices of the double graph of alkanes is 2(3m + 2) and

edges are 4(3m + 1), respectively. In D(C,,Hym+2), We have 4(m + 1) vertices
having degree 2 and 2m vertices having degree 8. We separate edges of the
D(CpHymy2) Into the type E[d,, ds] in which rs is represents the edges. Edges
present in D (CrHymyo) CONsists of E, gy and Egg), and these types of edges are
present in

Table 1.

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50 42
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Table 1. Separation of edges.

Eld,, ds] Ec g Esg)

Number of edges 8(m+1) 4(m—1)

Now by using Equations (2-9) and the

Table 1, we obtain the desired results, i.e.,

GA[G] = Z 2J/dyds

d,+d,
rS€E(G)
2./d.d 2./d.d
GA[D(CrnHymi2)] = |E(2,8)| Z ﬁrds + |E(8,8)| Z +Td =
rs€E[D(CmHams2)] | rSEE[D(CmHam+2)] drds

2,/2(8)

10
GAID (CyHamez)] = 8(m + 1) E] +4(m—1).

1
GAID (CpHoms2)] = ¢ (52m +12).

GA[D (CpHzm42)] = 8(m + 1)

\V8(8)
16

+4(m—1)[

d.+d,—2
ABC[D(CpHyms2)] = -
d,ds
TSEE[D(CmH2m+2)]
d, +d d, +d,—2
= |Es)| z — s z a4
rS€E[D(CrmHam+2)] rS€E[D(CrmHam+2)] TS

—8(m+1)\/:+4(m—1)\/;

(m—l)\/_+8m+8

ABC[D(CnHaom+2)] = >

F@)= ) (d+dd).
rseE(G)
FIDCnlomi)l = [Baw| ). @ +d)+[Eeel ) @ +dd).
rS€EE[D(CmHam+2)] rS€E[D(CmHzam+2)]
= 8(m + 1)(2% + 8%) + 4(m — 1)(8% + 82).
= 544(m + 1) + 512(m — 1).
FID(CpyHypmaz)] = 1056m + 32.

3 1 (drds)
ISI[G] = Z T 1 Z (d+dy)
rS€E(G) d_r + d_s rs€E(G)
(d,dy) (drds)
ISIDCrHoms)] = [Bam| ). @rdy * [Eeosl D ardy
r s r s

rS€E[D(CinH2am+2)] rSEE[D(CnH2am+2)]

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50 43
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ISI[D(CrpHome2)] = 8(m + 1) [

= |E2s)|

(2)(8)
(2+8)

64
=(m+1) [?] +16(m —1).

1
ISI[D(CrHamy2)] = £ (144m - 16).

ISI(a'[;)( G) =

[drds]a [dr+ds]ﬁ + |E(8,8)|

rSEE[D(CmHzam+2)]
IS1(q,p)[D(CHam+2)] = 8(m + D[(2)(8)]* [2 + 8]F + 4(m — 1)[(8)(8)]* [8 + 8]~.
IS p)[D(CyHama2)] = 8(m + 1)[16]% [10]# + 4(m — 1)[64]% [16]P.

PM; [D(CmH2m+2)] = |E(2,8)|

PM;[D(CrnHam42)] = 5120(m?* — 1),

PM1[G] =

l+4(m—

Section A-Research paper

(8)(8)
1) [(8 +8)|

[dyd,]* [dy+dy]P.
rs€EE( Q)

[d,ds]® [d,+ds]”.

rS€E[D(CpHam+2)]

1_[ (d,+dy).

rs€E(G)

rs€E[D(CmHam+2)]

PMZ[Gq =

1_[ d,.d,).

rs€E(G)

PM, [D(CmH2m+2)] = |E(2,8)|

Comparison

rS€EE[D(CHam+2)]

(dr+dg) X |E(8,8)|

(dy+dy).

rs€E[D(CmHam+2)]

PM, [D(CruHama2)] = 8(m + 1)(10) x 4(m — 1)(16).

(dr-ds) X |E(8,8)|

(dy.dy).

rSE€E[D(CnHzam+2)]
PM;[D(CnHym+2)] = 8(m + 1)(16) x 4(m — 1)(64).
PM,[D(CpHymaz)] = 32768(m? — 1).

Here, we give a numerically and graphically comparison of the topological indices which
based on the degree of the vertices for the double graph of alkanes.

Table 2. Numerical representation of the topological indices double graph of alkanes
CrnHomao, form=1,2..10.

m GA ABC F ISI PM, PM,
D(CmH2m+2) D(CmH2m+2) D(CmH2m+2) D(CmH2m+2) D(CmH2m+2) D(CmH2m+2)
1 12.800 11.314 1088 25.600 0 0
2 23.200 18.842 2144 54.400 15360 98304
3 33.600 26.369 3200 83.200 40960 262144
4 44.000 33.896 4256 112.00 76800 491520
5 54.400 41.424 5312 140.80 122880 786432
6 64.800 48.952 6368 169.60 179200 1146880
7 75.200 56.480 7424 198.40 245760 1572864
8 85.600 64.005 8480 227.20 322560 2064384
9 96.000 71.535 9536 256.00 409600 2621440
10 106.40 79.060 10592 284.80 506880 3244032
44
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GA
ABC

151
MP,
— MP,

1 2 3 4 3
m

7 k4 a 10

Figure 4. Graphically representation of double graph of alkanes.

3. Topological Indices of the Strong
Double Graph of Alkanes

In this Section, the topological indices for
the strong double graph of alkanes will be
determined:

Theorem 3.1. Suppose that
SD(C,,Hym+2) is the strong double graph
of the alkanes C,,,H,,,4+2. Then,
GA[SD(CrHam+2)]

= 6m — 3+ 4V3(m + 1).
ABC[SD(CnHam+2)]

1
=3 ((8m +8)V30 + 32m

_ 4).
F[SD(CpyHapmy,)] = 1566m + 108.

87m
ISI[SD(CyyHym42)] = - + 3.

Table 3. Partitioning of edges.

ISI(a,[)’) [SD(CmH2m+2)]

=2(m+ 1)[9]* [6]#

+8(m + 1)[27]% [12]#

+ (5m — 4)[81]% [18]5.
PMl [SD(CmH2m+2)]

= 20736(m + 1)?(5m
—4).

PM,[SD(CyHyme2)] =314928(m +
1)2(5m — 4).
Proof: The number of vertices of the
strong double graph of alkanes
SD(C,yHym42) are 2(3m + 2) and edges
are 3(5m + 2), respectively. In
SD(CpHyms2), Wwe have 4(m+1)
vertices having degree 3 and 2m vertices
having degree 9. We separate edges of the
SD(CpHymy2) into the type E[d,,d] in
which rs is represents the edges. Edges
present in  SD(CpHymsz) CONsists  of
E3), E@ze) and Egqy and these types of
edges are present in Table 3.

E[d,, ds] E@s3

E(3,9) E9,9)

Number of edges 2(m+1)

8(m+1) 5m—4

Now by using Equations (2-9) and the

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50
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Table 1, we obtain the desired results, i.e.,

GA[G] = Z Z/drds

rseE(G) dr+ds
2./d,.d; 2./d,d;
GA[SD(CmH2m+2)] = |E(3,3)| d+d + |E(3,9)| d.+d
rSEE[SD(CmHam+2)] | ° rSEE[SD(CmHom+2)]  °
2./d,dg
+|E(9,9)| d +d
rSEE[SD(CmHam+2)] |

=2(m+ 1)?+8(m+ 1)2\1/5_7 + (5m — 4)£.

GA[SD(CpHyms2)] = 6m — 3 + 4V/3(m + 1).

d.+d;,—2
ABC[G] = Z LA R—
d,ds
rse€E(G)
d, +ds —2 d, +ds—2
S T S
= [E@ ) ————+|Ego)| —
d,d, drds
TSEE[SD(CmHam+2)] TSEE[SD(CmHam+2)]

d, + d -
+ sl 0

TSEE[SD(CmHam+2)]

ABC[SD(CoyHoms2)] = 2(m+1)\/:+8(m+1)\F+(5m 4)\/;

ABC[SD(CpyHymaz)] = (m +D+2m+1) j: 41 (5m — 4)|.

ABC[SD(CyHymso)] = %((8m + 8)V30 + 32m — 4).

F@)= ) (d2+dd).

rseE(G)
F[SD(CmH2m+2)]
= |E@a)| Z (d? +d2) + |Eg)| Z (d? + d?)
rSE€E[SD(CmHzm+2)] TSEE[SD(CrnHam+2)]
+[Eo9)| Z (d? +d2).
TSEE[SD(CHzm+2)]

= 2(m + 1)(18) + 8(m + 1)(90) + (5m — 4)(162).
F[SD(CpHymso)] = 1566m + 108

(d,ds)
sl = ) 1 (d,+dy)
rseE(G) 7 d rseE(G)

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50 46
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_ r (dT‘ ds)
ISILSD (CnHams2)] = |Egs,3)| ardy T |Eesl (d.+d)
|

TSEE[SD(CmHam+2)] TSEE[SD(CmHam+2)

+|E@9|
rSEE[SD(CmHam+2)]

ISIISD (CopHymsz)] = 2(m + 1) E] +8(m+1) [%] + (5m—4) [?—é]

(dy+ds)

ISI[SD(C,,Hypmy2)] = 21(m+ 1) + (5m — 4) E]
87m

ISI[SD(CnHami2)] = —— + 3.

Slap(G) = ) [drdg]® [d+dy)
rs€E(G)
=Banl ) (Al ey D [ded]® [detdg)?
rSEE[SD(CrnHom+2)] TSEE[SD(CimHzm+2)]
FEonl D [dedd® [drrdy)?

TSEE[SD(CrmHam+2)]

= 2(m + 1)[9]% [6]% + 8(m + 1)[27]% [12]® + (5m — 4)[81]% [18]5.

ISI(a,B) [SD(CmH2m+2)]

=2(m+ 1)[9]% [6]F + 8(m + 1)[27]% [12]# + (5m — 4)[81] [18]~.

PGl = | | @+dy.

TSEE(G)
PM,[SD(CrnHym+2)]
=lEenl || @raoxlEesl || @+
TSEE[SD(CmHam+2)] TSEE[SD(CmHzm+2)]
X |Eo9)] 1_[ (d,+dy).
TSEE[SD(CmHzm+2)]

PM,[SD(CpHyma2)] = (m + 1)(12) X (m + 1)(96) X (5m — 4)(18).
PM,[SD(CpHymaz)] = 20736(m + 1)2(5m — 4).

PGl = | | (@rdo.
TSEE(G)
PMISDCntomd] = [ || @rddx[Bagl ||  @ra
TSEE[SD(CmHzm+2)] TSEE[SD(CmHam+2)]
x|Eool || @rdo
TSEE[SD(CmHam+2)]
PM,[SD(CryHyma2)] = 2(m + 1)(9) x 8(m + 1)(27) X (5m — 4)(81).
PM,[SD (CpyHapmy )] =314928(m + 1)2(5m — 4).

Comparison

Here, we give a numerically and graphically comparison of the topological indices which
based on the degree of the vertices for the strong double graph of alkanes SD (C,,Hypm+2)-

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50 47
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Table 4. Numerical representation of the topological indices of strong double graph of
alkanes C,,,H,,,42, form = 1,2, ...,10.

m GA ABC F ISI PM, PM,
SD(CmH2m+ SD(CmH2m+2 SD(CmH2m+2 SD(CmH2m+2 SD(CmH2m+2 SD(CmH2m+2
1 16.857 12.848 1674 46.500 82944 1259712
2 29.785 21.273 3240 90.000 1119744 17006112
3 42.714 29.697 4806 133.50 3649536 55427328
4 55.642 38.121 6372 177.00 8294400 125971200
5 68.570 46.545 7938 220.50 15676416 238085568
6 81.499 54.969 9504 264.00 26417664 401218272
7 94.427 63.393 11070 307.50 41140224 624817152
8 107.36 71.818 12636 351.00 60466176 918330048
9 120.28 80.242 14202 394.50 85017600 | 1291204800
10 133.21 88.666 15768 438.00 115416576 | 1752889248
1ax10°
14x10°
12x10°
1.x10° —GA
ABC
—F
8.x10° 181
—— MP,
— MP,
6.% 10 -
4.x10
2.x10°
1]
1 2 3 4 3 [ 7 g 9 10
Figure 5. Graphically representation of strong double graph of alkanes.
Conclusion multiplicative-Zagreb index (PM,) for the
Graph invariants are useful tools for double and strong double graph of alkanes
approximating and  predicating  the CiHytyp. We compare our results

characteristics of biological and chemical
molecules in the investigation of
quantitative structure property
relationships (QSPRs) and quantitative
structure-activity relationships (QSARS).
In this paper, we computed the topological
indices, namely, Inverse sum indeg index
(1S1), first multiplicative-Zagreb index
(PM;), atom bond connectivity index
(ABC), forgotten index (F), geometric
arithmetic index (GA), second

Eur. Chem. Bull. 2023,12(Special Issue 5), 39-50

graphically and numerically at the end.
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